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PREFACE. 

Tub present volume is the first contribution towards 
the fulfilment of a promise made at the timo of publi- 
cation of my Tiratise^ofi Differential Equatiotis. My 
desire has been to* include every substantial contribution 
to the development of the particular subject herein dealt 
with ; and the historical form, into which the treatment 
has been cast, has facilitated the indication of the con- 
tinuous course of the development 

All sources of information, which have been drawn 
upon, are quoted in their proper connection ; a few 
investigations have been added, which I believe to be 
new ; and some examples have been made, in order to 
provide illustrations of various methods. 

In the revision of the proof-sheets I have had, and 
' wish to. acknowledge most gratefully, the valuable 

assistance of my friend Mr. H. M. Taylor, Fellow of 

Trinity College, Cambridge. Tlie volume owes much 
j to the care and trouble he has ungrudgingly bestowed 

J upon it. My thanks are also due to Mn H. F. Baker, 

Fellow of St John's Coll^, Cambridge, (m his 

MSB in reading the proof-sheets. 

A. R. FORSYTH. 
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CHAPTER I. 



SiNOLK Exact Equation ^ 

^ 1. When a niimbcr of vAriablen r, y, jr, w,,.. arc connected by 

^ a permanent relation of the form 

f («. y, if v.— )-ff (U 

where a tn a conntant, any mmnltaneons nmall variationn ds, rfy, 
ck, cfii,... to which the variablefl are Rubjcctcd are m related that 
the equation 

is Batisfied; and, if a relation between the Kmall variationii be 
given in this form, the equivalent integral relation is at onco 
obtained in the form of the first equation. 

The equation which connects these small variations is exact, 
for its left-hand member is a complete diflercntial. But if the first 
diflfetential coefficients of ^ with regard to the variables have a 
common fiictor ^ so that we may take 

■''• t"-^ f.->^ It--* 



* It b lo Vs i m Jei B lieod thai Um intetligftUoiM In tht flrti chapter reUtlft to 
eisel liMsr •qoatioiM arc sddilioiial to the ytrj ilighl tketdi of tneh eqnationa 
ptoi la H IM^IM of ujr Tmiiae on Dif&entM Efuatfom^ hereafter refnrrod to 
ta IVMffaf ; aad thai the inreitigatioiifl in th« eeeond ohapter refaUlYo to thu 
li faileffmtioii of ^yittai of partial ^Ufereatlal cqnalloni are Intcndled wffMHj to 

ladteate lli^j«r*a theoty of a irrttem of eqaationii of a paitletdar hrm aad lo ha 
\ sapplnBaatarT lo lh« liifealkatioiM of Hour audi JaooU. 

I ^ F. I 
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S XQUIVAUNT flOtUTIONS [1. 

then the rektion oonneoting the variatioiia beoomea 

P<fa-^Crfy + iWf + Si««+,.. -0 (JX 

on the removal of the fitctor /a which ia not dependent on tbeee 
variatione. Thia new equation (2) is eaiientially the tame aa the 
earlier equation ; but it ia not neccafiarily, and in general it ia not, 
an exact equation. In order to be made an exact equaUon ao that 
the integral relation (1) may be deduced, the fitctor /a, which may 
be called the integrating factor, must be restored; and, aa no 
indication of the form of /a survives in the rud|ioed equation, the 
determination of the factor must be made by a separate investi* 
gation. ' 

S. .There are equivalent forms of (1) which lead to the same 
eqimtion (2). Let 4> bo any function of ^, say 

then, if c bo the value of /(a), the equation (1) may be replaced 
by 

♦ -0 (1)'. 

where 4> ia • function of a, y, t, «,... and o ia a oonaUnl. The 
aamo amall variations to which tho variables are subjected are now 
connected by the equation 

But, since m, y, $, «,. . . enter into 4> only through ^, we have 






with similar equations ; and therefore the equation connecting the 
variations reduces to (2) as before on the removal of the fitctor if, 
where 

and therefore if is an integrating factor which will enable ua to 
obtain the equation (1/. Hence for every fi>rm of/ leailing to an 
integral equation new in fonii» we have a corresponding integrating 
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t 2.] OP in EXACT EQUATION S 

It is convenient to call a function of the variables a iolution 

of (2), if (2) be satisfied in virtue of the relation obtained by 

* equating that function to a constant; thus ^ and 4> are solutions 

of (2). The result just obtained shews that, if two quantitie$ be 

iofif of one another, they are eolutione of the eatne eqtiation. 



SL Conversely, if the differential equation 

Pdir + Qtfy + /Ml + fltftt +...- 

(assumed to be the only relation connecting the differentials of the 
variables) can be satisfied in virtue of a single integral equation 
afi Hi iolutione are equivalent to one another^ that is, one solution 
is suflScient for the construction of all the solutionsi For let 

♦ "♦(*. Vf '. «• ) 

*-*(«• y, »f w, ) 

be two solutions, so that we have 

When m is eliminated between the two integral equations, the 
resulting equation is of the form 

P(^ ♦, y. f. «, )-0. 

Hence 

SO that 

a differential equation among the same variables and distinct fipom 
the original differential equation because the variation cfo does not 
occur. But as the original equation is the only relation connecting 
the differentials of the variables, it follows that the new equation, 
not satisfied in virtue ot that original eqimtton, is evanescent ; and 
therefore 

Cr ^ cf g^ Br g. 

^-•' di'^' 55-0.- 

SO thai F is explicitly independent of y, f, «,«•• and takes the 
form 

J^(*,*)-0. 

Hence ^ can be oVtmned in terma of ^, which proTes the propo- 
rittoB. . 

1— f 
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to 



4 Again the integimting bcUm Jf and |i 
^ and ^ are tuch that 

i' + M-A^X 
and/'(^X a funcUon of the aolution ^, is (| S) a solution ; hence 
the quoiieni of two vtUgrating facion^ ifwAa eoiutoiil, U a solv • 
IJon oftht egiiafum. 

And, if ^ he the iolution deteijnined 6y jtk$ /odor ^ $9ery oiher 
faciar is of ih$ fonii i^ .\{^) where X(^) it a/uncHon o/^ 

. 5. When a differential equation of the form at present under 
coiisiiletution is given, there is not necesHarily a single integral 
equation in virtue of which it is satisfied. ' The conditions that 
this may be so are that the cocflScients P, Q, /Z, S,... of the 
differentials are proportional to the partial differential ooeflScients 
of one function, conditions which are not satisfied for any set of 
arbitrarily assigned quantities P, Q, R, S,... ; and these conditions 
lead to relations between the quantities, which must be satisfied 
in onler that the differential equation may have a single equation 
as its integral equivalent. We proceed to obtain these relationa 

Let the differential equation be 

2r,<ir,+2r,rfj,+....;....+jr,.c/;r^-o (S), 

and supiMJse it derived from the e<|uation 

^(*i, «-i. ;r^) « constant (4), 

by the rejection of a factor /i after differentiation ; then we have 



'^'-^. 



•.•(4X 



for values 1, 2, ..., p of r. From the ec|uations (5) it follows that 
for any two indices m and n ; and therefore 



X. 



Sir. 



whesv 



u 



m,m 






efXui vXu\ 
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If r denote any other index, we have jEomilarly 

Multiplying these three equations by Xr^ Xm% X^ respectively and . 
adding, we have 

or, sinoe /a does not vanish, 

«iii,ii Xr + an,rXm + Clr.m X„ ■ (7). 

This equation, which is evanescent if two of the indices be the 
same, holds fcnr any combination of three of the indices of the 
series 1, 2,.,., p; and therefore the number ot equations, of the 
same form as (7), between the quantities X is 

each being identically satisfied. 

6. These equations are not, however, all independent of one 
another. Taking any other index «, distinct irom m, a, r we have, 
in addition te (7), • 

V^^mXr + ar., Jr« + CI|«,r JTf-O (7)', 

(iM,iX» + a,,»jrM+a,»,,»jr«-0 (7)", 

and lastly 

an,, X. +0,,. Xn -h a.,,1 Xr - (7)'^ 

Multiplying (7), (7)', (7/' by X.. Xn, Xr lespcctively and adding 
we have, in virtue of the property 

for all pairs of indices, the relation 

which is, in effect, the equation (7/'^ since Xfn does not vanish. 
Hence of the four equations, each involving three of a set of four 
indices, only three are. independent ; any one of the (bur equations 
can be deduced from the. other three. 

Let ns consider aa the three independent equations those 
which involve m, fi» r ; m, r, t ; fyi| s^ n; in the foregoing set they 



6 COMPITIOII8 [C 

•^ (7)» 0)\ (T* It between (7/ and {If we eUmiiMUa JT, we 
have 

to which if (7) multiplied by Om,! bo added, we have 

on the rejection of the &ctor X^. This Uat equation is aatiefied 
because (7), (7)', (7)'' a>^ eatuified ; if in any. case dedraUei it 
could replace any one of the threa 

Since the equation which involves the indices n, r» s is deducible 
from the throe which involve pairs of these indices and some other 
index the same for the throe, wo shall obtain all the independent 
equations by taking some definite index, say 1, and forming all 
the sets of three. The aggregate of all these sets is really the 
aggregate obtained by combining the index 1 with every pair of 
indices other than 1» that is, with every pair formed from 2, S, •••» p ! 
and the c(|uations in this aggivgute are independent of one another. 
Hence the number of independent e(|uations of condition is 

k(p-i)(p-i). 

It is to be noticed that, if /i be unity, then the e(]uations are 
all satisfied in virtue of the vanishing of the quantities atm,nt ^^^ 
the equations of condition are in this case 

am,ii-0, 

their number being \p{p — I). The extra number of conditions 
arittes from the additional supposed lunitation that the equation is 
exact as given and therefore requires no factor to make it sa 

7. The conditions of the type (7) are a necessary consequence 
of the supposition that the diflTereutial equation (3) can be made 
an exact diflTerential ; it will now be shewn conversely that, if ike 
conditions (7) be satisfied, then the differential equation can he made 
exact. 

It is known from the theory of eiiuations which involve only 
two variables w and y that for an ci|uation 

Pdxi-Qdy^O 

there exists a function $ {x, y) such that the differential equation 
is satisfied in virtue of the relation 

$ (x, y) a constant. 



I 



i 



I 
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and therefore that P and Q are proportional to the derivatives of 
with regard to m and y respectively. Conaidcring then ^i and 
JTfl as functions of C| and r„ we infer that there exists a function 
IT of 4^ and Wf such that for some quantity X we may write 

and the function u will involve the other quantities which occur 
in Xi and JTa, viz. rt, d?4, ..., «>, the presence of which docH not 
however aflTcct derivation with regard to «, and m^. But it may 
not be inferred that the remaining coeflRcients in the c(]uation 
are similarly proportional to the remaining derivatives; and we 
therefore take 

^r-^r^' ^^^ 

(for r B 3, 4» ... , p), where Yr may be considered known when u is» 
as it is supposed to be, known. 

These new quantities Yr will satisfy certain e<|uatioti8, which 
are derivable in virtue of the aggregate (7). It has been seen 
that only three of the four equations which involve four indices 
need be retained in that aggregate; and, as already (§6) cxplainedi 
the retained eciuations will be taken to bo made up of 

(i) the p — 2 equations involving the indices 1» t, r, 
(ii) theHp-«)(p-8) , hr.i. 

where r and t are different from one another and are terms in the 
series 8, 4, •••, p. This set of combinations is evidently the sot 
obtained by combining the index 1 with every pair formed flnom 

8. Considering the first of the two series of retained equations 
we have, Ibr eaeh index r, 

-. - v^ 9x •• 9X' ^ BY^ 



■■■* 



8 



OraOITIOMS 



[^ 



Now of the aggregate (7) the retained etiuation vhkdi involves 
the indicea l. 2. r ia 

MO that, multiplying the proouding equations by ^X^ J^i» Xf 
ruspoctivvlyi adding and using the oondition-rulation, we have 

This is the only u«|uation of series (i) which involves Yr alone ; 
all the e(|uatioiui of series (ii) involve two of the quantities K» and 
the import of such equations will be indicated immediately. We 
may thus regard the preceding equation as an equation determin* 
ing the form of Yf. It is a linear partial differential equation of 
the first oixler ; to obtain the must general solution wo construct 
J) — 1 independent integrals of the subsidiary equations 



dxi cLr, ilc^ dx^ 



• 



There are /i — 2 integrals at once given in the form 

•r, V constant (r » 3, 4, ...\ p) ; 
HO that only one moru is needed, to be given by 

da , du 



or 



Le., 



^(^^^■^-d"^')'^' 



du J du J 



a 



iBut in the simultaneous system dr„ dxi,... all vani 
fore the last ec|uation may bo taken in the form 



Md there* 



VUL, 



dwmO; 



->0 



and thoroforo the other required integral is 

u "■ constant 
F ' ' the theory of linear partial diffi^rential equations, it 



i 



•'J 



h 
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followB that Yr 18 or ttio form 

Yt^frv^ «^i C41 ..., Oji) 



9 



(0). 



where /r vnay at present imply any function of the aigitmenta. 

Mnltiplying the equation (3) by X and subHtituting from (8) 
for the quantities VJt, the new form of the equation is 

rfii + r,cfab + r^ Ap, + + F,cb>->0 (8)', 

where the quantities Yt are given by the equations (0). HenoOi 
in virtue of the first scries of retained equations of $ 7, <A# ffiven 
differmiHoA sgfMciltba (3) hoB been transformed into aneiker (8/ 
tMoMng one variable fewer. 

9. Consider now the second of the two scries of retained 
equations of \ 7. Taking a typical equation of the series, we have 

Our JTf *f On* •'i *f ^1 '^r ■* 0. 



But 



g^(xx.- r.) -gjjra^«gj^(xjrr- Kr), 



so that 

And, before, we had 






similarly 



«» VK mm d\ ^ , vYr 



Multiplying these three equations by Xu X^^ - JT^ respectively, 
adding and using the former relation, we have 

la tUs equation the <*uantitio« Y, and K, ere Ainetiom of 
mi, m,, ...t <> u given bjr (8). When we take their forms as 
detemined in (9), we have 



10 

uid tberaiun 

•od tborofijre tho above equation bocomot, on the njeetioa of ths 
DuD-vauuliiug taotor — Jf|, 

fur all tho ooinbiiiatioiw of the iudiccg r awl t. ^low are As 
ot|iiatioiui dorivud frum thu Hucuud wrics of retained equatidoa of 

It thtw Ailluvn that tb« cuefficiouta of the tnnalonned oqua- 

d«+/«<'*i+/A«+ +/,<l'>-0 (8)'. 

cquivnluut hi (S), are aubjjcl to tho couditioiw (10^ 

10. Sinoe the now equation (S)' is oquivalunt to (8), lot ua 
Am) the sot of conditiobs which bear tho samo rcUlion to (S)' aa 
tho HOt (7) buar to (8). Asuociatieg a subocript index with a 
and dofiuing fr„, by the equation . 

■ ftr, ftr, 
fur all pair* of tho iadicca 0, 3, 4, ..., p, the oomplote aet of 
GOuditioiw, oasuciatcd with (3/ aod uuiiUr to (7), are 

ill uuiubur equal tu 1 {;> t 1) (f — S) (p - 8). But of tbii number 
only \{p — t){p- 8) are iudepciidvnt ; and on iudopeudeot aat, 
as in the curlier cam, can be obtained by rctaiuing all those 
cquatiumi which iuvotvo any one index, auy 0, with all poeaible ■ 
paim of indices from 3, 4, ...,p Taking thenyoO we have 

, /.-I. 
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and thus the above oondition is, 

which is the typical equation of the set (10). Since the possible 
combinations of indices are the same for the two sets it follows 
that the tquaiiom of conditum^ constituted by the eydem (lOX have 
the eame relation to the transformed differential equation cu the 
equations of condition^ constituted hy the system (7), hate to the 
original differential equation, 

11. If, then, a differential equation containing p — 1 variables, 
such that the associated system of conditions among the coefficients 
is satisfied, can be represented by a single integral equation, it 
follows that a differential equation containing p variables, such that 
the associated ^tem of conditions among its coefficients is satisfied, 
can also be represented by a single integral equation. For the 
preceding investigation shews that the equation (3), subject to the 
conditions (7), can be reduced to the equation (3)' subject to the 
conditions (10); so that, if an integral equation equivalent to the 
latter be 

/'(ti, «b, «;«, , 0^) » constant, 

then an integral equation equivalent to the former is 

#'{/(«,, «|, «^, , i^), r„ «4, ...,.., 1^) -t constant, 

where / is a function known to exist 

We therefore use the method of induction. In the case when 
p » 8 the equation is 

and the single equation of condition is 

the preceding investigation shews that a function n exists, such 
that the equation can be transformed to 

litf-f ^(ti,<^)fidEb«0,. 

where ^ is subject to no condition. But it is known from the 
theoiy of differential equations in two variables thai some (unettoii 
F exists such that, in virtue of the equation 

F{u^Wt)m constant. 



It 



ooMMrKuiB or Bxicnw 



pi. 



the bmnUoniMd equAtu»n U M t iaSgd. U 

•qiMtioD in three Tuutblai, bkving ita ooeffioienta Mitgeet to « 

■ioglo cooditioD. ceo' ba Mtiified in virtue of a Hng^ int^i*! 

04uatioD 

9 l/(*l. ■». «i). «il - COOrtMt 

Hetioe the method of iuductiuD leMin um to infer Ihnt the 
«luetioa <8), having its cooiIici«iit« Mibjuct to the ooDditione (7), 
ceu bo MtUiied by neuut uf a siiiglo integral cqui 
Thu rtMuU of the invntigktiuu may bo ui 
IfO^ differtntiat eyiuid'wH 

JTA, + Jf^, + + X^,-Q 

MM bt mitUjui hjf MMwa of a nngU iuteifrat e^aatiomoftks/itrm 

^(f,, X, «,).— COUfUNl, 

I&0II fA« «jHi<«M of conditioiu 

am.mXr + a,.rX^ + Or.a^B - 

(idlnv Uh,b * "ai^ ~ ^r^j " ftujM wfoNiiwUy .^ att cewh'Mi- . 

IwM o/'tA« indicn m, h. r fron (As wri« 1, 2, 3 p; owl qf 

tMtm aefy i(p-l)(|>-2) are indtpendenl Gmvtntlg, if IJki 
ayWsM o^ coMfid'oM be aatiified identtcalli/ for all eomUnatumt tf 
At iudieet, tMtn A9 differential eifmUioH can b§ aatiajM Ay wuamt ' 
i/u tingle integral et^uatiuH of thefonn 

^{x,,Xt, , f y) • MMtoef . 

The foUuwiiig corollary cut be inforrud from the preceding 
aualyuii^** 

Let X,, Xf,-..., Xf denote fuuclioiu of iudiipcodvut variaUee 
X,', r„ .... Xf. It it known thiit, whut^ivcr bu the quantilum X, ' 
Uieru exists souui fuuctioD w, Mich that 

X ■ X =^^ ■ ^ 
' ■ * (If, * eti^ * 

Ifarelatiou 

aMXi + a„X, + a,tXt^O 

be satislied, then thore cxisU some fuuction ti, of the variables 
such that 



} 
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If relations Ort^i + ci«i Xr -f OirX« * . 

v| (for r» « » 2» 3» 4) bo satisfiod, then thore exisUi some fimction Wf 

of the Tariables nuch that 

And 80 on. 



V 

■ t 

I 

- » 



12. Let it now be siippoeed that the differential equation can 
be satisfied by a single integral equation ; we proceed to obtain 
that equation. 

One method of derivation of the solution would be the canying 
out of the succesniTe reductions indicated in the investigation just 
completed: it is practically Eulor's method It may be shortly 
summarised as follows : — 

Ilrit, let all the variables except x^ and «^ be considered con- 
stant ; and on thii hypothesis let a solution of 

be II • H (or,, «!^y • •) a constant, 

SO that A I : A f • ^ : *- . 

By means of the liew variable ti, where 

eliminate from the differential equation 

X|dd^-f JT/ije^-f X^d%-9- -f X/fa^»0 

11 the quantities a^« «!, d^,, dx^ — an elimination which will be found 

possible when the equations of condition are satisfied — so that the 
equation takes the form 

du 4 F,iir, -f Y^dx^ -f -f Y,dx, m 0, 

in which Ft, F«, , F, are now functions of n^ Xu r« m^ 

Secondly, let the same process be repeated with n and rt as 
the variables initially considered ; then, if 

s-s(fi, «^, ^4 , m,) 

be the new variable, the equation similariy oomcs to be 

fls-f Z;cir«-f , -fiTycfav-tO; 

and so on for the various steps in succession, which in number 
cannot' be greater ^than p — 1. If at any stage the transformec^ 

/■ 
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•quatioa should have til its ooeffidenU free trom my ooe miaUe, 
it etn be nude en exwt equatioo on dinnoo throag^unik bj 
thoM baton of the coefficient of the v*mtion of th«t Tuiehle 
which do uot ioTotve it: ao that a unglo integration will then 
load to the part of the deairod integral which depend* upoa that 
variahle. 

18, But wo may proceed as followa It is known that the 
exprcesioa 

X,dw, + X,d^ + ......+X,dr, 

becomcfl, after multiplicntion by wimo factor ft, an exact differen- 
tial d^; BO that if thin factor can bo obtained the retjuircd 
solution will bo obtained after the ungle integration re()uin!d to 
evaluate . 

f -/M(Jr)(''i + Xtdxt + + Xpdjv)- conalant. 



We have 



"^'-l*. 



so that taking tho couploto variation of both wdca we have 



du.Xf + u £ -^-^ dr. - 



l^^r&C, 



d^. 



Bute 



a the right'haiid side 

8^,ar, ' 6«, * 'to, 
for all indicc* t; and thcreibra 



^-X+i.,., 



,ib,. 



IT OX, 



But the ooinpleto variation of ^ is zero, wheu the variables am 

Cidiaootod aa by the given diffwrcntial et|iiatiun ; m that the tan- 

going e4uation becouies 

dtk 1 
- — - ^ {Or.idiCi + tfr.idx. + ...... + ar,y(£r,}.. 



■-(11) 



the term in da, being abecut from tho expression on the tight- 
hand side. This e(|uatiuu in valid in virtue of the relation d^aO 
or, what is the tiaiue thing, in virtue of tho given diffcreatial 
equation ; the left-hand side is a perfect differential, and therefore 
the right-hnud ludo also is a perfect ditfvrvntia' subject to the 
rvlatimi rf^ = 0. 



% 
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Since r may be any one of the quantitiee 1, % 8, •••» p» we ha?e 
the aet of equations 

dW 1 

-~« yr- (0 . (fab -f (iia<b^ -f OuAi^ -f '¥afpdx,\ 

"* 7 {osi<fai + 0.iba-f {hidrff -f o^cbv) 

"* V' {<Hiddp| -f asiZfl^ -f . di^ -f 4- (i^(Ia>) 

1 

It is easy to verify that all the exprcmions for — — in thin 

system are equivalent to one another, on account of the differen- 
tial equation itself and the conditions (7) which arc satisfied 
by the coefficients in that equation. 

14. Though the fractions in (12) are equal to one another 
and to ^dXogfk in virtue of the differential equation, it often 
happens that no one of the fractions is an exact differential in the 
form there given. If any one of them be an exact differential in 
the form in which it occurs, the value of ^ is immediately 
derivable. Thus if all the quantities a in the numerator of any 
fraction vanish — ^if for instance JTi be a function of Wt alone and 
no other coefficient X involve «b — then we may take ^ ■* 1 ; and 
the original equation is an exact equation. 

Again, any value of /a which satisfies these equations will prove 
sufficient for our purpose ; and the simpler that value is, the easier 
in general will be the subsequent integration for ^ Now from 
(IS) we have 



rfM 



r-1 f-l 



whatever the quantities Yr may be ; and it often happens in prac- 
tice that this combination of the equal fractions leads to a perfect 
differential by means of auitably chosen quantities F. Such is 
especially the ease when Xr is a Ainction of c^ and also is 
symmetric in all the other variables. 



FortfcM^tfe 




«rtii0 



({4). VimUpmd^L'ht 



tmetm thci, vUdi any be refvuettted ia dM foni #i';>"/(^)- 
Bat mee ^ it a aohiuw ao ako (§ 3> k /(^); a^d dwtctee /V 
ift a aMlaticai </ the ongiiial equatioQ. 

If tlMsa two values of ^ cmo be obtained fima (It) and tbeir 
Mf Md kmi be aot cuaiUttt, a aolulkia (and tberelure all aohiUcMtt) 
can be given bjr aqoatiiig tbai 4ttoUenl to a oiawlant 

We can, fruoi tkift point cjf view, deduce tbe earlier inference 
Q 4) aa U» tbe general lorui of /&, and al^o tbe nesoih tbat. if 
tbree values of f^ can be obtained (roui (12), tbere it a bomo- 
geneoua nrktion among tbeuL 

la. £r, I. Hm ra|ukiie eottdiliuiM ara aU «itwa«i for IIm squatwa 



Um 



Taking iIm ant of tbe fndioni for -^/li»i bai-a 






tbe MUBS valas ksiug given bj iIm liMirUi of the IkaotioBi^ and ako bv a 
iMimbiMatkai 0^ tSntfpomI and Uiitd. "nMsn 

d aa aiact dUbnatial ; and a aolatiun of tba original aqaatiuii ia gii 



^MOoonlanC 

* For ilaaa ji'/ji mU f ara fnoctions ol Iba variables «• teva, aflw 
flf oea ol Um variaUas, aaj Xi, from Iha Iwo aqaations ovywriaj 
a fw all ol tha fana 

^ ■/(#.'•..... »i* 

lttatt^-iaoatlaalimpll«|i7M»eoaaUal, Um iaUgral Imda lo a 
hilwoMi j^, ... , X, wlilcli ia diflKrcnl fron Ilia famar oaa. Aa thia oaaaol aaial, it 
W at anaaomi aa a raUlion amoof Iba variablaa ; aa4 tbacaloia «a Wva Iba 
Ibatrtt. 



t 
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Km. 1 The requisite oonditioDs are similArlj all Mtiafled for the eqvatloD 

(3f-f-t)(t-f-t()(ti-|-jr)d!r-f- three similar tMriiis«Ol 
Tsking the first and the second of the four fractional we haTS 

df l(f-t-<t)(y-Jf)dSy-H(y-Hi)(<-jr)d:r-H(y^f)(ti-jr)rfi i 

"ii" (y4-')(»-»-t«)(«»+y) 

^ l(f-Ht)(jp-y)(£rHh»(4r-ft<)(f-y)<ig-fl(jr^t)(ti>ir)ila 
■~ (f+4r)(T+ii)(ii+f) 

seoond numerator - first numerator 



second denominator - first denominator * 

.Removing firmn the numerator and the denominator of thia flraetkm the 
oommoD ftiotor (n-f «) ('*/)f we hare 

aothal ^-(x-»-y+f +«)"■• 

The aohitko is now easfly found to he 

5e±i!!!i±f!f£±!iSy.oonstant, 
«+y+f-»-ti 

The dflritatioo of the solution by the method of § 1 1 is rather loog. 

JEk IL In the case of an equation In ihre6 Tariabhs sooh as 

Pdx-^Qdy-^Rdsm(^ 



we haTS 



9Q dR ^ 



dn dP ^ 



dP dQ ^ 



Si 



and the oooditioo of integrabilit j is 

Ths equalioiiB for the foctor are 

4p Idg'-Ydi Xdt^ldx^ TdM^Xd^ 



dx, 


rfy, 


d* 


Jr, 


r, 


£ 


«. 


h. 


e 



oP-^bQ-^eR ' 
where a, 1^ are any quantities whaterer. 
Aa a special case lei 

then jr--lr(jr+yX r=.ly(jr+y), iT-f (jr-jf)^jp4.%r-ffX 
ntmittistUidofthefractioiMiitfoUowsthat ^^ 

" ii ■ «y"+iv ^" «f * 
so that ii-jp-'ir*. 

r. ^ 
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(II. 



-/ — — r^ 

(*-y)(*+jf)(*+y+f) ^ 

w« liAT» the new fractaon • peiisoi differentUl on tbt itno? al of lh« ftwlar 

Sinoe wt now kave two integrating hdon which do aol nootiiiiily btar * 
oooatani ratio^ a aoluiion ol tho original equation is 



J-oo-tant. 



or, axtraoting the aqoare root| 



the required eolution. 



(£+Jf)(?±JL+i).oon.Unt, 



16. For the equadon in three variables Bertrand^ adopta 
the following method In the notation of $ IS. he oonatructa the 
aubeidiary equationa 

dx dy dM 

and obtains two independent integrals of these, say 

X 



so that 




But since 



';v ojf CM 



dic oy CM 



MP-?* 



a*' 



mQ-^ Mil-?* 

'^v ay' '*^ a*' 



(where ^ •■ ooMUnt U the solutioo of the equation), the gonditioa 
of integrabilttjr gives 



• CtmfU* JUndut, t. luiiU. (M7«). pp. IWI— IIM. 
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Eliminating X, F, Z we hare 



and therefore ^ can be expressed as a function of ^ and ^ ; hence 
some -ftinction / exists such that the solution of the equation ia 

/(^f ^) - ^ - constant^ 

iay f{a,fi)m constant 

Hence the equation can be transformed to 

Mda + Nd/SmO, 

where M:N^^: ^, when a and ff are taken as Tariablea; 

and any solution of the last equation is also a solution of the 
original equation. 

It will be noticed that the subsidiary equations are evanescent 
when the given equation is exacC 

Jk For the specisl exsAiple glren in Ei. 8 of § 15 the subsidlsry qrsim 
i% on dropping a foctor 2, 

-<lr rfy d9 

FCr+yJ ■ y (X +y) " (jr - y) (ijF+ Ijjf +f ) • 

Ods itttignJ is gl?en by the first two fraotions in .the ten 

4y-s. 

ntmi the fractions we oonstmot the relation 

dx^dy dx-^-dy-^-du 
*+y "'i+y+t 

ea diepping a fbotor jr-y } so that a second (independent) integral Is i^ren hy 

(jr+f)(jr+y+f)-» 

Bines ths equaUon is capaUe of transformation to the ten 

Mdm-^Ndfi^O, 

« 

«• bA«% OB aalialitaUBg Ibr • and fi, the eqtMtioM 

J(ir+ir(t»+^r+«)-J' (**-**-f»X 
Jfo+iT (l»+l!y +#)-*(>• -V- «tX 

if(4r+/)-ay(jf+jr), 
vUehantOwlMadliy 

-jr-(«+jf)(#+jr+»)-/JL 



so 
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Tbt tnuiafonnod equAlioa it thua 

B 



luTiiig for iU intflgnl 



which, on lubttituiion for « aad A it the Mine m UuU befort oUainrf, 



3* 



a^ 



Again, lince mQ - g^ . M* - ^. ^« *»»ve 

and timilarly for the others ; ao that the •ubsidiarj equations may 
, be taken in the form 

ix dy ds 

3(yi^) 3(*.«) 3(*.y) 

These are satisfied by 

/A » constant. 

^ V constant ; 

and the constants are expressible in Unns of a and A bat ara not 
necessarily equal to them. It thus does not follow that, when 
t'^o independent solutions of Bertrand's subsidiary system ha?e 
been obtained, either of them may bo taken as an integrating 
factor of the original equation ; in fact, a comparison of the two 
methods shews that, in the particular exainple considered, / 

which are the two independent integrating factors^. 

17. Bertrand's method, when considered from a different 
point of view, admits of generalisation to the case of an equation 
involving more than three variables. 

The two new variables a and fi, introduced to transform the 

• Be9 Vb Morgan, "On th* integrating factor of Pd^-k-Qdy-k-Rdi," Quart. 
Joum, vol. ii. (1658), pp. SSS— 8*i6, where he ahewa thai the integrating iMlor 
aatitSee the eqoaUon 

eg cy a 

AAA 

m^Miij obiMiasd h/ aolUp^jring the three equatione bj «- » g^i ^ reepeetiveljr anS 
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giveo «qa«tion into one which involvea only two Tariablea, tst 
independent integrab of the partial differential equation 

and it is because the required solution ^ is also an integral of 
this equation that ^ can be eipresscd as some function of m and fi 
thus rendering the transformation possible. 

For the purpose of indicating the generalisation, let ns consider 
the equation 

the coefficients of which are to be supposed subject to the four 
oonditioiis of the form 

The quantities Omu are such as to satisfy the relation 
as well as the relations 

the latter act of which admit of immediate verification. 
Let if poorible aomo quantity satisfy the two equations 



d9 , d0 , d0 



d0 



d0 



(A) 



and therefore also, on account of the relation among the quantities 
a, the two other equations 



d0 



99 



d$ 






. d0 ^ d0 



(A)'. 



these two (A)' being linearly dependent on the former two (AX 
Now by the ordinary Jacobian theory any quantity $ which 
satisfies the two equations (A) must also satisfy 

(•"a;+«"£+""s^('"4*°"a*""s)* 



-(' 



d d 8 



;)(«-s;+*^iK;+"*^^*- 



tht conditioa of ooexteleiioe. This •qualion, whieh musk bo 
•atiified by tf » is nofc new in form; it it ooailj shown to bo 
identically satisfied in virtue of the equations (A) and (A)' and 
of the relations among the quantities 0^,1^ Hence it follows that 
the two equations (AX evidently independent of one another, are 
the only two linearly independent equations to be satisfied by $1 
and thus they form a complete Jacobian system^. 

Since then there are four variables, of which is to be a 
function, and there are two equations in the complete Jacobian 
system, it follows (po^i, § 38) that there are two (» 4 — 8) inde- 
pendent simultaneous solutions of the equations in that system. 
Let a and bo two such solutions; they each satisfy the four 
equations (A) and (A/ when tliey are substituted for $\ and 
every solution can be expressed in terms of a and fi alone. 

But we have relations 

and, if the iutegi-al equation equivalent to the differential equation 

bo 

^ » constant, 

we have for every index 

■o that vulMtituting and mulUplyiDg by /t w» have 

^ d^ a^ 8^ 

for all combinations of the indices. Whence it follows that ^ also 
is a solution of the four equations (A) and (A)'; and tberefixe 
some function /must exist such that 

The integral equation equivalent to the differential equation thus 
becomes 

/(ttf fi) "■ constant, 

so that the differential equation may be taken in the form 

Mda-k-Ndfi^O. 

where M: N ^ / : ^. If then the quantities m and fi be taken 

• Bm IVialiM, i *iSS| aadjNMl, f| SS #1 a«f. 
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as new variaUes, the differential eqnation can be transformed to 
where M and if are functions of a and fi alone ; the integral of 



the new finrm provides the required solution. Ebnoe we have the 
theorems^ 

If the differetUial equation 

iaiiify alt the eandiiians thai ii ihould hatm a eingle iniegral 
ejuivaUni^ and if two indq^endmU iniegtxUa o/th$ ojuaOone 

^ d$ de de 

then when a and fi art used ae independent variaUee the oquaiion 
admUi f^expreeeion in the form 

Mda^lTdft^O. 

» 

where M and N are/uncttone of a and alone; and the inieffrat 
of the new equation leade to the eolution of the original equation. 

And the corresponding theorem for an equation in p variablei 
is:— 

If the different equation 

JTicick -f X,(£rb ^- «fX,(£r,-0 

eatiefy aU the eonditione that it ehould have a dingle integral 
oqwinalent, and if two independent integrate pfthe eqwUione 

(f/ihere M^Sf ^f •••fpyhe 

• ■■ ■ Wi ^» ^> • ^)» 

fi^fi{^f^»^9 t*5r)t 

^ Uf No of Ihs iMf tt sstf oM (A) sai (A)r BM^ bs ssta iiilhs tt sstf oM 



/ 



M 
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PT. 



odmito Qf$xpre$ium in thefornh 

whm^ M and N ar§ /uncHom of a and fi ahn$; and ik$ imtigrai 
of the nmif equation Uad$ to the iolutian of 0^ original e^uaiUnL 



£jf, AMUk eiAuipla couiider £1. 1, { 15 repUoiiig jt, jf, h n hf x^^ Sgt *$9 
jf^. TIm two equatioiu which Morva to datenuiiia a and fi are 



0- 






MAj. Tha aquaUona aulyakliary to tha integratiou of tha Ami ara 

dLci dr^ dr^ dfj 

thiaa iudepatuloui iniognJa of whioh may ta Ulcau iu tha form 

Kvaiy aolutiou of tha lint aquation cau ba ^iprnaiiail iu tanaa af 

and wa hava now to datarmina auoh foni^ of /" aa will aatiaiy tha aaaond 
aquation.*' Now 

aothat 

dF ^ dF ^ dF 



or ranioviog tha ftwtor 1^ 






Tha* eqiutiuiui aubaUiaijr to the iuUsgntiuii of thin «quaUaa tn 

d^ J«f dif 
- 1 " 1 ■ ' 

tiM two nwwNMry iotagnla of which am • 
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Whehoe^ Iqr the thmiy of moh eqantionsi timtj slnraHMMOtti Mlatloii of Um 
oquaUoM detorminiiig $ oan be exprossed in terms of 

If now to oomplete tlie integration we take 

we hafe Ifx^^x^ (x^ -^x^ 

Jr+^X4-*,(Jr|-x^), 

whidi are all satisfied by 

Henoe the diiTerential equation becomes 



the integral of which is 



and therefore, as before, 



^-constant; 



f»*'i+'l'j«oonstant 



It should be noted that, in oase two of the four equations which are all 
satisfied bj $ are identical, those two maj not be taken as the equations which 
are used to find a and fi. 

It will be found in practice (the reason for which can be seen tnm the 
theoiy of the equations) that the process adopted in the particular example 
for the integration of the simultaneous partial equations is of general 
application. 

18. There is another method^ of determining the integrating 
fiicior fi, which deals with that quantity m a. aolution of the 
simultanoous partial differential cqimtions which it satisfleei The 
general typicid equation is ($ 6) 



Bm 



8m 






f***!*!* 



which must hold for all pair-combinations of the indices m, n ; but, 
OB account of the conditions satisfied by the coeflScients X, a set 
of equations equivalent to the whole system and, so fiftr as copcern a 
m linearly independent of one another is constituted by 

^ OoOsli AmmUi ii fie. Ifons. Bwf^ V Mr., i HL (1970), pp. 
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(wherefiiiBt»8i ...,11). Taking /a •■ 0^ and deaotuig ^ by ji^ we 

have the irreducible omultaneoiii syeiem in the fbnn 

Xipm - JTi^/h -f Oi.« • (IS). 

The Jaoobian oonditiona of coexistence are aatiafied in virtue of the 
relations (7) ; and thus /* will be determined by uny simultaneous 
solution of the system (18). If however we obtain a simultaneous 
solution of the system involving one or more arbitrary constants^ 
it will in general be possible to deduce from that solution two 
different values of the iutt^grating (actor ; and thence (§ 4) a solu* 
tiou of the original e4|uatiou can bo constructed. 

Taking the »|iecisl eisuiplo diMCUimed in Ex. 8^ { 15 snd roUining ss 
tho two linssri/ iudopeudoui equations which detsnuiua i 

« 
W6 havs on substitution for Xgt JTi, X^t a^^ a^ 

/\-(X|«-jrg«-x^,)/>i-jr,(x^+Xg)^j-«(x4+jrg)-0b 

alter tho removal of (actors x^ and x^ rsspeotivol/. 

Ths equations subsidiary it ths integration of /\-0 by Jsoohfb 



(trj dLrj dLr, 



••.«*• 



A otmbination of ths llmt three of thcee (huitions gives ss thsir ^"'^-^trrB 
valus 

so that we have an intogral of the system given b/ 

where a Is an arbitrary constant It is easy to vsrify that 

and thsreloie Fg^a is the oommon solution. 
Solving, we have 
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loUial 

whm « k tD arbitimry oomtant 

A ^ledil TtluB of m saj |i\ due to a bQ is 



•«^rt 



and thenHoN a ■olntioii of Uio original eqaatkm is 

^■ooDBtant 
wfakh oan al oooa bo transformed to tho earlier form 

' <^I-^^|-^^l><^I-»-^t),oaprtant 

10. There is a method somewhat similar in process to Eulcr*s 



(§12) due to Natani^ ; it will be sufficiently iljustrated by taki 
the form 

JTiiv + Kcfy 4 Zcif + ITciti « (A), 

the conditions of integrability being supposed satisfied so that the 
integral equivalent consists of a single equation. 

Firsts treating » and u as constant we obtain an integral of 

JTcb-fFciy-O 
m a form 

^ (^» y» '• ^) "■ constant ; 

and the int^^ equivalent of the original equation it then of the 
form 

/(t. !.••)- of 
or, say f - ^ (i, i^ a) (iX 

• ^V^bm totals and paHkOs IMfl^mlial«kMMnin,'* Clr«lt«. i hOL (1860k 
ip. 101— JMt I f« 

t II li at this poial thai On a«amplloB of lalagiabailj li larftijr aada la 

KalaBrs 



1 
1 



VATAVfa METHOD [18. 

where ^ doee do( explicitly involve # or y and is Iherefdre nol 
modified in form by any special asBumption about theie vnriaUea. 
Putting then m lero and denoting by yi the ooneeponding value 
of y, we have 

♦ («. yi ^. «*) - f (<>• yi, M» ti) (jx). 

and then 

ir (0» yu ^. «*) - ♦ ('. «*. a) (iii) 

is the integral equivalent of 

Kidyi -f Z|Ci« -f ir^du » (B)» 

where F|, Ti, Ux are the values of F, T, IT for y •■yi, #«0l 

Secondly, treating i« as constant, we obtain an integral of 

r,dyi + Z|Cif-0 
in a form 

X (y» •'••*) ■■ constant ; 

and the integral equivalent of (B) is of the form 

•^ (X* ^) " constant, 
or say X"^K^) (i^X 

where $ does not explicitly involve yi or » and so is not altered in 
furm by any special aBsumptiou as to these variables^ Putting 
then yi sero and denoting by z, the corresponding value of j we 
have 

x(yi.^.^)-xW *•'«*) (v)». 

and then 

X(0.'«.w)-tf(ti,t> ,.(vi) 

is the integral equivalent of 

Z,dx, -h I7,dtt - (0), 

where Zu U^ are the valmui of Z^, Ui for m •■ i|, yi » 0, Le., are the 
values of iT, Utoat i^Zu y » 0, « «• 0. 

Now (0), when intogratod, gives Xg as a function of y. When 
this value of i, is subiititutod in (v), the right-hand side becomes 
$ (u, h)\ and so the eiiuutiuu chuugos to (iv), which gives the value 
of yi as a fuuotiou of m aud u. When this value of yi is substi- 
tuted in (ii), the right-hand side becomes ^ (x, u, const), and so 
the e(iuation changes to (i), i.e., changes to the equation which is 
the integral equivalent of (A) which is thus obtained. 

All the steps prove possible, on account of the satis&ction of 
the conditions of integrability ; and the functions ^ and % ^^^ 
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obtained from the integration of (simplified) binomial special forms 
of (A) and (B). 

It is evident that the difference of Natani's method from 
Euler's lies in the introduction of the postulates which lead to 
equations like (ii) and (▼), and that the process will applj to 
equations in anj number of variables. And if, in special examples, 
it should not prove convenient to assign a zero value to a variable 
in order to derive an equation such as (B) from (AX or (C) from 
(B), it is permissible to assign a non-zero constant value to the 
variable for. that purpose; the only other change is that the 
ooeflSdents in a general case would be less simple than they are 
when the normal sero-substitution is made. 

• 

Bx. 1. Ai a simple eiimple, consider 
(see § lft| El IX Flisl taldng « and « as ooosUnt ws have 



sothat 

The nazt e(iiiatloii ia 
sothat 

and therefors 

The last eqvalkNi ia 
sothat 






l±!i. 



oonstanli 



Henoe 



and thsfwxe 



so thai 



y+i c ^ 



■freshig with the fonner result. 



/ 
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iM 



Jbr. t. Ill Older to 1iav« a diraoi ponn^finon of ilia iwo ■nllMwIi &m 
iwpaotiTt^ to Eular and to NaUni, w« iiiAy oomiMiri tbam whto a|iplkd to 

mppoMd to U iut«grablo. . 
Eulor talcM 

whare ^ U a Aiuotiou of jr, j, « daiermiiMd in tho Ami tnrtanoo oo tko 
•upixMition that « U oonsUnt ; and hui aeoond aquation ia than 

whara j#- y ia * AinoUon of « and ^ aloua^ ou aooount of tha oonditinn al 
integrability. Tha intagral of tha differantial aquation ia than of tha tem 

whara a ia an arbitranr oonataiit 



Now, with Natani, ^ . ^ 

f(*.y.')-f(<^yi.O-*(jfi,*) 

aaj. Lat iTiba tha Talua of ir for x-O^y-yi; ao that, if #(<,f) hatha 

▼alua of n - ^, it Ibllowa that ${m^ ft) ia tha valua ^ ff " -^lainoatfandjf 

do not axpUcitly ooour. But, becuuaa it^% wa hava,^(f, ^)«#(<, iT); and 
therBfura 

Alao <f^«cNr } hanca Eukr'a aacond aquation baoomaa 



Furthar wa haft 



and tharafora 



^- 



r 
if' 



and hanoa EuWa aaoond aquation beooniea 

i.a.| it baoomaa Natani'a aaoond aquation. Sinoa tha Integral of Inlaid 
iiaooud aquation (and ao of tha origiual uquaiion) ia 

tha integral of Natani'a aaoond aquation in 

and tharafora tha integral of tha original aquation iM| b/ Natani^ BMthod, 



:l 
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20. A metbocl han been given by du Boifl-Rejmond^ for 
obtaining an integral equivalent of 11 « Xdx -f Ydy -I- ZiU ■■ 0. 
But nowhere in the exposition of the method does the condition 
of integrabilitj essentiallj appear; and, whether A«0 be inte- 
grable or not, the method leads to a singb. equation, which it 
declared to be of the proper form when the equation is integrable. 

The method, geometrically stated, is as follows : — Whatever be 
the locus represented by 11 • 0, we pass from a point P^ whose 
coordinates are o^ yt, if , along that part of the locus which lies 
on an aibitraiy surface 

to some other point P|, whose coordinates are C|, 3fi» ^ IVom 
this point P|, we move along that part of the locus which lies 
on another arbitrary surface 

to some other point P, whose coordinates are c, y, j: 
Now 

n-0, a-x. 0-rfx 

can be used to construct an equation of the first older in two 
variables only ; of this there will be an integral, say 

/(«. y, »• a)»C|, 
so that we have 

%(«•• y^ ^)-a-x('f yf ^X 
/(«•• yt. ^» a) - C| -/(«!, y„ Mif a}. 
Similarly 

«-0, 6-xi. 0-dxi 

can be used to ccmstruct an equation of the first older in two 
variables only, with an integral of the form 

y(«. yi '. ft)-c^. 

so that we have 

xi(«i» !fu ii) - 6 - xii^ y» »X 

y(«i. yi. 'ii 6)-c^-y(«. y» ^t 6> 

From these eight equations the seven quantities c^, y^, fi, a, ft, 
0^1 d can be eliminated ; and the result will be 

*(«, y» », ^, 3^, *f)-0, 

• «Usbcr ais lalicnilioa UiMlitr Mslar Dli«ta1liai9idbArai^|ia 
•la iBHril 0mag9tm€tkti,*' Cnlk. %. In. (IMI»V Vh IM-^VV 
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which, if the equation O * be integrable, it Meuined to take the 
form 

♦ (•p Jff «) - ^(^^ yt. ^t) "conatant. 

This is the equation of the* locus of P, and thua it the integral 
equivalent of O •■ the differential equation of that locua. 

The aiMumption just made as to the form of the final equation 
is not proved, though it can be verified in special instances. 
Moruovor no proof is given that, if the assumption as to the form 
be generally true, the result is iudupoadont of any peculiarity 
in the form of the subsidiary cMiuatidns x " <<• X^ " ^ which may 
be adopted. 

Modifications of the methiid, subjooU to the same criticisms, 
are given (l.c.), and a generalisation to oi|uatioiu in n variables^. 

£x. 1, Whsii ths method in spplisd to the iutegrsble equation 
with the subfiidisiy equations 

it lasds (correctly) to the result 

a single equation of the assumed type. 

But when applied to the non-integrable equation 

with the subsidiary equations 

If ' 

It leads to 

and when applied to the same equation with the subsidisiy squalioos 

itlaadsto 

y Jry ' 

in each ease (incorrectly) to a single equation not, howsWi of the sssTimfil 
type. 

Ex. 8. It is easy to see that the israotical rule given in da Boia*RsymoiMfs 
method oomes to be the ssme as the process in Nstani's method ({ 19), when 
the subsidiary equations are 



>'i 






• For other erilisisms, see WeUsr, ScklBwu Zeiuckr.. %. ss« (1S7S), pp. Sa-SSt 
dtt Bois-B^ymood, Ifoia. Am,, 4. sii. (iS77), pp. iSS— ISl. 
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81. The derivation of the conditions of exact integraUlitj of an ordinary 
differential equation of the nth order (or of a diiferential expression inTolring 
deriTattres of a single dependent variable with regard to a idngle independent 
' variable) is sometimes made to depend upon the theory of integration of an 
expression, exact in the sense of the foregoing chapter. As however the 
connection is not immediate and this method is not Uie principal method, it 
win be sufficient here to give the following references to some of the writers 
on the snbjecti in whose memoirs references to Euler, Lagrange, Lexelli and 
Ooodoroet, will be found : 

Saiirus; Compteiy Rendus^ t i. (1835), pp. 115—117: i xxviii. (1S49)9 
ppi 439^44f ; LwuttUe^ t. xiv. (1S49), pp. 181—194. 

• DiRKSiv ; Ahh, d. K9n. Atad. d. Wi». m Bfrlin (1896X ppi 79—98. 

BlRTRaKD; Janm. de Vtfu Pofy.fi. xvii. (1B41), pp. 849—875; Liaunllef 
i xiv. (1849), pp. 183-130. 

/ Raabi; OrdUf i xxxL (1846), pp. 181—818. 

JoACHilfSTARL; CrtUe, t xxxiii. (1846), pp. 95—116. 

SrorFBL R Bach; LiourHlej Sr d^r., t vil (1868), ppi 49—61. 

iMSCHniEnKT; Orun. Arck^ i, L (1869), pp. 878—474; especiallj f 86. 

PuJiT ; C(mpte$ iUndm, i Ixxxii. (1876), pp. 740—743. 

WtNCRLlR; Wiensr 8iiznnff9b.f t Uxxviii., Abth. ii. (1883), pp. 880—834. 



MISCELLANEOUS EXAMPLEa 

..!• Let PfQfRlm any. functions of three independent variables 4r, j, t ; 
and with a potot J (j^ j, f ) let the plane (X-4r)P-»-(r-jf)9-|-(iir-f)if«0 
be associated. Shew that there are two directions In this plane each that, if 
a point B^x-^dxt p^dy^ u-^dt) be taken consecutive lo A lying In the 
plane in either dhnsetkmy the intersection of the planes assndsfad with A and 
with B is the line ilil. Shew also that» if the relaHoo 



ap ep ep 

S' T5* F» 

hq a« a« 

ZR dR dR 

5?» ^* IS' 
p. «• Hi 



Q 

R 




-0 



be Mentlcallj 
ponnsii 



then the ^jiAem of planes iSMclaled with ell ^^ossllbllA 
asuHboe. 



84 MlflCKLUUIBOini 

^ III oonnaoHnn wilh Iht last eiMnfi&t thtm 'ihali if iir Iht •qmlkn 
i'dlv^^My^f ildf-O tto coDditioD of iDtofrabiUty 

''-'@-*)*«C^-W)*«CI-^- 

U idaptioftUy Mtiafiadi Umo the eovelopa of tba iaiooiaind pkntt b in iU 

geiMiml foraa an integral of the differentUl eqiutioo ; And thati al ai^ point 

of contact of a plane with tlio suriiftcei tlio two direotiona i n d ica t e d are tlioae 

of the inlleiional tangente to the eurfkoe. 

In the caae when G^O ii not identicallj aatuAed, diicuaa the reUyon of 

tlie aurlace OmQ with the difforeutial equation. 

(Vim) 

9l Prove that the equation 

in exact ; and obtain iU iniegrai by Bortraiid'a bethod (or othorwiae) in the 
fonn • 

(*i+*i+i'i)^(j?i+^J*i+»**ir(Jf|+«*i+^'«)-<»naUnt 

4. Shew that the total differential equatioua 

(i) JP(y-l)(«-l)d:r+y(i-l)(4P-l)dfy+«(*-l)(y-l)A-0t 

(U) dr+^i/y-fA-Oi 

all aatiafjr the conditioua of iutcgrabilitj ; and obtain the respective intefnd 

equationa which are equivalent to theee differeAtial reUtiona^ 

(OoUei) 

fti Intagrate the following equationa which can, on multiplication hj a 
lictori be made exact :— 

(i) (jffi>«^dLv-jndfy-|-4ryd!t«0^ 

(ii) (y+«)>d:»+*Vy+yV«-Oi 

(iii) «(l-i^dlr+«rfy-(4r+y+ji^ili-(^ 
(i?) (l+yO'dlr-iVy+cfj-O, 

where in the laat M{a^ b^ c) denotes the sum of the homogeneous prodncta of 
a, ^ c of two dimouaions. 

a Obtain the primitive of 



dx, 


rfy. 
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of 



(Um gonenliiation of Heme's equaUonX where the qointiliee A and B are 
linear poo-homogeneo u g ftmctlone of jf| y, i, in the form 

n^ up up ti|^ «i00ii8taiit| 

where m^^ ii|, n,, «, ere properly determined linear ftinctiona of 4r, |r, t and 

^t ^t 4i ^ *>v oonatanta. 

(PiitanDi.) 

7. Shew thati if the equation 

be dcdnoible tnm a single integral equation and be such thai Pn P^^ ...f P« 
are. homogeneo u s functions all of the same order; then 

is an integrating fkctor. 

Diaonss the case in which this integrating factor takes the form 1-l-Ot and 
applj the result lo integrate 

(Faia.) 

•-1 . 

a Shew thati if the coefficients in S X^^ be rational, then the sub- 

•■e 

stitutions (for i-O^ 1, •..»«- 1) 

x.-(it+w^«,+-%+ ■♦••••-•f.-iri 

where • is a primitire nth root of unitj, transform the diiforential e ip res slo n 
faito 

««0 



and prove that the necessary and sufficient conditions of integrability of the 
ei pws si on reduce themselTes to the (n or |(fi-l) equations 



^(*ff *l» «««» *«»l) ^ ^ (*rf ^♦it «*«» <f »i) 



^ 



3h 



for f •!, I; 1^ ••• in er i(ii- 1). 



(Kroneoker.) 



A, nxyre thai eoDditfon% neoessarj and sufficient to ensure that 

is an eiael diflbrentialt are' 
(i) thai the equations 

are saUsAedi and 

(H) thai ^^4- -fjv'^ i* ^ •s'^ diflbrential when rj is mad^ 

(Laurent) 
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la If ilia oquaUoo 

■aUaiy aU Um copdiUomi that it •hould U ct^^thU oi wjHiMntitfcwi 
■inglt integral •qiuiUan and if it be reduoed in giinnaMinn to Uia tbniMi 

^^+ r^^-k- r^i^ + n*ff-ot 

du^-k-z^^-k- -i-z^p-q^ 

i 

than Ml intognting lictor of tbt origiud equatioa b 

»*2Jfi^"« ^-»^'-«, 



•v* 
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CHAPTER II. 



Ststexs of Exact EquATioMa 



22. When we have a system of a equationa in m -f a variablea 

^(M|» tfff •••! Wm «ii ...f «in)»Clri 

where Or is a constant and r may have the values 1, 2 ...,%, 
they can be considered an determining the n varLMcs th » tti» •••> ^n 
in terms of the m variables C|, •••yOW, provided there is no 
functional relation among the n functions ^ considered as 
involving the a variables fi. 

All variations of the variables are connected by n equations of 
the lonn 

When they are solved, they give the variations du of the dependent 
variables in terms of the variations das of the independent variables 
by means of other n equations 






a). 



where the coefficients ir«,c Are (or may be) functions of all the 
variables u and m; and the equations (I) are definitely and 
uniquely derivable firom the eariier set because 

8(^i» *f ^) 

i(ut, ....... u^' 

which is the determinant of the coefficients of the ila's in that 
earlier aet^ does not vanish on accoanl vH \3bA Viypo^^fl^ \b*A% 
ngtudiDg the fitoeUom ^ 
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■ 

Moreover,uno6 the equatioD8(I) aro deri?ed from tbe eariier let, 
the Bubsiiiution thero of the values of dift ae given by (I) will lead 
to identities; hence, for each of the fi functions ^ the aquation 

is identically satisfied. It follows that the coeflSdent of each of 
the differential elements dtB must vanish ; and therefore ^ satisfies 
the m differential equations . 

^■*'^* i"-^-" ^ 

for lasl, 2, ..., m, 

23. It follows, just AS in the case of a single equation, that 
any functional combination of the quantities ^ is a solution of the 
equations (I) or (II)i For, so fiu* as regards the equations (I), they 
are equivalent to 

d*i-0, d^-O, d^^-o" 

and therefore, if ^ be a function of ^, ^, •••, ^a, we have 



"'■-iM.'*- 



-0 

in virtue of ciiuations (I); or ^ is a solution. And, so iar as 
regards the equations (II), we have 

in virtue of equations (II); or ^ is a solution. 

Conversely, every solution of the system (I) or the system (11) 
can be expressed as a function of Uie n independent solutions 
^f ^f •••! ^v For, taking it to be ^, it is some function of 
II,, ti„ ..., ii« and of the independent variables d^, 4^» •••• ««; 
and determining ti„ u,, ..., Ua in terms of the solutions ^ and of 
the variables w we then have ^ in the form 

So far as regards (I), we have d^ a 0, for ^ is a solution ; and 
ei|uations (I) give d^aO, ..., d^^^sO, for the quantities ^ are 
solutions; hence 

'-Z'^^t'^* *s.^- 
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Now the quantities r,, «^, ..., Cm are by hypothesis independent 
and there can thcrofore. be no relation among their Tariationa 
Henoe the foregoing equations can only be satisfied by 

-0. |*-0, ,^-0; 





or ^ in its later form is explicitly independent of Ci, fft> •••! ^ 
and can thus be expremed as a function of ^, ..., ^.' So for as 
regards (IIX we hare, taking ^ in the same form, the equations 



for the quantities m occur only in the quantities ^t hence, w 
Ai^bO, we have 

for each of the values <» 1, 2, ..., m; and thus we are led to the 
same conclusion as before. 

24. Multiplying the equations (I) by X|,t, V,, ..., Xr.« where 
V..-|^and adding, we have 

an equation in an intograblo form. Such a system of quantities 
may be called a set of integrnting factors ; there must evidently 
be n independent sets of integrating factors, each set subsidiary 
to the derivation of an integrnble equation ; and ^the determinant 
of the fi sets is not eero, because the Jacobian of the functions ^ 
with regard to the variables u is not sera 

Now let ^ be any other integral of the system of equations so 
that^ as just proved, 

Mid let pi9 pi9 •••» pn be the set of integrating footers subsidiaiy to 
the derivation of df » 0. Then we have 

for r«l, tf.ta The determinant of the right-hand sides, 
ooDsidered as linear in the quantities ?^i is a non-vani 



40. ' MULTIPUtBtt OP A SYHTIOI [S4. 

quaniiiy boing niade up of the ii indopeiMleak teto of inkgraliiig 
fiiotoni; 00 that the n oquatioiui can be iu|ved to give the/ 

quiintitios^ in the furme 

a^"llf8^ If '3^ if- 

The value of if ie 

S(^» ^f • ^ ) 

3(Mi. «•......., ««») 

and that of if r is 

^•"/>^ a(ii„M, lO 

to that all the quantities if are of the same kind» tii.. Jaoobiana 
of nyetoine of n solutions of the original equations. Sueh a 
quantity as if, or iff. is called, after Jaoobi, a muUijdwri it is, 
from its origin, a non-vanishing magnitude. 

Now unless the Hessian of y, considered as a function of 
^1 •••>^i»» vanishes, the quantities at are independent of one 

another, so that there is no identical relation between them 
involving only constant coeflScients. The effect of this iude* 
pcudcnce of the quantities if is to exclude the existence among 
the n -f 1 quantities if of any homogeneous relation -of any 
degree with constant coeflScient& 

If then we suppose that no one of the quantities ^ i> n 

constant or zero, each of them will be a functional combination of 
the quantities ^ and so will bo a solution of the system of 
equations; and, as they are supposed to be independent functional, 
combinations of the quantities ^, it therefore follows that the n 

quantities kT will constitute a complete system of integrals, 

similar to the system of integrals ^» ^i •••» ^* 
We may now draw some inferences :^— 

(A) When a mnUiplier M qf the equations (I) i$ known, 
then every other viuUiplier is of the /ami if 4>, where 4> a constant 
is a solution of the equations. 



I 
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For every other multiplier is a Jacobian of a syBtom of . 
solutions ; the quotient of this Jacobian by Af is the Jacobian of . 
tho system of solutions with regard to ^, •••! ^ and theroforo/as 
it is a function of ^, ^, ..., ^, it is a solution of tho equations. 
Hence, conrersely : 

(A*) If two independent mtdi%plier$ have been obtained which 
have not a conetant roHo, their qwdient is a eoluiian of the equatione 
(I) or (H). 

Also 

(B) 7/* n + 1 mtdtipliere have been obtained euch that there 
exiate among them no homogeneous relation of any order ^ then the 
n quotienie of any n of them by the remaining one form a complete 
eyetem of iniegrtUe of the differential equations. 

And, as can easily bo proved by similar considerations: — 

(C) //* p 4- 11 + 1 multipliere Aat^ been obtained^ then there 
exiel among them at leaet p identical relatione^ the coefficiente in 
which are conatante. 

25. Now wo can deduce from a well-known theorem in 
determinants, due to Jacobi^, tho partial differential e<{uations 
which these multipliers satisfy. If there bo n 4- 1 functions (say 
^, ...» ^ the foregoing functions and ^ any other function) which 
involve fi-l-1 variables (say «i, •••, Un and m any other variable) 
and if 

8(*,ih -.f'^s+'^'ss;^ ^'^•ai;' 

then the quantities A are such that 

dA dAi . 8^11 _ A 

di^'Sii,^ ^dun 

This theorem is applicable to the set of functions under oonsidera- 
lioii, when' we mAe m the same as any one of the variables 
«kf «kf ...t«m- We have A given by the quantity Jf ; and we 
havei fcf # ■■ i^ t 

• OtUe, i iifil. (ISM), ^ ti; Qh. irftkt,UVi.^>««l^ 
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whore,! 



MDLTlFUlUttl 

Uie denouunator. Mr does nol oocur. Bul^ by (IIK 



t» 



Sit ^^' 



t»l 



Hit 




•oihai J^-(^iy^»| (^' ^' ^ 



3K,«h. puj 



Ur., 



whore m, does not ooour in iho aoquence ii|» •••» ihi; And ihui 



9(Mi»«S» i^O 



3(Mi»«h. »iO 



Or.l. 



where iii, i^, •••» «» mo now the complete set of all the nriables «. 
Hence 

and therefore aubBtituting for Arir^l^ % ..., a) and for J we 
have the equation 

art"*" ai«, ■*■ du, ^ ^ 'du^ "• 

The dopendont variable if in this equation is the non-evanesoent 
Jaoobian of h solutions of the equations (I) or (II) with rq^ard to 
Ml, •••> !!«; and thorofore the same equation is satisfied when the 
function ^ is substituted for ^, ^, ..., ^ in turn in this 
Jaoobian, that is, the other multipliers Mu ...,M^ also satisfy the 
equation. Hence, by propositions (B) and (C). every multiplier 
satisfies this equation ; and, thereibre, as the equation holds for 
the values I-" 1, 2, •*., m, the multiplierw of tk$ sysUm (I) or (II) 
ars detenntned by the equations 



^'^"dT,^ du, ^ au. ^ ^ an. 

^^"a*i"*"~ an. ■*" aii, ^ ^~da^ 

,"'7' ag' !' a(gy,,i .Heu,,j) M^u^^) 
^-^■ax.,'*" am *■*■ 811, "^ ^ du. 



..(iiix 



J 



I 
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Em. a rerifioAiipn <it (A') in this paragrAph omi bo deduced *i onoe ttom 
^' (III). For if tf and #^ be two eolutions of (III), we bare 

o-v.(##) 

and therefore ^ the quotient of two eolations of (llIX eatiefiee 

for the Taluea I" 1, t, ..., m. Thtie ^ is a solution of (IIX the original syntom 
of equations. 

26. Suppoee now that, instead of deducing differential 
equations from a set of given integral equations of the type 
considered, it is required to obtain a system of integral equations 
equivalent to a given ffystem of independent differential equations. 

The most general form of the latter is 

i Jrr..rfiit+S Fr.|cfa^-0 (r-1,2, ...,n), 

the coefficients X and Y being functions of the variables u and m. 
Since any linear combination of these equations will bo satisfied 
by the same integral equations as the foregoing set, they may be 
replaced by the set 

rftir- i V.^tikt (I) 

obtained by solving the system for rftf,, ..., d,xi^\ and there are n 
equations in this set^ all the coefficients V being functions of m 
and tt. It is assumed that the equations can bo thus expressed — 
an assimption which implies that the determinant of the co- 
efficients X does not vanish and which is justified by the 
supposition that the system of equations is independent; and 
the form (I) will bo considered the canonical form of such systems 
of equations. 

In order that a system of equations such as (I) may be 
replaced by a system of integral equations, which suffice to 
determine Hit ti|, •••««• m functions of independent variables 
^t^9**M<^9 certain conditions must bo satisfied Instead of 
regaitling the coefficients U as composed of derivatives of the 
(unknown) functions ^, we may regard the ii*s as (potentially) 
expressible by means of the unknown integral system in the form of 
explicii fbnctions of the variables o^i, Cti ••• i <^ t ^nd when they are 
so eip r o ss cd they satisfy the necessary and sufficient 

a /dic\ 8 /dift\ 
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which a|iply to each of the dependoniVariaUet tot all 
of • aud t 

From the lyHtom (I) we have 

a^"*^"* 



(1) 



fi>r each of the iadiccii !(» 1, t, ••., m) and each of the indices 
r (« 1, S, ...» fi); and when wo subnUiuto in Ur,$ the valuee of ihoae 
variables u which may occur, in terms of «i»4^ «W, the 

resulting value of ^-- is the same as in the above oonditioa. 
Denoting this value by L^' I • the foregoing condition is 






The aggregate of these condilious. noccssiiry aud suflBcient fur 
the integral equations, is certainly necessary for the differential 
equations under the supposed hypothesis; it must not, with- 
out proof, be assumed sufficient for the differential equations. 
Now we have 






where the quantities on the right-hand side are as they occur in 
(I); and similarly for the other member of the equation of 
condition, which therefore becomes 

or, what is the same thing, 

This equation must be satisfied for 

(i) each of the values 1, 2, ..., fi of r : 

(ii) each of the i9ii(fn- 1) combinations of • and I from 
the series 1, 2 m; 



I. 
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therefore ike Mai number of neuseary condiiifma reprteenied by 

^nm(m — 1), 
and fhtBe canditione are independent of one another. 






27. It now remains to prove that these neccraary conditions 
are suflScient to ensure that the integral equivalent of the n 
differential equations (I) is constituted by a system of n integral 
equations independent of one another. For this purpose an 
inductive process will be used. The given system (I), involving 
11 dependent and m independent variables, will be transformed by 
a change of variables to a similar system, involving n dependent 
and m — 1 independent variables; and, of the |iim(m— 1) neces- 
sary conditions of the original system, |n (m — 1) (m — 2) conditions 
bearing the necessary corresponding form will bo shewn to survive 
for the transformed system. 

To obtain the transformations we subsidiarily consider all the 
variables a^, ...,««• as unchanging; the equations (I) take the 
forms 

dut in, ^^^n^j^ 

Let n independent integrals of these n equations be 

fi ■■ constant, ^f^wnnUaii, («aBConstant, 

where fi» ftt •••# fn ^re functions of ti|,iif» ...»««, c^ and of 
unchanging quantities that may occur in Utu ^u» •••t ^mi that 
is, of c^, ... , cw. All these functions f satisfy the equation 



ae 



g^+A'^-s-^^ 



H- 



(»X 



Having thus obtained these n independent ftinctions f, we use 
them to form equations of transformation in tho thaipe 

4 

where f^, t^, ...i «w (constant so fkr as regards «,) are ftinctions of 
^fM^f iMm to be determined Taking any one of the 
equations, say 
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we have 

after tubstitution for the quantiiiea du from the equatiooB (I). 
The coefficient of the element dxi on the rig^t-haod dde Taniihee 
on account of the partial differential equation eatiafied by (, ao 
that the aflsumption of dw being independent of lia^ is hereby 
justified When we take 

then we have 

dVr^ I ir^ds. (l)\ 

forr-Bl, S» ....a 

28. This is the transfonned system indicated : we proceed to 
consider the coefficients Vr$. From the ii independent equations 

we can find the values of tii, Ht, ..., «« as functions of Vi, «|, «..^ «^. 
'ii A^t> •••• A^Mi And when these Values are substituted for the ii*s 
in Vr§t wherever they occur^ it is changed into a function of 
tS, Vu •••! Vmi ^11 •••> ^m* Let Vr$ donoto this transformed value 
of V'ni then V^ ii esplicMjf independent of »%» % result which 
loaves the system (I)' involving only m-1 independent vari- 
ables. 

The proposition just enunciated may be proved as foUowa 
Let W denote any function of ii,, ti„ ..., ti«, «,, ..., «*« and 6 the 
same Ainetion when substitution is nuulo for tii^u,,..,, 11,1 in 
terms of V|, v<, •••» Vn, f^u ••m^m'i thus H involves «i,4^» xm^ 
and », (- ft), w, (- f 0, . . . • »» (- f n)- Then 

dxi 3jr, ,.71 3f r a**! ' 
and ^ " Z oiTo 

f(»r |> >■ 1, 2, ... , M ;. honcc 



28.] or RnCDLTANEOUB KQUATIO^hHis. 47 

By the differential equation (8) which all the functions f eatisfy^ 
the coefficient of every term ^^ on the righi-hand ride is lero ; 
hence 

VfJ Cff .1. V ff ^^ 






ginng the T«lae of . , w fw u C| ocean explicitly in the 

tmufomied function B, in tonns of derivstiToa of B' the. on* 
tnasformed Auction. 

Applying this general result to the ooeflBdenta in (I/, we have 
Sabatttntiiig from (4) the value 



8a« qm\ BU^ 



Ibr Pm. we hare 






Bat bj the differential equation (S) we have 






^'.0 

S^"''' 



M> tliat^ difierentiating finr explicit oceunenoe of m„ we have 

S^ ,-1 *'8«ta«v »-i at, 5iv 

whidi tranaforms the- fint line of the exproarion for ^-k^ 



dV, 
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Similarlyi diflerenUatiiig the aquatioa for eiplioik ooouiroiioe of 
ti|, we have 

and therefore | i 

dV 

which traoBforros the aooond line of the exprcftiion for -j^* 

Henoe» on subBtitution, 

-0, 

because the ooeflicient of oveiy one of the tenns ;/- (f » 1, 2, ...,") 

vanishes by the conditions (2X Hence K^ is explicitly indepen- 
dent of c, ; and therofora the system of equations (I) has been 
transformed to the system 

dvr'l V„d*, (ly. 

in which a^ no longer occurs explicitly.' 

29. Some of the conditions (2) have been used in making this 
elimination of ;ri possible : viz. those of (2) which hold for 

(i) each of the values 1, 2, ..., n of r; simultaneously with 
(ii) all the m — 1 combinations of • with 1. 

Hence n(m — 1) conditions have been used; and there thus 
remain |iim(m — l)-n(m — 1), that is, )fi(m— l)(m — 2) con- 
ditions, as yet unused ; they are those equations of (2) which hold 
for 

(i) each of the values 1, 2, ..., n of r; simultaneously 
with 

(ii) each of the |(in — 1) (m — 2) combinations of « and t 
from the scries 2, 3, ..., m. 
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These renudniiig ooadittons can be transformed We have 



MM henoe 






€Vf ^af CP^ (MP|| CX^OX% fat vXiUUi 






« • 



-h 1 XU,jU,,. 



f-lF-l 




w 



Abo^nnoe 
we hare 






by (4): a result which might alno have been inferred from (I/. 
Henoe 

Interehanging • and t and subtracting the oorresponding members 
of the two equations, we find 

the oovariaatiTe character of which eqaati<m Ir iradV) «^ ^<s>>Sttft. 

r. s 



am MN^ tl ftiBoOT that 

Ml MMtiiNi wUdi holds lot 

0) each of Uie millet 1, S» •••»fiof r; 

09 each of ihe !(« — l)(ai-S) enmhinatinna of a and I 
from the aeriea S. 8. •••• m. 

Baaea (SX impliea * * 

|ii(«-l)(ai-l) 

emiditioea in alL MoieoTer, becauae the quantities (r ara inde- 
pendent qoi functions of ti,, ..., ic«, so that their Jaoobian does 
not vanish, the conditions it)' conversely lead to the vanishing of 

dl the coefficienu of th. qa«.litie. ^^ in the pre^ou. equtioo. 

It therefore ibilows that the |ii (m — 1) (m - 2) conditions (t)' are 
equivalent to and coextensive with the ^n (m — l)(m — 2)conditi o na 
which survived after the transformation (1/ ; and therefore these 
new conditions (2)' may replace the old. 

80. The new conditions (2)' stand in the same relation to the 
new equatbns (I)' as the original conditions (2) to the original 
equations (I). Hence if the syfttem of equations (I)', involving a 
dependent and m — 1 independent variables, have its integral 
equivalent in the form of a system of n integral equations in 
virtue of the conditions (2y, it follows that the system of equations 
(I) involving n dependent and m independent variables has its 
integral equivalent in the form of a system of n integral equations 
in virtue of the conditions (2). 

Now for a single independent variable the conditions are 
evanescent; and it is known that the integral equivalent then 
consists of n equations. Hence, by induction, we have the 
following theorem: — 

In order thai a $y$Um of n simuliatieoui linear differential 
equations 

du,^ 2 Ur,tdxt, 
1-1 
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wher^r^l, 2, ..., n and the coefficienU Ur,9 arefuncHtmi of aUiK$ 
variatles m and ic« may possess an integral equitalent in the form of 
a system of n integral equations^ it is necessary that the conditions 

should he satisfied for, (i) each of the values 1, 2, ..., n of r and 
(ii) each ofthe^mim-^l) possible combinations ofs and tfrom the 
series 1, 2, •••, m; and the identical satisfaction of these conditions 
is sufficient to eneure the existence of an integral equivalent of the 
stated form^. 

81. The following method f of expressing the necessary con- 
ditionSy which will (after the result just proved) be assumed 
suflBcieni, refers to the unsiroplificd or uncanonical form of the' 
equationsL Let the equations involve n variables and be A; in 
number, where k is not greater than n : and suppose them to be 

XndXt'^ -^ XtndXn^O 



Xkidth-^ -k-Xknd^n^O 

Let the coefficients X be such that only m of these equations are 
independent; then all the remaining A; — m equations are linear 
combinations of those m, which may be taken to be the first m 
equations. We proceed to express the necessary (and sufficient) 
conditions that the m equations should bo an exact system and 
have therefore m independent integrals. 

If one of these supposed integrals be /■■ constant, then the 
differential rehition 



<fei + 



^>- 



nnist be a linear. combination of the m independent equations 

above ; and therefi>re all determinants of the (m -f 1)*^ <nder of 

the system 

XX 

A|i» • ^m 



a/ 
ar,' 



.X 




* TUi nmH hV**** *o h*** ^••B KivM <>"* ^ D«ldM, Orltr, i n. <UM|, 
fp.M>-SM. 

f fMkmlm, Ottttt, 1 Imii. {ItfTI), fp.m«i 
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mutt vauiih. Hence all lystciu of qiuDUtiM {, wMeb anAiy tbe 
equttioui 

x^h+ +-r,„i--o 

(for ft^l, ..., m), also ntufy the equation 

S(/).|Jt.+ *lfj.-». ' 

which ia thiu a differontial o()uatioD for the integral / And. 
■ince each of the nrigiual cquationfi can be exprened ai a linear 
combiiiatioQ of th« m independent equations, we may change the 
series 1, f m as values for /i to the series 1, t, ,.., k. 

Binoe m of the equations connecting the a quantiUea f are 
independent, there are n — m eaaentially distinct systems* of 
solutions, and therefore there are n— tn diHtiuct differential equa- 
tions of the form ^/'■-o. Since there are m functions^ and there 
are n — tn linear differential equations in the n variables, this system 
of partial differential equatioiut is complete ; and the coudilinns for 
this completeucBH are tbc conditions for the completeness of the 
independent equations of the original system. 

Let Ui M,; V,, .... 11.; be any two systems of solutiooi of 

the quantities (; and let 

O'W-O. V(/)~0 
be the corresponding differontial equationa Then the required 
conditions are that, for every possible pair, the equations 

U\V(/)]~V{D(/)] 
shall be aaUsfied either identically or in virtue of the r-«i 
differential equations H(/)>0. Now 

* If Pu PM(lorX-l a-alUH-MMW.MliofinuitltlMiMklhal 

lbs dil«iiDin4at 

4=-l'u .Jr« 1 

l*^ Jr„ 

.'•u p.. 

>.-.. .v... 

doM not vsabb, Umq a qniui ol Mlutiona li giTai by 
, ', aa 8A 

*»' '*""spi7, **>Zi' 

Mtf tfa# « - » v*Ma>*> w»TNpondm« to aU lbs poHibb TslH* a« X, sn AMtaiL 
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for the vmluea 1, S» ..,, k ot ik (flome of whioh equMiooc are 
euperfluouii bocauae not independeiit of the others) and tat all 
pain of aeta of disiinot aolutioua u and « of the equationa 

for the valuea of 1» 2i ..., 1* of /i. 

Em. Km uk UlustratioQ of Ukm ramltii (Air other details in r^fMd to 
whioh the quoted memoir of Frobeniua maj be oonsultedX oonnder the 
ajrvtem of equationa 

ao that A of the firooeding inveiitigati«i|i In a ; aud the quantitioa o^ ani 
aup|KMMd to be derived ftvm a fiuiotioun i*|| ...| P^ by the equationa 

and| aa abovoi it will be aHHumfid that rniuom of order m (<h) of the 
deteiuinant 

emi •««• 

do not all vauiah, but that all minon of order greater than m do vaniah. 

In order that thia a/atem of m iudopeudout equationa maj be complete 
the ueoenaary and auflkient oouditioua are that the equationa 

,i,J."«(^-^)-» 

are aatiafied lor ail valuea ^m l, ..., m and for all aata of quantitiea whidi 
are aubjoct to the equationa (the independent equationa being m in number)| 

r-l 

m 

Sinoe I a^Vi-iOL 

we have S -k^ Pi-lr 2 (kt^ ^ '^^i 

and therafiirei multiplying by u^^ adding, and remembering that lor eveiy 

value of y 

« 

we have ^^ 2 2 u,ifj ^ »0, 



orainoe 



ffiS:*^*ss'-'^ 



the oonditioni^ above proved to be ivquiaite, are all aatiafled ; and tharelMe 
/Atf V'^^acff ia a ocMoplete ayatem. 
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32. The integration of the ecpmtionei, on the supposition that 
the conditions are satisfied, may be founded on the preceding 
investigation (§g 27 — 30). One process follows it directly, and so 
is a generalisation of Enter's method ; another, after the adoption 
of a modification, comes to be Natani's method. 

For the former process, we begin by supposing all the Tariabtes 
constant except Wi and integrate the equations 

• . ij^mfj^dxi (r»l, 2, ...ift) 

in the forms fr""ConstantMrr(«^, •••,««,)» 

where Vr is unknown. When' these values of f are substituted, 

the equations are of the form 

«• 

dvr"^ S Vfidxi^ 

where Vh does not involve 4^. The similar transformation is 
applied to the new system in order to diminish the number of 
independent variables by unity ; and so on, until the integral is 
obtained. 

• 

JSb; 1. To integrate 

(v-«)cfii«(l -iiy)(<r-|-(l -iur)dfy, 

(» - n) rf»-(ry - 1) cir +(r.» - 1) rfy. 

The two neoesMiy oonditkmii are satiaflod. Ph)coeding as hMUbatfld, we flnd 
two mo8|iBnosn% misgnus 01 

(tf-a)(/«-i(l-vy)dlr, 

(v-«)<fv«(vjf-l)dlr, 

oothssopposttion tbatjf isoonstant We find them to he 

a+v-jr3f+^ 

' nvmx 4-1^ 

whvs land ^ the oonstanUi of integration, are nrnde fonotlons of jr. Then 

-0, 
aft«r sobstHiitioQ for ilv and <fr ftom the original equations t and 

•flar ttt MBM ntiatitatioiM. Hcom 

imm, 
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Bvidtollljr Aigr Amciioo cif n-^t^-jgr <^ wr-ir-jr ii 4 iolalkMi uf the 



A^l Thsajalfliii 

(ii-» )<n- tf)ilii Af _4^A * 

.(•ir-l)(iiy-l)(i«-l)"iur-l'*'i»y-l"*'iii-l» 

(«jr-l)(iy-.|)(fi-l) i*-l"^iy-i'^w-!* 
. _(if-iiHif f)rfif dli- • <ly . *_. 

maj b« dniikiijr aolvod, with tho result 

coamUut <■ Mrif - JT .- jr - 1» 

OODvUnt « M9 -^ 9 If -^ If M • ly - Jf i -* AJP| 

oooiUiit « M -^ V 4* IT - jryt. 

8& The other method is that given by Natani^ ; H b the 
natuiml geneimliafttion of his method which applies to the ease. of 
a single equation, and it is connected writh the generaKsatioB of 
Euler's method in the, same way as his earlier method is connected 
(see Ex. S, § 19) with Euler's method and may be justified by a 
similar argument 



£jr, I. Buflkisnt Ulutttr»tion will bo siiaidad tm r^gsrcis the gsnsiml 
IsvooMi by oonMdoriiig a ast of eqiutiom 

cfir- Vdc-^ V'd^-^ VdtV (a), 

ditm.Wdx-^Wd^-^W"di) 

iiU|j|iiiMxl to be int^gmbk The lulk>wiug in NmUui'm method : the pOMHibility 
fif ite ApplicAtiou at esoh •uooeMiii\'e step in iiu|>licitly |iroved in the eeriior 
iuventigiitiiMi. 

The integrsU of 

dUmVdx, d0'mVdx, dw^Wdx, 

on the MipiMMition of y end $ dounlanti are of the form 

^ (is f, If, jr, jf, j)»uoQBtsnt -^ (y, «) 

f (IS V, li^ X, jf, j)-ooiistsnt-r (y, j) J. (ay, 

X («• ^ ^t 't y» «)-ooiuitsnt 



;-r(y,i)[, 
;-T(y.f)l 



* CrtlU. i. IviiL, ^ SOS. 
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wfaora Um futiciioiiff p, r, r are not derivable hj thifl ftrsi integration, but the 
f'^if^*'^ ^ ^f X ""^ known. When, however, the valued of |i, r, r are known, 
then the Ibregoing eqnationa oonatitute the integral equiralent of the qretem of 
difierential equations. 

Sinoe the three functions on the right-hand eide do not involve m^ their 
vahM and form are not altered when any |Nirticiilar value, eaj lero^ ie amigned 
to JR. Let «!, Vg, W| be the oorreeponding values of «, v, ir; then we have 

♦ («, r, r, r, y, f)-f (if„ r,, «•„ (^ jr, «) V («ri 

X K •'f ^'i *f y» 0-X {•«ii •'it «•!» OiyiOf 
and the equations determining iCi, Vp r, are 






where the coefficients are the values of the original coeffioieots after the 
■abstitutions n^%i^ vaiVj, tf«>if,, jr^iO. 

Let the integrals of 

^•H-tVrfy. dt,mV(dy, dw^^W^'dy, 
CO the supposition of t constant, be 

tK. «•!• "^i. yi «)-oonstant-X(i)| 

v(««i»«'i»«^iiyi')-«m8tant-p(f)V (*)', 

f («„ r„ If,, y, O-constant-ir (i)| 

where the hinctions X, m v are not derivable by this integration, but the fomM 
^ (^ 9* ( 'ure known. Since tho^ three functions do not involve jr, the| 
ranain unaltered by the amignation of some special value, say lero^ to y 
Let «|, V|, W| be the corresponding values of ii|, Vj, w^i then we have 



V («if •'if «p|f yf 0-1 («ff »tf «^f ^ «)f • 
f («if ••if •''if yf «)-f («'if f„ IP,, (^ «)) 



and the equations determining tr|, r,, nr^ are 

. dn^^U^dz, du^V^d*, dw^^W{dz (e), 

where the coefficients are the vahies of Ui^ \\\ W^^ after the sulistitutloni 
*i""«tf •^t"">^t» •^t""*<*tf y*^f i-e. are the values of the original ooeffidenti 
U% K*! fT after the substitutions m-^ v„ v»r|, w^w^^ x»0^ jfaaQ. 

The integrals of (e) are of the form 

« («if •'if «^if «)-« 



«V«4f«'if •P|f»;-«) 
/•{•4f»if«^f«)-/i|. 

y (•^f »if "'it «)-y ) 



where the quantities on the right-hand side are oonetanta FVom thesi 
equalioos we determine 14, f|, if| aa Amctiona oft; wlien th^ are snbetitutei 
la (hf^ w« have, by comparison with (&)', the vahies oC K(tV ^V^V^Vj^ 
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MCTBOM or IMTIOB&TIOK 



[31 



W« HOW UM (by to detu rm ini ii|, rg, Vg io Unns of jr and «| wb«i Ihiir 
vaIum Mt MiUtUaUd lu (a)" w« bavi^ bj w>m|iMiaoo with (a/i tba viluM ol 

A|i|4l«l to Um |NiftWiiUr UAiupW 1 of } ai, tba linl iatmpr^ttott givts 

ti-ff *.rjf«AuioUoa of jf«ii|-|-r|, 

on putting jr«Ot uA u^ and V| ara datannined bj 
aotbal Ux'¥9i'^m^ 

tba aaina aidtttioo aa bafiiia^ 

Km. 1 Intagimta tba ajataoi of aquationa 

• *(jr|-x,)(jr|-a) » *('|-J^i)(jr|-«) • 



a-x. 






jr«-jr. 



ilZfjL 



t • 



"» ^(a-jrj)(a-jfj »^"«(a-*|)(a-jg "^ J 

(liaiinMmilalL) 

A. IL Intagrata tba aiinulUnaoua ajataiu of total aquaiioai :— 

(UaxiiuowitdL) 
JLiKi 4. lutagrata tba (axact) aqiutioiui : 

c/a-(a+jr)d:r+(»+jf+l)dfjf-»-(if+t+l)ilij 

andalao 

ilv » iMtr -f vdfjf -I* Mtli V 

(/if <■ anir -I* Mi/jf -I* mI< ' 

(Stodtfckiawiofc) 



/ 



8&] MATBR*H MCTHOD 59 

£>• 5. Iniegrata the simultanaoitfi equiitiona 

<yi-(*ii>i+ ^|y|)<^l+(^|y|+^fy|)^^•t ' 

where the quaiititiee a and 6 are functions of Xi aimI Xg, eapixwed to satiafj 
the oonditiona neo e e ea ry for integration. 

(Le Pbnt) 

84. A very remarkable development of Natani's method of 
integration has been made by Hayer^. 

As indicated in $ 33, Natani's method when applied to the 
general syatem of integrabic cquationd (I) rcf|uires the integration 
of m different systems of n ordinary differential e()uation8 of tho 
first order ; and the suecessivo systems are constructed by the 
adoption of special values for those of the variables whose 
variations have ceased to occur. Mayer's method requires the 
integration of only one system of n ordinary differential er|uation8 
of the first order. 

In S 33 it was assumi^d (for purposes of illustration) that icro 
was a suitable value for each of the variables, when once its 
variation ceased to occur: suppose more generally that for the 
independent variables in the equations 

rff*r- i Ur.idjTt (I) 

the values ^i « Si, oct >■ Ot* ^a ■* Oai ••• » <M^ assigned after the inte- 
gration of each of the successive systems of ordinary equations. 

The independent variables are changed to yi» •••» ymi ^uiy set 
of m independent quantities, by the substitutions 

«i««i + (yi-*)A 

where /i, ••••/« are m independent functions of the new variables 
y, and if is a constant. When substitution takes place in tho 
system (IX it takes the form 

rfo^-sr^rfy. M ay. 

#■1 
wlieie I'n-^f.^Hj/i-fCyi-^^j, 

• Mmik. Amu. t v. (i9nu PP- 4IS-470, ••Ueber ■fanaHaae, lolale tad 
lartWle DiflbmlialgMohnfea**! eepeeisay 1 1. 
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It it natuiul to expect tlmt the Hjaitem (t)', which is merely a 
tnuiHfammtiott of (I), will aatisfy «U the oooditioai of intt^pmbility : 
and it it eaty to prove that 

BYh ar^ . * fy dY^ y dY„\ 

A.i i^-i dy« dyi La»4 "" 8««^,» pmi\ '^ ^^ ^ ^U 

-0, 

b ecaiite the eoiiditiont of iutegrability of (I) are tuppoeed to be 
tatitfied. 

Ph>ceodiug with the traimforuied HyHtem {!)' at in Natani't 
uiuthod, we fi»t integrate the tyatcui of n differential equationt 

du^-r^dy, (f-l,i ,M) (A) 

on the tuppotition of the invariability of ya, •••, y.!* Their m 
integralt are of the form 

^r(M|, .ti«, yu ,y»)"Xr. 

whore Xr, a constant of integration, in independent of y, and may 
be a function of y„ ..., y^. The value of X, is thus not altered 
when we aaaign any special value to y,. Let the value $ be 
assigned to yi and suppose that the altered values of Ui, •.., ^ 
are u/, •••, u^'; then we have 

♦r« ,Un\0,JfM .yJ-Xr, 

SO that the system of n integrals is of the form 

^r(wi, .Mil. yi.yt* .ynO-^K. •.;•-. w*',tf,yt. ,y«). 

The quantities u' must now be obtained; they are, as in § SS. 
determined by n equations 

dur' - 2 Y„d],.. 

where Y'r^ is the value of Yrg after the substitutions lu « ih'» yi * ^ 
have been made. But theao substitutions make Yn vanish, so 
that all the eoetticionts Y'„ are xero: hence the equations 
determining the quantities u are 

. that is, all Hib quantities u ai*s conutantM. Hence the system of 
iiitegiuLi oftbu tmusformod system (IV ii^ 
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the ftmctioiui ^ being determined by the integration of the 
equations (A), the only integration now necessary. 

In order to obtain a sjrstem of integrals of the qrstem (I) we 
merely have to eliminate the quantities y from the equations. (B) 
by the relations of transformation 

«^-«« + (y,-^/f; 

there are sufficient arbitrary constants to constitute the result 
a sjrstem of integrals of the equations (I). 

85. To render the integration of the equations (A) as easy as 
possible, it is natural to adopt the simplest relations of trans- 
formation consistent with generality. These appear to be 

and «r-«r + (yi-«i)yr, 

^for r«* Z, 8, •••/m; for these relations, the coefficients Fare 

FH-(y.-«,)irH(f-* .III). 

There is one simple property of the system of integmis which 
exists in some cases. If it be possible to eliminate the variables y 
from the function ^r and obtaiii a function 

^rvh$ ...;.., Will i^, , wj)^ 

which is not indeterminate for values of c corresponding to yi « 0, 
then the integral takes a simple form. The value of ctt which 
corresponds to yi « is Of ; hence the determinate value of ^r for 
yi"^i ^"^» •••• ^»"Cn is 

which is thus the value of ^{ei, ..., Cii, tf» yt, ..., y^). Hence it 
follows that when the valne of the right-hand eide of the integrat 
(B)takee the firm 

CI pure eamtant^ Ae integral iUdfie given ty 
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Bui it mufi be undentood that thU ruMilt in the preeenk CMrm it 
Htiiotly limited to mil iutegrale (B), which ard Mich that the 
Hubeiitutioiie yi^^B, u^c reduce the function ^r to a conetant. 
We give here one example in which this oooun ; another will be 
given later in which the property doee not hold. 



Am ao iUttfttration of Majer's theoram, ooiuiidar tlie eqaatkNM 
(•y-iur)c/«-i(if«+y*)<i*-»-(«»+jy)dy) 

which BtAhdj the oonditioiis of intagrabilitj. In aooonknoa with U«jer^ 
reault- ooonected with the aimpleMt miUititutioo« we leave jr untranaforiDed 
mfM^ take 

then the aet of aubaidiarj equatiooa (A) ia 



[»{d+(4r-a)j)-iiJPl<ftt-{u(a+4'i)+0-ai+jf»)(/i-ai+i4w))c£r| 

Two integrala of theee are ea«ilj oUained (f In invariable) bj taking then 
in the equivalent forma 

MfM -I* W» -i 0) - of -I- Ijn) dlr, 

^M -I* 09 - of -I- xt) cfw - (m -I- ri) dr. 
The former gives 

on taking x^e ; heooe we kifar that the integral is 

MV - 43f » C|^ - i^ » oonataut 
The latter gives 

on taking x->« and of coume wei,v»e^ aabefoi^}; henoe we infbr that the 
intflgialia 

Henoe the integrala are 

^ tiy-jiyaioonstahtl 

xu -^ jrv "i ooniitant } * 

86. The conditions, necessary and sufticient to. ensure that 
the equations 

can be satisfied by a aystem of two iutegnd equations are (by %90) 
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It ill interesting to nee liow thene condition9 arine when a set of 
integrating bdon ({ 24) is introduced; the prooeas leads, in 
this special case, to a method of solution distinct firom thosa 
which have preceded. 

Let a set of integrating bctors be X and f^ so that 



tiMB 



9tH ^ 



8^ 



-*». 



8^ 



•S— •■ XX| + /LA (, 



I-xF.+mF.. 



Henee we have the conditions 

8iit 9tt|' 



o-|(xjr,+,jro-5(xr,+Mr.)i 



IVom IIm fint three of theoe w« hint 









ax. 

9h, 



+ F,sJ + F,^- 



ax, 

Si; 



. dXi 9Xt\ 

^ aF, aF, 
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and from tba kuil three U proves to be putuble to eUmfauile 
When this is combined with the last two equationSi we find 

■^-^l-a:?" ^7"^^•a5;"^•■*i7"*'-^»?ii"^»a5;;• 
Now the ratio of X:^ cannot be a quantity which it the same for 
all eolutiona ; for otherwise 

^ « this unchanging ratio "* ^ ; 
dtii dill 

that b, the JacooHhwof ^ and ^ would vanish and eveiy integral 
would then be expresHible in terras of only one; so fiu* as the 
dependent variablcH can occur. Hence the preceding equation for 
X : /* is not determiiutte ; and therefore the eociKcients of X and ^ 
must vaniHh. These are the two coiiditioiis that the given system 
should have its integral equivalent composed of two equations. 

Further the only independent cquatioiui which can be obtained 
free from the differential coefficients of fi are the pair 

^ y 3X « 3X ^ dX\ 3Jf g 
dx '3mi •5iii fHi, ^ dui* 

3X^y3X^y 3X ^_^31^_ 3*; 

3y * 3ii, * 3ii, 3tt, '^ 3ii, ' 

* 

The elimination of fi leadM to a linear partial differential equation 

for X; when X 18 known, then either of the o(|uations will 

tietennine /a. 

There is, of course, a similar result ho fiu* as regards /A| vis. 



r 

V 

c 



86.] 



PACTOIW 



65 



the only independent equations which can be obtained ftee from 
the differential ooefficienta of X are the pair 

^'^o.r ^^j-r ®^- \^^^ ^^^^ 






3m . tr 3m 
and a similar inference can be drawn from these. 



(An appsrsnt osse of doabt sometimes arises if, for faisisacei in the fonnef 
pslr both the quantities r-^ , «-* Tsnish. This implien that the equation 

.e/tft-JT/ir-^r/ryy 

contains only three rsriables x, y, v,: and the condition of integrabUlty Is 
Mtiflfied, so that the equation can be inieghited. And then without snj 
Aurther oonflideration of the equations for X, the Tslue of «| obtained from 
the integiral can be substituted in the ftrst equation 

c/ift-i.rtd:r-»-IVfy, 

whidi will then be found to satisfy the condition of ihtegrabilitj and is an 
equation in three rariables.) 

87. The differential equation for X is 

axar, 3xajr,^3x/y ar, ^ax,\ ax/^ar. «.*^A 



\3m, ^w, 3?/, 9wi/' 



and the subsidiary equations for its complete integral are 
dse dy _ df«i cfwt 







(AX 



rflogX 

"ajc.ari aJTin^ 

atfi dux dtf| aui 

The complete integral is not necessary for our purpose. 
One Talue of X determines one value of /i; when these are 
combined, they lead to an integral equation deriTable from the 
gifen system. Similarly a second value of X will lead to a seccmd 
integral equation ; and in terms of two integrals all the integrals 
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of the given ayitein can be expretBed Hence it u tu jiei m t to 
kave two indep$ndint vatysi of X which oatUfy it$ ofuaticm; and 
the eiinpler they are, the aimpler in general will be the integration 
of the resulting integrable equation. 

JSr. A Miflklent indkation of Um mathod will bo given, if we onoe noie 
coQflidtf Ihd eouAtiooe 

(14 - n,) rf n, - (m^ - 1) dr + (titr - 1) dfjf. 
* y,-y/ » 11,-11/ 

Y ^Mzl r-'V"* 

HttbiitituUng in the subftidiAry eqiuitioiui (A), we find tbej lake the ftmn 

dx djf dux dug il.logX 

figjr-l"|-ii/y"j'-jr" 0." 

A« two ftolutiom of the equation determining X are aiifRcieiit» we lake IheM 

in theibmi 

X«ooniitant«l| 

X-n,, 

whidi are the rimpleat derivable from the foiegoing not When we aubeiitiile 
theMO in turn in 

we find Ibr the raepective valuer 

eothat l^lj, ][ ^*L are two aeU of integrating fihcton; andao^lakii^ 

X(du,^X^dx-r,dyHi,{d^^^X,djc^r^d^)^d^ 
lor the two oaaei we have 

* 
Onlj two integrala of the aubeidiAry ayatem (A) have been oUainadi two 
othen (which, with the two X.-l, Mt-l and X,««t» h'^^ make up a 
oonii^lete ayatem of inde|iendent integnda for X and of indeyend e nt darived 
integrala fiir /«) are 

with the derived valum 

^-14-xy, *^-th«i-'-y- 



I 

1 



• 



( 
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Kow the inTortigaUoii in f f4 shews that, If X^ ^t X«, 141 V» |i' be mta of 
failegrAtiiig flidon^ then 

are ■olutkms whep th^ are indepondent of one another and are not mere 
constants. When if^i^^ V«X|, these quantities become 

respeetiTelj, so that Ui-^-u^-^xy is the only solntion thence derirables and 
when /"-Ml X'-iXi, they become 

reqieotiTely, so that «i«t7#*y ia the only solution thence deriTable. But, 
since Hi-ff-^i-jry and ii|«f jr-y are fyinctionally independent of one another, 
it follows fttwn the general theory that 

constitute a solution of the system of two equationsL 

38. There in alflo another method of obtaining the integrals, 
which is founded on the resulta of the general investigation 
proving the sufficiency of. the necessary conditions. The integrals 
are considered as the common solutions of simultaneous partial 
differential equations* ; and it is easy to see that the process of 
successive integration is only a modification of the generalisation 
(S 82) of Eulei^s method. 

Every solution ^ of the sjrstem of n equations 

rfti.-2 U^^dmt (I) 

#■1 • 

finr the values t • 1, 2, ..., n, has been shewn ($ 22) to satisfy the 
m partial differential equations 

^*-^^l^••♦^-^; ^ 

finr the values !■> 1, 2» ...» m. 

The Jaoobiaa conditions 

(A,,A,)-0 

finr the eoezistence of the system (II) and the possession of 
eommon solutions are 

* BOOK PMf. Tfmm. ISM, pp. 4S7— 464: Iffajsr, f It of th« acmolr died In 
IMakete. 
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But the ooeffident of eyeiy term ^ vaniehee. <m eoooont of the 

equations (2) of condition ($ 26) among the coeffioienla» whieh are 
aasumod to be satisfied; and therefore the Jaoobian conditions 
are all satisfied. Hence the system (II) is of the type, which is 
often called a complete ejfstem. 

We now proceed to prove that the system (II) has, on these 
suppositions, n independent integrals, where n is the total number 
of variables in the system less the number of equations in the 
system. 

Taking then the first equation of (II), vis. 

^■♦-t^<^<+ ^''-^-'^ 

the system of equations subsidiary to the derivation of the most 
general solution is 

T" " "o "r~"l?i" "F^* 

Let the necessary u -f m — 1 integrals of this system be 

Then every solution of Ai^a-O is expressible in terms of these 
quantities; and in order to have the simultaneous solutions of (II), 
it is sufiicient to find what functional combinations of them will 
satisfy the remaining equations At^ ■■ 0, . . . , Am^ « 0. 

Now if 

♦ -/(«•. .— .. ^m. ft. • f«) 

satisfy A|^»0, we have 

t 

-^+,l.''-l <"'• 

where Vr,i, the same function as before (} 28), is a Amotion of 
^0 "'0 ^4f/ fi, »", {m only. This new 8)*stem (11)' is a complete 
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system on account of the conditions satisfied by the coefficients 
Vr,t f snd the simultaneous solutions of (11)' are solutions of (II). 

We thus have, instead of the complete system of m linear 
equations involving m-f n variables, a new complete system of 
m— 1 linear ecpiations involving m 4- n — 1 variables; and all the 
solutions of the second system are solutions of the first, and 
conversely. 

The new system is treated in the same way and is replaced 
by another complete system of m — 2 linear equations involving 
m -f ft — 2 variables: and all the solutions of the latter are solutions 
of the former and therefore also of (11), and conversely. 

Proceeding in this way we find that all the solutions of (II) 
are solutions of a s^'stem of one equation involving n -I- 1 variables. 
But it is known that such an equation has n independent solutions 
and that every solution can be expressed in terms of those n 
solutions ; hence the eyHem (II) has n independent eoluHone and 
everjf oomman eolution can be expressed in tetTns of them. 

89. In order, however, to render the method appropriate to 
the splution of (I), it is necessary to prove the following proposition, 
which is the oooverse of that at the beginning of § 22. 

A $ett/n independent solutions of (II) constitutes a system of 
integral eqmtHons equitfalent to (I). 

Let ^, ^, ..., ^A be the a independent solutions of (11); then 
the equations 



give 



1-1 (W% t ml OU, 



br rml, i n. . Bat by the equations (II) wis have 

« 

80 that» substituting, we have 



.l.Kh-.f."""^}-"' 



Tiiis is a 8|ystem of n equations, for r^l, 2, •••«n« TVa vf^ftio^^A 
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limar and homogenaoua in the % qiuuntities 

M 

ftnd the dctomunAQt of the coefficients of thone quantities it 

a(K*. ..,*») 

3(M|. Mf .Mil) • 

which doei not vanish^ because the quantities ^ are independent of 
one another. It follows therefore that 

for s« 1, 2, ..., II ; thii is the system (I) and it holds in virtue of 
the equations ^fwma,. The prupositiou is therefore proved. 

Hence to obtain an iutegiul equivalent of (I) it is sufficient to 
obtain any » independent commuu integralf of the system (IIX • 

Ex. To solve the equatioiia 

(I -I- jy)<l» -(jf - ly - iry)iir+(x- s- a/)dfjf / • 

the nocQittiary oondiUooM for the iutegratioii of which are vstuifiod. 

If ^ (x, jf, My v) Le a itulutioii, ths iMurtisl equAtious whidi detsmiias 
^ are 

The equAtiouii suUttidiary to ths iutogratiou of ths fi»t of these ara 

dx ^ _ *'** _ _ ^^ 

1+jry" "»^'ar-».\ry"y(i-f-ar)' 

thros iudspcudeut iutograUi of which are 

y. 

•••s-x(r+j:); 
and therefore we have ^"*/(yt P\ ^)* 

When this in eubstitutod in the eeoimd equatiou, we have 

S^O + 'J') 



k 












/ 
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dr ttiiv fBduoUon 

The «qiiilkNM MbskUny lo the integratioo of thit «qaiitioii are 

4l fh ^9 

two indeinDdnt integimls of which are 

A 

fluid thefefefo /(jTi ^r)-f O^r-jf^ 

whowi for the most genond Bolution, ^ is an arbitrary ftinction. 

Endently fldl nolutiona ture dotorminable by means of the two itide[iendent 
■olutioiis ^ r -y ; henoe the integral equivalent of the original equations is 

r+jf(ii-jr)-«, 
ii-4r(f+4r)-3f««/l 

40. The result proved in § 39 as to the simultaneous equi- 
Talenoe of the sjrstems (I) and (II) may be obtained as follows. 

Anj solution of the system (II) satisfies the equation 

where the coefficients m &re an arbitrary set of independent 
functions of the Yariablca Now a solution of this equation is 
a solution of the subsidiary set 

'^ liHfr^ 

and therefore eveiy solution of the system (II) is a solution of 
these subsidiary equations, whatever be the values of the quan- 
tities fL Thej become, after elimination of the /I's, the system 

m 

that isi the system (I) ; and therefore bj the ordinary theory of 
partial differential equations* every solution of the system (II) is 
a solutioii of the qrstem (I). 

On aeoouit of this equivalence and of the GmA that the partial 

• iWsHM, M lS7t lif. 
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diflforential equatiuiis of the kind just eoniddered, fi&, homogeiieoiia 
and Kiiaar in the differential ooefficienla» arise in aome of the 
methods (e.g. in Clebsch*s) of dealing with Piaff's problem ^^ it is 
convenient to discuss in this connection some of their properties. 
The number of independent solutions of such a system has already 
been investigated in § 87 ; and one method of derivation of the 
solutions has been obtained, fouuded on that investigation. But 
because the systems of ec|uation8 (I) and (II) are equivalent, it b 
natural to expect that Mayer's method for the ordinary equations 
can be extended to the integration of the partial equations ; the 
extension is easily made as follows. . 

41. The system of partial differential equations being 

we leavelhe variables a untransformed and transibrm the variables 
w by the subiititutions of § 84, viz. 

where /i» ••••/» are m independent functions of the new m 
independent variables ^i, •••, yM, and tf is a constant Then we 
have 

— i r I*- 

and for values 2^ 8, ... , m of q 

* AaollMr ImporUnt Mi oi such •qiuUioiu, ■imiUr in iorai to Umms Imiv 
diienii^d and oompUU m a ayttUm, it Um ii«t of equotloM eharaoltrUHo ol Iho 
ooneomiUnU of (fiiAntkii. 8m, fur «xAiupltt, a memoir on "Byttcma of Twmarknti 
Ihal oro alctbraicallj complete," Amer. Jomm, of Math,, vol. lU. (iS89), pp. 1— SO^ 
liS— ISl; tbo UruarUnU ar« (U;tenmiied bjr aucb a set of cqaationt, eighl in 
Bumbor, and It U there ahewn (| IS) by cootlderationa entirely dillerent ftnon 
ihostf veeurring in this ohapter that there la a number of fnnetionaUj independent 
sa/aidoas which is mmUj aeea to agrue with lU«i uumWv 4aWnnV»«i ia \ SS of tho 
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§m\ 3y^ ftTf 

i-l ^jff r-l ^•'r 



80 that for all values 1» 2, ..., m oft we have 

The sysiems (II) and (11)^ are equivalent to one another ; and, as 
in § 84, the conditions of coexistence of the equations in (11/ are 
satisfied, so that (II)' is a complete sjrstcm. 

To integrate (11/, so as to obtain the n independent solutions 
in its integral system, it is sufficient to obtain the n independent 
integrals of the equivalent system of n ordinary equations 

rfllr- 2 Frtdyt. 

t-l 

It has already, in §84, been seen that for this purpose it is 
sufficient to take the system of equations 

rfttr-Fndyi, 
and to obtain n independent solutions of them in the form 
^(tfif f ti„, y„ , y^) - constant, 

the quantities yt,..«.,yM being supposed invariable. Then the 
sj-stem of independent integrals of the set of ordinary differential 
equations is 

^(th, ....... «,, y„ y, !fm)^^,{Ci » Ont 9,pu lyA 

which are therefore n independent solutions of the sjrstem (Iiy. 
The solution-system of (II) can be obtained by eliminating 
the variables y and replacing them in terms of the variables m ; 
and if, in the above equations, any right-hand side take the 
form ^p(ei« .. , c», Oi, ..., ««,)» then the corresponding integral of 

(11) i. 
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Furiher» the equaUonii 

du, J 

(with jftf •••» JfM invariAble), which lead to the ooiifltnietioD of the 
AiDctioDS ^» are the equatiout aubaidiaiy to the derivation of the 
moat general integral of the e<|uation in (11/ given by |v 1. 

Henoe we have the theorem ^— 

To Main U^tt^qf n ttidepeiuUfU mduiumi qf th§ oomfklB 

1110 tram/or m the variahleM x by Uie siU^tituUouM 

«i-««-»-(yi-tf)/i(y„ 3/m) 

and construct th§ equation 



3yi r-l OUr 



The cquaiionM subiidiarif to this, vis., 

•■II Sni • 

(with y,, ..., y^ invariMe), arc to be intcffratsd; th§jf Uad to n 
equatioiks o/Ae/onn 

^(Mi .M»,y,. , yj « eonatant 

Then the system of solutions required is ohta%n$d from the m 
equations 

^(mi* * Un. yu yt. ym)-^(ci , c». $.yt. , y.) 

by replacing the variables y by their values in tsrms of the original 
variables m; and if any function ^^(ci, ••.•c«,tf»yt» •••»yM) h$ 
a pure constant ^p(C|, ..., c^, Og, ..., a«|), then ths corresponding 
solutionis 

i^p (tt| » mil «i «») ^iTpiCu 0»f C|» » Cm). 

Aa before, the forma of the functioua /i are at our dinpnaal, 
aubject to the limitationa of independence. The simplest substitU' 
tions appear to be 

«i-yi. 

«i-«i-f(yi-«i)yi; 
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IWr A$ fiMMiMJet Fri wcurring in the tubiidiar^ ^qmOiani ar9 

f-i 

Ba *To wlTe the n/Dtem of eqiuttionfi 

Fi('4-'J+/>i(-rt-J^f)+Pi(jrg-JP4)-0 

/»b (Jf« - ■«■*) +;»! (*t - *j) +/>f ('j - J^i) -0 
whklii •• tnay mbiIj bo Terifiod, are « oomplete syntem. 

W« Uke^ lo bMinoniiie with the preooding notntion, 

^i-«it •*'«-«t-Kyi-«i)ytf 

^•-«ft •»*t-«i+(yi-«i)yif 

then ^tr„-(r4-xg), Xru-C^g-jr^), 

whweX ie4r|-jrg. Now 

•othAt r„+ ra--(l+y,+y,-|.jf,), 

The eabeidiiiiy eqaatioiia being 

'II 'ft 

with jffi jf|» jf« iiiTiirieblo, we huve one integral giten 1^ 

end thenfoie 

«i-»-«f ■••yi ■••yf»-yi-*"y«)-«)niitMit 

Fhrni thie we h*fe 

«,-l-i4-l-jr,-l-jf,(yi-ei)+jfi(jr,-ei)+jf«(jfi-ei)-C|+^-l-e| 
Mid toenvoie 

«i+«f+'i+'«-«t-»--«t-%+'«i-«i-«i-»-^"»-«i« 
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Henoe ont ioUgiml of tbe qr«t«n ^ 
AgaiOi w% have 

^* *4^u+'f^a ••"»-yt«i-»-yi«4+>ly4yi-«iyi • 

tbe iutagiml of which in mmiI j Men to be 

ouUking^i^oiS henoe en integral of the origiiuJ nynteinie 

oria Zt^XiX^-k-x^x^-^s^M^. 

Now there ere only two indepeudent integralu of the originel ejeteUi end 
two Muoh heve been obtained in Z^ and Z^, Hence the moet genend eojutioo 
poiiifible of the original <iot of Miuultanoouii equationn ia 

where ^ ia aiij arbitraiy Auiotion. 

42. Tho class of eqtiatious ju8t coiiaidered» homogeueoiiA and 
linear in the partial differential coefficiente and free from expUcil 
occurrence of the dependent variable, ariite in Clelwch'a method in 
the reduction of a differential expression to its normal form, and 
in Jacobi's method for the integration of any partial differential 
ei|uation of the first order. In each of these cases, what is wanted 
is not so much the complete system of solutions as a single 
. solution. 

Now when any quantity Up, where 

is substituted in the transformed differontial equations, they may 
be satisfied either identically, or in virtue of 17, >■ 0, or in virtue 
of 17, as combined with the other solutions in the integral-system. 
If then l/p^Ohe the only integral of the system which has been 
obtained, it cannot in the latter circumstances be regarded (when 
taken alone) as an integral of the differential equations ; it does 
not in fact satisfy them, when it is the only integral known. 

To meet this limited necessity of only a single integral, Uayer 

(L o. § 5) gives a method of obtaining, by a process of differential 

den'vatiou, at least one solution of the ongv\ui\ &^%\a\ix q( y^xIvbI 
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equations from any integral of the submdiary sjrBtem. Take any 
int^pral of the mibeidiary system^ eay 

^(«u • «•, Sfi • y«)-conrtant; 

then it has been proved that 

l^-^ (iH ttn. yn yit .-.• yiii) -♦(«!, ..., c«, ^, yi, ..., y,.) - 

satisfies the system of equations (II)' of § 41 

V,UmO......{tml,i ,m). 

Of these, V, IT* is satisfied identically on account of the mode of 
deriTation. The remainder may be satisfied identically; or in 
virtue of Cr«0, in which case tf is the required solution of the 
system of equations; or they may be satisfied only in virtue of 
other equations which, with CTvO, constitute an integral sj'stem. 

In the last case let a new equivalent equation 

Ci-ir,(tl„ .Unf^u •yim *»C„ , Cn) 

be derived from U»0 hj solving algebraically for C|. Then we 
still have 

satisfied identically; and the other equations are, for l»2, ..,,m^ 

which are to be satisfied in virtue of the (at present) unknown 
equations in the integral system. Since all the equations ViIT, » 
are thus not identical and since they do not involve C|, so that 
they cannot be satisfied in. virtue of C| » l/|, we shall be able to 
deduce firom them the values of somie of the constants o, say of 
c^, ••., Ckt in terms of u and y and the remaining constants o; let 
them be 

ei- Ui(fhf • ««iif yu » yiii* '. ^i c») 

for tai2, ...y/L Since these equations are the equivalents of 
some of the integral equations, they satisfy the set (II)' of 
differential equations These are treated in the same manner 
as the equation Ci ■■ ITi ; and so we proceed either until we obtain 
a common solution of the equations or until we can express, firom 
the non-identically satisfied equations, the values of all the 
quantities o in terms of y, tt, alone. These, when taken in the 
aggregate, constitute an integral system. 



78 MATn'l MCTHOD Of [41 

Bui» ftirther, whoa any one of. them, aay 

Cf^Vf (W. » ^1 sfu M y»» ^ 

is tubslituied b the oquations (II)\ then all iha eqnaiioiia 
VitTr^P are eatiBfiod identically; for none of the eonatanta e 
enter into an equation V^Uf ■■ 0, so that no on^of' the h equations 
(each of which involves one of those constants) can be useful in 
making ViU^ vanish. Hence each of the members of the system 
17i, ...9 {Tn in the obtained form is, by itself, a solution of all the 
differential equationa 

It thus follows that frotn any integnil of the tuUidiary system 
III Uoit on$ mduiion of the partial equations can be derived: and 
its explicit form, as a solution of the original system (II) of 
equations, is immediately given by a transformation to the original 
variables through the equations of substitution. 

Moreover when the value $ is assigned to yi in the function 0V» 
it becomes simply tir, because the values of the variables tip ...» ii« 
for this value of yi are to be given by the equations as d, ..•• c^ 
respectively. The integrals, in the form just indicated in the 
proof of Mayer's theorem, are a system called principal integrals* ; 
and the values pf Xi, ....Xm for y|stf are ai,...,aM. Hence 
it follows that there exists for the system (II) of differential 
equations a set lf|, •••,{/« of principal integralH, such that for 
properly chosen constant values «!,..., a^ of dr,,...,^,. they 
assume the values ti|, ..., tiaf. 

4a. When ClebHch'ii Unit uethod (Clui|i. viil) in Applied to the reduction 
of AH uncouditioiittl lineiu* difierentiAl eipreitfiion in in xuiMa^ the de- 
tertninAtion of SAch AiioooHHivs element uf the uoniuil form— iir, whAt iA the 
MAme thin^ of each. integral of 'tlio PlaftiAn o()ui4ti»u — enAbloM the number 
of VAriAbloA in the origiiiAl expreottion to be diminittlied by unity. ThuM when 
|i integTAlii hAve been obtained, there Are 8n -^ VAriableH left : aikI «inoe ti -^ 
integndA remAin to be found (thAt in, the expreenion modified bj the integndA 
Ao an to contAin Sm*/* VAriAbles haA a nornud form oontAining only ti-|i 



• KAtani, Crille, i. hiU. p. SOS. 

t Bee.LK •*Theorie dee PUTiehen Probk^m^*' Ank. /. JfatA. og Kmt^ U IL 
(1877),pp.SSS-S79;|S4. 

It mij be lemArked thAt the only UmiUtlon on the ehoioe of the eoaitABt 
iaIum of < it thAt th^ ihAll not 1mi4 to indet^rminAtA or inSnite fslnee ei 
fkuMtion* whieh ocenr. 
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differtatlal elements) It follows (ff Itt— lt4) that the (^-l-lf Integral 

satisfies 

l+(«ii-^).«(ii.|i) 



(«|i-|-l) diflerentlsl eqostions of the kind jnst considered; and these 
equations invohre the tfi-|i variabloB. Hence (f 38) the number of integrals 
which thej possess and which are independent of one another is 

that |S| is ffi-t|i-l. Now what is needed on the adoption of Mayer's 
method of integration is a single solution of the associated subsidiary sjatem 
of ordinaiy linear equations which are Sa - 8^ - 1 in number ; so that, for the 
determination of the Oi-fl)* integral of the PfafAan equation, Mayer's 
method rsquires only one nolution of a system of ta - f^ - 1 ordinaiy linear 
equations of the first order. When we take i$^(K h •••! w-lf Mng the 
raluea which give all the integrals, it follows that by Mayer'k method the 
PfklBaa problem is completely solTed by the determination of a single 
mtegral of eaini one of a system of 

•a ^ 1, xa ^ 8| ••••••I 9| 1 

eidinary dUfcrantial eqnatloiiB of the first eidw. 

Similar cop s kierationai lo determine the nombsr of inlegralloiis n ecessa r y 
and Mifikieiiti apply when Jaodbi'a method of integration of a partial dlfib- 
mHal equation of the first order is used. 



CHAPTER m 

HttTOBlCAL SCTMMABT OF MbTHOUB OT TEIATDIO 

FWAWtB Pboblkv. 

41 Th^ loUl eqaaliona hitherto ooundered are midi as maj 
be derived from a aingle integral equation ; and their coefficienta 
■atiafy a certain number of conditional which are both nece«arj 
and aufficient to ensure the poesibiiity of thai derivation. Bui 
an equation among the small variations of the variables maj 
subsist though only some, or even none, of the conditions of 
derivation from a single equation are satisfied; and a question 
arises as to the form of the integral equivalent of such an equa- 
tion, if there be an integral equivalent 

45. Euler, who regarded each differoutial equation as neces- 
sarily derived from an integral equation, declared^ that, unless the 
conditions be satiiified, the equation is absurd aud has no signi* 
ficauce. Mongef however pointed out that the absurdity lies, not 
in the suppomtiou that the equation can have significance, but 
in the inference that the integral ei|uivaleut cousiiits of a single 
equation. And he illustrated his Htatemeut by the remark that 
the total difierential equation in three vaiiables, if the condition 
be satisfied, belongs to a surface, but that, if the condition be not 
satiified, it represents some property of a tortuous curve| though 
the curve itself rec|uirc8 two integral equations for its full expres- 

• inst. Cale. Imt,, Vol. ill., Part I, f 1, o. 1 (ind •ditlon). p. ft. 

t Mim. di VAead. KoyaU da Sciences (1784), p. 6S^ 

I Tbi propMrtjr rejpmtenUsd by Um eqiiAtkm U, wheu Um oondillon fai not 
MUaSad, oiM commoB to « family of tortnoua eiin'M deflit«»il bjr two Integral 
•quationi; but, when the oonditiou le MtwfiwI, the family of tortuoiu ennree it 
•oneUtuted by all Uie cmrfee whieh can be drawn on lome eorfaoe, and the 
dillereutial equation which repreacnte the property can be regerdHl ae belonging 
to the iiurfaot. 
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rion; and the differential equation is satisfied hy means of the 
two integral equations. And Monge inferred that an integral 
equivalent of a, total differential equation in * any number of 
variables can be constituted by a sjntem of equations, the number 
in the system being never greater, and sometimes less, than tho 
number of variables diminished by unity. 

46. In this condition the theory of these equations remained 
until 1815 when Pfaff* presented to the Academy of Berlin his 
classical memoir^ in which he gave the result that an integral 
equivalent of a total differential equation, containing 2n or 2n — 1 
variables, can always be constituted by a system of integral 
equations, the number in the system being not greater than ft. 
It is on account of the ipiportance of tho results first announced 
in this memoir that the problem of determining the integral 
equivalent of an unconditioned total differential equation is 
associated with the name of Pfaffl 

So far as concerns tho equation in an odd number of variables 
Pfaff merely stated the above result relative to the number of 
equations in the intcgml system, which was apparently inferred 
as a generalisation from a few individual instances; Qaussf 
merely repeated Pfaff^s statement ; the lacuna was first supplied 
by Jacobi^ who gave a proof of the statement. Some improve- 
ments and amplifications are due to Gauss and Jacobi§ ; and tho 
details of the process have been rendered much easier by investi- 
gations of Cayley relative to skew determinants!!; in them certain 
ftmctions occur which had already occurred in PfaiTs investiga- 
tions and the fimctions are therefore called Pfaffians. 

The method introduced by PfafT for tho constniction of the 
integml system depends upon the gradual reduction of the number 
of differential elements in the equation; and each reduction of 
this number by one unit is effected by means of the solution of 
sjrstems of ordinary simultaneous equations. 

* '* Meihodiis gmeralit AeqoationM differratianmi parHaUom nee aon seqiis* 
lionet differralislef mlgarei, ntnuiqiM primi ordinln, inter qoolennqoe tnrUMIet 
^ complete integnndL** Abh. 4. K.P, Akad. A, Wim. tn BeHin (1M4-S), 

pp. 76-18S. 

t OW. fft ifsf. (ISIS), pp. lOSS^lOMi Of. Werki, t lU., pp. M-Jll. 

t CrelU. i. U. (lSS7)t pp. 847— 167 1 Of. WnU, i iv^ pp. 17—19. 

I la this oooneelioa (snd sleo la eonneelion with Clisplcr IT.) a ntnoir kjr 
Msjw, jr«f A. Awn., t XfIL (ISSO), pp. SSS-MO nty It soarattdl. 

I F^v icieivBoei, iM BooH s Tseorp 9g iMiifMiMnff* 

r. ^ 
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Tli6i« are thua a number of iiyaleiiia* of sobaidiaiy equaiioai 
to be int^gmted wbeii Pfi^e original metbod ia need. AnMng 
the unptovementa due to Jaodbi already referred to^ the moat 
importanf and OMential improvement ia eonnected with theao 
integratiooa He shewed^ that the introduction of * initial Taluea"* 
of the variablee— afterwanb used by lie (Chapi X.) with great 
effect in the theory of the Pfaffiau problem — renders it possible 
to take the integrals of the first subsidiary system in a form, 
which leaib immediately to the transformation of the equation : 
but this simplification was effected by him only for the uncon- 
ditioned equation in an even number of variables. And in the 
particular case when the Pfiifliiin expression occurs in connection 
with the integration of a partial difliTuntial ei|Uiition of the first 
onler, he shewed that the integration of the first subsidiary 
system is sufficient for the retluctiun of the Pfaffiau expression 
to its normal iorm and is therefore sufficient for the integration 
of the original partial differential equation. 

47. No substantial additionsf to the development of the theory 
were maile until the publication in 1801 and 1862 of the memoira 
of Natani^ and Clebaeh| and of what is practically the second 
edition of Qrassmann's Ausdehnungslehrelt It may be inferred 






• Crvllf . t XfU. (1S87). pp. 97— la ; Qe4. Werke, U it., pp. 67-137. 

t lUtttiMi ahoold howavM' \» made of s memoir bj Friaiimi, ** SuU* imttpmMiomt 
Mk ff iMXMwi diferemziaH ardimmrii di jptimo orditu • Umemri pm urn mumem 
fiMliMf M di raruiMliV' pabUahad is 1S47 aa an appandU to tba Higemeridi 
AUromumkhi di ililaaa for tha jear ISIS. lo Ihai memoir ha givaa an sooosbI 
o# tba tbaoffj aa It waa known at that data, nnrortonatelj withont s aingia 
la iei a n oa to olhar writers. Ha indloatea tha Ganaaian tianaformation (| SS poet) 
to tha rwloeed fSotm of a Pfattan eipreneidn : he eolvae tha enbftidiary aqoatiooa 
obtainad in tha Iorm, giTan in 1 55 (poat), ao ae to have them in tha form aimpleat 
far intagration ; ha diaooaaea tha poaaibilitj of having the Pfafllan cqoation aatiaftcd 
bj aqoationa luwer than the eanonieal number, when relatione among the eoeflkienta 
of tha diaerential riementa etiat i and ha appliae the theoij to the integratioB of 
the partial diaerrntial eqoation of the Srai order. 

{ Cftile, t IviiL, pp. 801—338, dated January, 1S60. 

i CrelU, t. It., pp. 195—351, t. Ixi.. ppi 14«-179, dated Beplember, 1S60. 

I "Die Anadehnungalehre, ToUatinding nnd in aticnger Form bearbeitel'* 
imi Ueraaann Oraaamann ; BerUn. ISCi. 

The date of the eompletiun of the aectiona relating to tha preaent eobjed aan 

oaXj be inferred aa previone to Angort ISSl, the data of the pceCaea^ and aa 

anbecqnent to 1S4I, becaaaa he impliea in that prefaea that tha additiooe (which 

theee aectiona) were the work of the intanrenii^( aefanteen jeara. Hia 
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from a staiomrnt of Jficohi'n* that ho wim in 1R4A in powiowion 
of Nomo mirh aiMitifmH ; but im hi<i ntntcmont {m horoaflor ({ 08) 
Rhown to bo a mcro <lo<liiction from PfafTn goncml result, no miro 
inference in thin renpect can bo framed. Certainly, mibnequently 
to this iiiolated paraage in a memoir dealing with another subject, 
he published nothing which bears directly upon the theory of 
PbiTs problem ; and, after his death, nothing was f^und among 
his manuscript papers relating to it 

48. Qrassmann's method is more difficult of comprehension *!* 
on account of the unfiimiliar chamctcr of the analysis used ; the 
following are the main features of his theory. 

He first expresses the diflerential equation in m variables in 
a form Xdx « where the extensive variable k involves m units. 
He proves that, if the equivalent integral s}*8tem contain n equs- 
tiont of the form h « c, then 

Xdx « S Udu ; 

and he expresses the conditions, necessary and sufficient, for the 
existence of these n integrals-— conditions which Icail to the 
inference that 2n — 1 must be less than m\. 

In the case when m is equal to 2n, so that the equation is 
unconditioned, the first step is, as usual, the construction of a 

liiYMiigilioiif on the Pfafllaii eqnation were inrolNibly smoDS the Uicfll flnlRhed, 
( I bMSQM He NqnirM tome of the Uter detvlopmente of hie ftnaljrtie for the eon- 

eidenikm of thel cqnation— ^eTelopmenie, indeed, which from their poeition 
(If 604 — 610) appear to haTe been tpeoiallj made for thie pnrpoM. 

In the hintorieal rammarj in the tett I have giten flret an abstract of 
OraMmann'i resnlta— not became it ii iclcar that he completed hii ln?eettgatlone 
earlier than Natani or than Clebuch, bnt bccanee thej natorally eome In thie 
poeition In the gradnal defelopment of the theory. It la perhapa laperflnoaa to 
lemark that the rabetance and the 'fSorm of the reenlts of Oraeemann, Natani and 
Clebeeh, taken in conjnnction with the datee of publication, are enfllelent to prore 
the eomplete Independence of their Infeetlsationi. 

* CWfl^,txxii.,p.'968. 

f Bee note at beginning of Chapter Y. 

t It la arnnmed fanplicitlj that, if the ooefBdenta of an equation eatisiy no 
chifaetarlftio condition, then the number of ?ariablee la eren \ eo that Oraeemann 
praetleaQj eonelders onlj the even dasaee of nnoonditloned eqnatione. Of coorae, 
ftfote tho point of ikm of the genetal theory of tho Pfattan aqQation, thie la s 
delMli b«t It la etpUcablo bj the fiMt that with hfan, aa wUh Pff4 the aqnatloo 
hat Us origin la the partial diflerential eqnatloa off the ftiat order. In which 
oC Wttiablas Is tvon. (Sea Chapter Til.) 

ft— \ 
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ftubttdiarj equation the btegnd of which makes the tnuMlion 
to a new fiMrm Ada^^O poMible; in this form a is a new 
eitensive variable involving only 2ii — 1 unita Then by asmm* 
ing one integral, exactly in the same manner as earlier writers 
above referred to had already done, he passes to an unoooditioned 
equation in 2n — 2 variablea The former process is now repeated; 
and so the n integrals are gradually obtained. 

• 

In the case when m is greater than 2ii, he shews that the set 
of m subsidiary equations — the " numerical ** equivalent of his 
single extensive equation — contains only in independent equations. 
By the justifiable araumption that m — 2ft of the numerical 
variables are constant, he obtains a transforming relation which, 
applied to Xdx*^0, changes. it iuto an equation Ada^O, where 
the extensive variable contains only in — 1 units and for which, 
if fH — 1 > 2ti, the couditiouH that the integral system is composed 
of n equations are satisfied. This process is again applied snd 
continuc<l until finally ho arrives at an unconditioned equation, 
the extensive variable of which involves only 2n units. To this 
equation the earlier method applies; and the system of n integrals 
is thus gradually obtained. 

The limitation of the method to c<|uations in an even number 
of variables, if they be unconditioned, has already been referred 
to in the preceding note; and a practical weaknc*HS — the integra- 
tion of the subsidiary system — will be referred to hereafter (p. 137). 
One distinct advance contributed by the method is the indication 
of a process for an equation, the coefficients of which satisfy condi- 
tions reducing the number of integrals below that required by the 
most general equation in the same number of variables ; another 
is the expression of the conditions which are necessary and suffi* 
cient for this purpose. .He does not, however, prove that his 
Conditions are independent of one another ; and he does not see 
that the satisfaction of some accidental conditions, vis., those of 

the vanishing of the interrupted product ( ; ) L would modify 

the reduced form. This last possibility was only effected by later 
writers, Clebsch and Lie for instance, who discussed unconditioned 
eciuations in an odd number of variables. 

It is, further, only pro))er jthat attention should be drawn to 
iAv rvmarknble funnal conciseneasi of \\\ft tettvAv*. 



\ 
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49. Natani and Clcbsch adopt, for the solution of the problem, 
methods which, though different in detail, have their charaetoriHtic 
idea comm<m; and on this basis a comparison of the methoils 
has been made by Hamburger*. The fund^nental idea of each 
method is the gnulual reduction of the numoc^ of differential 
elements in the equation, not as in Pfaff*s method by succesHivo 
transformations, but by means of the successive members of 
the integral system equivalent to the differential equation; and 
the number of subsidiary equations, which have to be solved, 
is considerably less than in Pfaff*s process. Thus a differential 
equation in 2n variables, having n equations in its equivalent 
integral system, is reduced by means of one of those integrals 
(considered as simultaneous with it) to a differential equation in 
2fi — 1 variables, having only n — 1 equations in its equivalent 
integral sjrstem. The new differential equation is similarly rq- 
daced, by means of one of the integrals in its equivalent system, 
to a differential etiuation in in — 2 variables, having only n — 2 
equations in its integral system. And so on in order, until a 
differential equation in n + 1 variables is obtained, having a single 
integral as its equivalent ; . it is therefore of the kind already 
considered (Chap. I.). 

Of the methods due to these two contributors to the theory, 
that which has been proposed by Natani is the simpler, and it is 
the more direct for the construction of a particular integral system; 
it has moreover the advantage of being unhampered by the 
accidental difficulties which arise when superfluous conditions are 
satisfied. But it is characterised by a not quite complete generali- 
sation.. This deficiency has been partly supplied by the methods 
of Clebsch, who shews how to obtnin, from any special integral 
system — such as Natani's for example — the mosl general integral 
system. Clebsch has given two methods. His first method is 
similar in scope to Natani's but it is not so effective for equations 
in an odd number of variables, (in fact, he nowhere gives an 
adequate discussion of this class) and the process remains one of 
gradual redaction. His second method, which is comparatively 
simple in its results and is powerful, is unfortunately limited in 
hit investigations to nnconditioned equations in an even number 

• GmmH*§ Ankh. t Ix. (ISH}, pp. lSi-tl4« 
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of ?ariablea In both of Clebsch's methods the lesulls are fbaodedt 
after long and laborious analynisi upon ajraiema of aimultaneoua 
partial differential euuationsw 

Thus the salient feature of Natani's method is the effective 
determination of some system of integral equations corresponding 
to the differential equation; the salient feature of Clebsch's method 
is the a poUeriari generalisation of such a system and, for an 
unconditioned equation in an even number of variables, the a 
priori determination of such a general system. 

Both Clebsch and Natuui in their respective wa)<s have con- 
sidered the effect of the knowledge of one or more integrak of the 
diffeit^ntial equation upon the form of the remaining integrals ; in 
this i^egurd Clebsch's results are the more explicit, as his method 
is better suited to its determination. 

Among the chief desiderata of this part of the theory are 
extensions of Clebsch's second (and general) method, first to con- 
ditioned ecjuatious in an even number of variables and second to 
eciuatioim, whether conditioned or not, in an odd number of 
vaiiubles. 

60. These desiderata were indirectly and partially supplied 
by Lie, who worked from a different stand-point^. He made the 
theory of tangential transformations^ the basis of his investiga- 
tions, especially in regard to the transformation of the differential 
expression. He established the persistence of character of the 
normal form, an invariantive property which had been assumed by 
Clebsch; and the equations which give the relation of two eciuiva- 
lent normal forms are obtained and agree with those which 
Clebsch gave. The criteria which determine the number of 
functions in, and th^hrefore the chiuucter of, the normal form are 
found ; and, when these are once known for any expression, then 
Lie's method reduces the expression to an e4|uivalent un?s/n- 
ditioued expixWon with a similar normal form. This reduction is 
made by a number of substitutioiui of the type oiiginuUy used by 
Cauchy (1810), and afterwards by Hamilton, Jacobi, and Mayer. 

* His iMpera were paUuhod si variotu Umea in 1878 sod 1871; the mosl 
opnvcnionl tummAry of Uie resulu is hU memoir **Tlieorie dee rUfl*Hcben 
J^otlMos, " JrcM. M Math, off Nat,, i. U. (i877), pp. S3S— 379. 

t OfUUit theory MMy^t gsve so iudopon^cui MU\Aiilbm«u\ \ \ma CWvVa VSL 
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The firet element of the nonnal form of the new unconditton< 
eiprciftdon is dctcrmiiieil by a partial diflercntial e({uation; m 
this clement is then used to modify the expression into one 
fewer variablea The normal form is gradually built up by a scri 
of alternate determinations of a new element and reductions 
expressions, made conditioned by the use of this element, in 
unconditioned expressions. When the normal form of the unco 
ditioned expression, equivalent to the original, has been obtains 
the transition to the normal form of the latter is a matter 
definite re-substitution; and the integral system of the giv 
equation is then inferred from a theorem indicated first, I thin 
by Qrassmann in its usual form. 

Lie's results constitute a distinct addition to the theory. T 
whole of his investigation is not, it could hardly be expected 
be, novel; but in his exposition there lies a great interest 
the application and combination of ideas which occur in otb 
associations 

51. About the time of publication of the memoir by Lie j\ 
referred to, Fn)bcnius had [Sept. 1876] completed his memoi 
dealing with PfafTs problem. He diHcusscs the theory of t 
normal form rather than the integnition of the equation; and t 
analysis is more algebraical than differential. Ho obtains t 
bilinear covariant associated with the Pfaffian expression: a 
then changes the Pfaffian and the differential covariant it 
homogeneous algebraical forms subject to linear transformatio 
The peraistence of a certain invariantive integer associated wi 
a pair of characteristic determinants is shewn to bo necessary a 
sufficient for the transformation of one Pfaffian into another ; t 
equations of substitution being connected with the normal for 
He thus indirectly arrives at the normal form; its character 
uniquely determined by the value of the invariantive integer. 
eoDcise statement of the principal results is given in $ 109. 

The novel interest of the method lies chiefly in the connect! 
of the number of the terms in the normal form with the critic 
algebraical conditions, which lead to Clebech'a differential eqi 
lioML 



\ 



• « UtUr 4ai PfftrtelM PioUwa,** Crvlfe, 1 IxsxIL (1877), pp. tlO-Slf. 



88 



DABBOUX'H INVfilTlUATIOMIi 



[51 



68. The work which M. Darboux waa carrying on at ihia lime 
[1877] haa rulaiioua with both that of Lio and that of Frobeniua. 
Hia method of simultaneous sots of variations of the independent 
variables is substantially the same as that of Frobeniua who 
considers two sets of cogredicnt variables; and these simul- 
taneous variations are used to establish part of Lie's theoiy of 
tangential transformations. But all his results relate to the 
theoiy of equivalent fonns of the eciuatioH and not to its integral 
system; his memoir* was not published until 1882 and then all 
his results had been anticipated; and therefore I have given 
merely a shoil statement of those of bis propositions which deal 
with the ei)uatiou. 

* ''Bur lo iiroUdma dtt Plafl.'* DarL. BuU., 9^ B6r. t. vL (ISSi). pp. II— SS 
4tt— 6S. 
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CHAPTER IV. 
Pfaff'b mktuod of reduction, gomplbted as bt Gauhh 

AND JaCOBI. 



53. The most general form of the total differential equatioi 
of the first order and the first degree in p variables is 



n « JTiddT, + X^dx^ + • . • + Xpdxp «> 0. 



(1). 



where Xi, X,, ...» Xp arc functions of the variables xr,, x,, ..., dr, 
and, as the class of equations fl « 0, which can bo satisfied bj 
means of a single integral equation has already been discussed, ii 
will be assumed that the equations of relation among the quan- 
tities JT, which imply the derivation of the differential equatiot 
from a single integral equation, are not all satisfied If there b< 
an integral equivalent, that is, some set of relations free fron 
differential elements, in virtue of which the equation (1 » can Ix 
satisfied, the first step in the investigation of that equivalent wil! 
naturally be the reduction of the differential equation to th< 
explicitly simplest form which it can assume. We proceed U 
prove that ii can he transformed in aU caeee eo as to involve itpi 
more than |p or ( (p -h 1) differential elemenie, according as p v 
even or odd, 

S4. Let p — 1 functions ih> Uit •••! f'^-i of the variables be 
introduced, with at present only the single assumption that there 
18 no functional relation among them ; it follows from this indo< 
pendenoe that all but one of the original variables, say i^, can 
be expressed in terms of that one and of tc,, Vtt ••«, b^-h bj 
equations 
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fcrr*l, S. ...,p-l. Now let n bo tnnafcnMd bjr 
(dotioM (S); it takes tho Conn 

Cht r •■ 1, 2» ..., p - 1. aad 

Tha ftmiiii uf tho fuucii«#iui « «ni ai our disposal and oui, m 
guucnly bu lined to witiiify |> — 1 iudependout ooudiiiuois firovidflid 
Um ouudiiiuna iu>u uui ijicoiuuiftU^ui with oue another; and, on 
aoouuni of the annuiuptiou made as to the ioruin of ibe funciiomi «, 
the aaine principle applies to tho ji — 1 functiona in (S)l 

An a first condition then let the functions be ao chosen thai 
the coefficient of dx^ in the transformed value of fl vaniabea ; this 
requires 



-^•a:^"*"'^*^^^- •"*"'^ 



ar. 



*-i-jr,-o x*X 



As the remaining p — 2 conditions, let the £>rms of the functions 
JV in (S) be so chosen that the catios Y^iYi for the values 
2, 3, •... |> — 1 of r (being p — 2 in number) are independent of x^. 
If this be the case, the quantity jr^ can occur in Ki, K,, •••, Y^^ 
only by oocurreuce in a fiictor M common to all the quantities 
y, so that wo may have 

Y,~MU, (*X 

where U, iuvolvvai ouly Mi, Ut, .... u^., at the utuuMt and doeo-noi 
iuvwive JCf, while *, if it uccur at all iu K, oiiut do iw only in tho 
facttN' M. Siuco &, iv iudupundcut otx,, we have 

ay, dM., 

•ud therefuiv the (|uaDtitieii Y, which occur in (8) are ouch that 

1 hYr 1 aar 
y,ar,"i/cu>"'*' 

an 
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for the values 1, 2, 3; ..., p — 1. And then the system of p 
equations (4) and (6) is to bo satisfied by moans of tho p — 1 
functions, which occur in (2), and the quantity ^ Unless the 
system of equations bo either inconsistent or subject to identical 
rshitions, they arc sufficient for tho determination of tho functions 
and tho quantity /*, which, when determined, transform tho diflTer- 
ential equation to 

where U^ CT,, ..., Up^i are functions ofti,, ii,, ••., n^., alone. We 
pruoeed therefore to the consideration of the oiuations (4) and (6). 

SS. In Yrf which by (3) is given as 



^'ddr'^^'dUr 



dUr 



the original variables Ci, a^, ...» rp.| wherever they occur in tho 
quantities X are to bo replaced by their values as functions of 
Hi, fht •••• u^u ^\ ^ th^^ ^r (which, in its first form, is an 
eiplicit function of dr,, «^, ..., jy.,, Xp and the p — 1 derivatives' 
with respect to tv) is now to be regarded as involving thoso p— 1 
derivatives and «^ explicitly, and the quantities ti|» tff, ••.• m^-i, mp 
implicitly through their introduction instead of jr^, «^, ..., «^,. 

Taking now any one of the quantities Y we may writo 

9x. 



vJC oX» 



|N-| 

where the (unexpressed) subscript index of K is the same as that 
of 11. Taking the derivative of both sides with regard to «y and 
remembering that, in consequence of tho above expUnationi r, 
oocnrs in JT explicitly (on account of its original occurrence) and 
implicitly (on account of its introduction through tho substitutions 

ior «b» ^t •••> ^t>-i)> ^® ^^^^ 



dY 









Boi bj equation (4) we have 
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and therefore, again rememboring thai a oocun implicitly in JTon 
account of iU introduction through the subetitutiona Cor «b, jp^* •••• 

Vi* ^ f ^ -- ™ -I- ^^* ^* + -I- ^^- — ^^ 

SubntUuting fruin thiti uquation fur tho laiit givup of (emu, which 
group oocun to <r— , wo nave 

3 r ^ '£» »• j» ax. 3x, ajfj # j> ajr, a*. 

_ '2' 3-^f ^» _ V 'v ?£« ^•'« 3-^» 
~ «-i 3i» 8« ~ i-t (-i dx, du dx, ' 

When (he fint( and hut tnimmatiuus are combined ihon 

ar, ,-, ,-, "••• as ST, + .r, "••* ai • 

where a,,i it deftned as before by (he equation 

a.Y. ajr, 
"••♦*aif, ax, 

or finally 

dY -i^dxA ^V/ dx,\) 

a,, -.laah- +,?.("'•• a^jf- 
ar 



(7X 



Bu( by (0) 



ar. 



t^y 



i»j:> 



'•■,?.'-s:'- 



Thin equation holdn when a » U|, ii,, ..., u^i\ so that it repreeenia 
a system of equations which are linearly homogeneous in certain 
quantities of the typo 



<+<^l?+ 
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the equations being 

for r •■ 1 , 2, • . • , jp — 1 . Now the determinAn t of the coefficients of 
the quantities B is not scro ; for, by hypothenis, the ftinctions in 
(2) are independent of one another and therefore 

^(^»gi» t^V-i ) 

a (tr,, »„...... ,tr^i) 

does not vanish. The system of equations therefore can only be 
satisfied by making each of the quantities B zero ; and therefore 
we have 



9^1" «1.F 



#»jr,« Oi^y-f Ob 



ftr, 



d2y 



dr^ 






Usx 



and 



pjp, 



81*1 



ddr. 



8j?| 80", 8X| 8d7m.| 



the last equation being obtained from (4) and the first p — 1 equa- 
tions in (8), because 



VXp VXp 



dxp 



hxi 8dEf aaiy^i 

mnce all the terms of the second degree in the first derivative of 
ir^, c» ...I ttp^ with respect to «> disappear; and, because Ot,f "■— Of^t, 
this equation is the same as the Inst of (8). The whole system of 
equations may be made more regular in form ; for by substituting 



Ihey become 
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jr. 

X, 

X, 



...(10). 



5C This sjfitem of equatiou it • ayatem of p dgebnuMl 
equaUooa involving p quantities in tho fiist degree ; and, unleM 
the equations are inoonsiatent or. are subject to identical relational 
they will determine these quantities y„ yi, ... , y,. Let the deter- 
minant of the eou^ients on the left-hand side be denoted by A, 
■o that 



0, Om, Oa, Oif 

<>■> 0, Oa, , Oy 

a», «m, 0. ^a^ 



("); 



^9 Oft* ^^ » 

then ibe ioluiioo of thtt equations (10) in of the form 

Ay.-F, ;• (IfX 

where K, U the value of tho detenuinant obtainecl by repUcing 
lheeoluiiiiiai,,»ai^rt<Hir>-** by JTi, JTa, JT,. ...; andrhaa the values 

1, t» S,e,e,|». 

67. So fiir as regards the effectivcueas of the result, there are 
three alternatives to be conidderod. 

Firsts if A do uot vanish, the values of yi, y., ..., y, in 
equations (12) are unique and determinate. The system (10) 
is then a consistent system and its members are independent of 
one another. 

Second, if A vanish and also all the qiuintities K, vanish, 
the values of y,, ys....« y, in equations (12) are (in their present 
lunn) indeterminate. The members of the system (10) may then 
be not independent of one another. 

Third, if A vanish and if some of the quantities F, do 
uot vanish, the values of the corresponding quantities y, are 
iu6nite and those of tho remainder are indetenninate ; if yi be 
infinite, so that /* is zero, it may happen that the values of 
yr/yi <^i^ finite and determinate. The system (10) nuiy or may 
not be a consiAtent system. 
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The primary diRcrimination among the altemattvefi in thiia 
made by the value of A. 

58. Now the determinant Zk defined by (11) has ita eon- 
Rtituenta mieh that af,«e — a,,! and df.f bO; hence it ia a akew 
symmetrical determinant^. 

It p be an eren integer, the determinant Zk is a perfect M]narei 
which may vaniRh on account of the fomw of JTi, X^, •••• Xp^ but 
will not necemarily do so. 

It p be an odd integer, the determinant A in evaneMent 
whatever be the quantitien X,, X,» ..., Xp. 

59. Taking the former of theno two canea, let jp be an even 
integer ; and siippoM in the first place that A doee net mauft. 

Let A-P/-P" (18); 

then P ia a Pfaffian of order p and in determined by the laws 

P,-[l,2,8 p] 

- i aM[«4l.f4-2,...,p,2»...,f-l], 
If A 9 be the minor of ac,f in A, then 

iiM-(-ir*p/^M 
--iif..-(-i)'^*«pPt,.. 

where P{,i in, for i<t, the Pfaffian obtained from P by the 
oroinmon from ita nymbol [1, 2, ..., p] of the integera t and I*. 

Abo» if a < r — 1, then 

P«,r-[lf2, —^f-l.t + l ,r-l,r-f 1, ...,pj 

iftwr — 1» then 

P,^,r-[1,2. ..Mr-2,r+l, ...,jp] 

-(-l)'^[r4-l, r + t, ...»jp, 1, ....r-2]; 
iffaBr-f l»then 

Prf i,r ■■ — Pr,r+I 

--(-l)f-i[r+2.r+8....,|Nl r-1] 

* 8eoll*t DffmRfMfifi, Chap, vl^ |f 4--16^ whcrt IIm fnfttiim oC mA 
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(by the preceding caae) 
and.if»>r + l»Ui6ii - - 

--[1. 2,.,.,r-l,r+l,...,f-l,f-|-l, . .,p] 
— (-l)^[f + l,f + t, ....p,l. ..•,r-I,r+l, ..Mt-ll; 
8o that tn all ooieiwkmp iimmn' 

where a, 6» ..., ib are the intogors 1, 2, ..., p (with t and r omitted) 
taken in their cyclical order beginning with that integer next 
after t which rcmaina 

Hence oqiiationa (12) become 

- i (- 1)'+' PX, P^r. 

and therefore 

(-ir»Py.-i(-i)-*jr.p^, 

•■1 



i^ Jr,[f 4 I. i -h 2, .... f - I] 1 j^. 

ITr 1 



where, ibr every term under the idgn of summation on the right- 
hand Bide, the integers $, •+!, • + 2, .... t— 1 are the integers 
1. 2, ....r— 1, r-f 1,..., p in their cyclical order and, in particuhur. 
the coefficient of JT^i is [r + 1. .... p. 1. ••., r — 2] and the coefficient 
of JTrisscro. 

Thus, fur p >■ 4, the oquations are 

[1234]y,- +j:.[S4] + X.[42] + Jr«[28] \ 

-[I234]y.-jr.[84] + jr.[41] + Jr.[l3] I 

[1234]y,-Jf,[24] + j:.[41] +X,[12] ' 

- [1234]y, - X, [23] + JT, [31] + X, [12] 
whero [^»]»aiMi • • 



/ 
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and, for p i* 6, tho equations are 

[1S34M] y,- +[3456] X,+[4M2] X, + [6623] jr|+ [6234] A'»+[2345] Xg 

.[123456]y,-[3466] X, +[4561] X,+[B613] X|+[6134] X«+[1345] Xg 

[123456]y,«[2456] X,+[456I] X, +[5612]X4+[6124]X«+[1246] Xg 

. [123456] y|-[23»6] X,+[3561]X,+[6612] X, +[6123] X» +[1 235] X, 

[123456]y»-[2346] X,+[346l] X,+[4612] X,+[6123] X| +[1234] Xg 

.[l23456]yg-[2345] X,+[3451] X,+[4512] X,+[5123] X|+[1234] X* 

It may bo remarked that all the quantities Wr in eqvatione 
(14) cannot vanish; for otherwise, the determinant of the coeffi- 
cients of the non-vanifihing qtiantities X in W mnnt vaninh, 
but tho determinant in equal to i^**^ (as is easily proved) and 
therefore, on the prcficnt hypothrnis, not zero. 

And similarly aU but one of these quantities Wr cannot vanish. 
For forming tho Amotion 

it vanishes identically and therefore, if all the quantities Wr save 
one, say IT,, vanish, then XiWi vanishes or, since Xi is not eero, 
Wi also vanishes ; so that all the ftmctions W would then vanish 
which, on the hypothesis of a non-vanishing A, has just been 
proved impossible. 

60. It follows then that, when p is an even integer and A 
does not vanish, the equations (14) constitute a determinate 
soluiioD of the equationn (lOX The quantities y are 



1 



•0 that by (14) 






and therefore 



p. l.(-ir.^-^ 






. Hcnoe, to obtMn the functiom a^ of $ 84, we have the p — 1 
wdinary differential equaUons 

ir; -r,"F, tiS ^ ^ * 

equation which are called the whtidiary Pfaffian mfriem, 

r. 1 



^ niWflk nUNBFOBlCATlOII [60l 

• 

Ai least two of the quantities IT do not vanish, one of which 
may be supposed to be W,^; so that the equations of the 
subsidiary system determine ri, ««, ..., s^i as ftinctiens of m^, 
the functions involving arbitrary coustanta Thus we might 
have the integrals of (15) in the form 

/l"«Oi, /t'Ofi •» -f^-i *^V*i* 

wherei /|, /„ ..., /^i are independent functions of tt^ s^i •••» 4i>, 
and where a,» Os, ..., Oj^i ore arbitrary independent quantities, 
constant so for as variations of Xp are concerned. 

Now the equations of substitution in § 54 imply that 
^if ^f •••! ^i*-i are to be functions of ti|, u,, ..., n^^ as well as 
of Xp ; while the integral ei{uations just obtained involve only 
one, viz. s^, of these variables. The reason is that the subsidiary 
equations which give a*!, x^, ..., Xj^i do not involve any variations 
of these quantities dependent upon the variations of ti|, ti,, ...^ ii^|. 
Thus the variables t« stand in the same relation to the equations 
as the quantities a ; and therefore the subsidiary system will still 
be satisfied, if Oi, Oj, ...» Oy^i be replaced by /> — 1 independent 
functions of ti|, Ut, ...j tij^u for example, by ii|, n,, ..., i<^|. 

When, then, the equations thus obtained are used as giving 
substitutions for dp|, dr„ :.., x^^i, the element dx^ is removed from 
the differential equation ; and when wo divide out by the fEurtor 
if, that is, by expfi-- P + Wp) dxp, the variable Xp is also removed. 
The difierential equation then takes the form 

(li « U^dui -f Utdut + + Up^idup^i =* 0, 

where 0^ 11%, ..., C/^.| ore functions of ti), i/,, ..., tfp_| alone. 

Hence we can enunciate the theorem : — 
When the coeffidenU of the total differential equation 
n aXicfo?! + Xtdx^-k- + Xu^dx^ m 

* Th« toUidiary f jftem ia fymmetrieal in aU the TarUbUa of tha ovIgiBal 
- a^naUoD ; m Uiat, if 11^ vert found to vani«li and H*^ did not Yaniib| tha daiind 
smiaeisoa of the diifenntial equation vou\d Vm tfivcUrd by tha rcmofol of m^ and 
drg, instead otxp and dxp, firom axpUcU oocnnvnoA. 
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are JkneHoM af Wi, «^, ..., a^» miA UuU the determinant A, with 
coaetibtenie 

doee not vamieh^ then the differential ejuaiion can be trane/armed 
into 



where Uu {7,, ...^ Um^i are/undione of ti,» n,, ..., n,^ alone, 6y 



77I0 fvoiifiNet /|» /t, ...» /m-1 ore fundiane of the eariaUee 



/iMtOi, /i>*ati , /«i-i 



I 



arv Sn -^ 1 tiMi0|iem{fiil t yi^€|j7ra2t ^ the eubndiary P/afiian eyetem 
(15) aeeociaUd with the original equation 0*0, «i>., o/* 

<ij^ (bt da^ rf*m-i <fctn ^1-^ 

F."-.IK."F," 'W^r^W^ '-^^^J- 

ilfMl the rdaiion between the quaniitiee O and Ai it 

where P, the equare root of^,iethe Pfaffan conetrtided from the 
coefficienii X^ X%, ...i X^* 

And a iimHar redudion by one unit of the number qf differential 
dementi in the differential equation can be made by meant qf 
iubttitutione 

/.-/../.-/.. /«..-/. 

where lu !%% •••» /m-i art the eame ae before and fx% /i, •••» f% 
art Sn - 1 1 nd^ptnrftfif (friif olAenviie athitrary) fMndUme of 

Befere puring to the next ca8e» it may be reimrked that a 
▼ery simple symbolical form (duo to CSayley) may be given to the 
subsidiary P&ffian system. Replacing X^ by a^m for each of the 
indices tn, we have , / 



- -— -^ 



vhura In the wrua 0^ 1, 2, 
ihurufure 



■mcT or pOl 

(o.i,s,....rt 

, j> thti iutogur r i^ ODUtlad ; and 



(-l)'lf,-[r+l,r+J,....ji,0 r-lj. 

rbe MihHiduuy lyiiteiQ (15) uuw, ou thu oiuiaMuu of a ttatat—l, 
takM thu funii 

lb, ifjv lb, 
US,*, ... ./>.<)]"[». 4 p,0.l]' H, »,..., f,0,l,i]' 

-(0,i,i...,j.-ni' 

111 thu guiiviul caw; mhI, in |Mirtioulir £4 j)"4, tho n|iuUlou 
liavo thi) fuTiu 

' dx, dxt dx, ib( 

[SHO] ■ [.IWlj ■ tW»21 " [0I23]' 



01. Neit,lutpstillboa 
& (toe* Mituft ; au that 



I even iutcger, but auppuM now that 



' i o,.,[« + l,« + S p.t.....«-l]-(K 



with other G«|uivii)<!ut luinuiatioiw acoording to the 
ill \ S9. 

Twu CMMfa nK]tiira iliiiciiMioii (i) that m which a)) the 
of onlor p - 2, c<»ii|hmu<I of thu ()iiiii)litifa ii^, ilu not vuiiab, 
(ii) that in which lUoy all du vaiiiitii. 

(12. Fur thu fi>rui«i-, Tt ia lUMViuuiry that at hwt two at th« 
i|uaiititiv« Wr on tho rifflit-haiiil aithi «^ (li) tlu wit vaaiah; lur 
evury Pfnftiau of order p-'i ucuum twice in the lyBtein of Wa 
in couiplemuntaty poxitiuim, that is, if it occur aa the coefficient of 
Xi iu Wf then (nave as to Higii) it occurs aa tho cuufficicut of Xj in 
If,. ^KuppoHo that Wy ia otio of the ii«ii-vaitiabiiig ITa ; if it were 
zero, the only ditTcrunce would bu that wu should attempt to 
elimiiiatu fruiu uxpHcit occunvnvu iu il suiuu uther vanabh) with 
thu Httiuu iixlos aa oiiu uf iho iiuu-vaiiitihiii^ }V*. . 
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62.] 

In n let Xf be increased by an arbitrary variable quantity Xr ; 
the qnantitios a^ are unaltered unle» % ot jisr and then 



Ow««»» + 



80 that 



dT/ 



#-1 

m i («rf + g-) [f+l,f + 2,...,f,l,...,t-l] 

- 2 5--[t+l,f + 2, ..., p. 1, ...,«- IL 

beeauBo A is zero. Since Xr is an arbitrary quantity, A' can only 
vanish, if the coefficients' of the derivatives of Xr all vanish, being 
those Pfaffians of order p — 2 which occur in Wr. Two at least of 
the quantities W in (14) do not vanish, being IT, and at least one 
other which may bo taken as Wr. 

We thus have a new system of equations -similar to (14) of the 
form 

(- 1)— P'y.'-r,'; 
Mid they give 

Now let us pass to the former expiations by making the 
arbitrary quantity X zero; the p — 1 e(]uations giving the new 

r^] come to be the same as (16X which therefore 

are still valid updcr the present circumstances. But the modified 
form of P' is P the value of which is zero, and W^ comes to be 
Wp and is not zero ; hence the modified form of (/,% being the 
original ^ is zero and therefore (§ 54) 

1 dM 



W ' 
^* ly*/ (»»*1» 2, ...,p-l), 



HSii 



-0, 



80 that if is independent of «>. Considering then the origin of At 
in I 64, it follows that It i$ miher a eanHant or a fundim of 

SP$f •••, tf^« 



r 



lUl 



VAMiaiUMO 



(«! 



Hoooo w« iofbr 



2^ tk4or$m i/S 00 it aiOl lni# wK^m ik$ d^Urminani ^ ffonUm 
and the 0qmHoM (15) ar§ a mdmidiarjf tyttem valid for ih% dmred 
rmiuoiion, promUd ai Imut two of ike quaniMee W do not wanuk; 
and th$ effect qfthe vaniehing o/^ieto trane/orm (I into Sli witkind 
the neoeeiiiy for tke removal of any integral factor involving ar,, 
for Much a/actor cannot tken occur. 



If some of the quantities IK^ in the subsidiary equations 
vanish, only formal mention need be made oJT the evident result — 
that the corresponding variables in O need not be transformed: 
for in such a case an integral of the subsidiary system is given by 



t«i|-flF( 



M* 



Ex. 1. Tbs equAtion 

givsu by iliHigii (L a f 45, |i, 633 ; fui liiU*gr»l iM|ulvi4iiiii uf wblch U luniMiil 
by him lu ihrou u<|uiiUiiiiH) fiilU umlur UiU UmuIj fur a U SMni and ths 
•uUikUiU'y vyniuitt U 

cii*i iir| dt\ iiv| 

Integrals of thU system sra 



sudilion 



s^-ar^s-Cxi-l-Xs-l-Xi)*; 
l|»|(8ii,-iij c^S|- 1 (ui-^u^du^-^idvt. 



Ex, t. Similar^ for ths oqiution 
0.0* {(jr|+tt)#+x,«}dir|+ {(jr|4-tt) «+*»•} dx^^ ((*,-|-a)#4-Jb1 dx^ 

in vhlch a Is a oouMtSut and « douoi«ii x^-^x^-^x^-k-x^ ; It wiU bs iMind tlial 
a vaulshesi thai Ura suUidisiy syMtem luw throo intognJs vhiob may bs 

•h-'i -••'**i +*• ••''it 
ami thai 0»|M|i/M|-faM|i/M|<f )</«,. 



Ex. a. It may uoour thai a vauMhoa ihruugh having sums luv of ila 
oousUiiisnts all aero; for instaiMw, Ou. a^^ ..., Oj^p aoay all vaniah. Thsss 
giva the FDlaiions 

ar,-ii; f^"*-^ ^)- 
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♦ 

Heooe Umm txisli a fbociion ti such thai 

where r^ ia indqiendent of Si hut maj be a ftinctioD of «!» jr,, ..., jt^ ; and 
Umo 

the deairod reduction being thus effooted and the nraltiplier if being itnitj. 

• 

63. For the Bccond case, in which all the PfiiflSana of order 
p — 2 vanish as well as A, there must exist some lower limit 
of order at which the Pfaffians do not all vanish; for it is assumed 
that the quantities a,,! do not all vanish. Let this order be m, 
and suppose that [1, 2» ..., m], [2, 8, ..., m4-l]f and others of 
this order do not vanish ; but that all the PfaflBans of the aystem 
of orders m 4- 2 and higher (even) integers vanish. 

The result of § 62 may be applied. Let m 4- 1 new variables 
u,, ti,, ..., ffMi4.i be introduced, which are functions of «^, ir^, ...i a!^» 
such that when we substitute for 4%, ..., Chh^ in O, the term in dki 
is absent ; then we have 

and the quantity It is independent of Wp It will now be shewn 
that Trf (r « m 4- 3, ...» p), is eajUicUly independeni of c^, ao thai it 
is a function of tif, ...i u^^^^ ^iM>t» •••» 'V ^v* 

By comparing the two expressions for il we have 

ei-*>t ^ 

for the values m-f 3, ....pof r; henoe 

n^ dtt (_| Sx, dxi 

. -« d», fix, aZ. 8r. ^3Ui*m^\ 



104 KVBN [6S. 

Bui siuoo djBi is abaeni from the aoooiMl ezpreMoo tor O, wo 
have 



0-X. + J.^ + 



+ X«i-t't 



Taking now the complote dorivativo of both aidet with regard 

dY 
to m, and aubtracting from the value of -^ the right-hand aide of 

the derived oquatioUi it in easy to find (after an arrangement of 
terms similar to that in $ 66) the equation * 



3?r 






3gt 



bx^ 






But, by §§ 60, G2, the values of the functions c^» •••, cWft u^ 
determined by equations of the form 

dxi dxi dx^ ^M4t 

Tl/- * lir" * ii/'' ■" "* ikf^ » 

•fi — W^f W^i — WgH« 

where the quantities W are of the form 

lKr»"*2'jr.[s+l.t + 2.....s-l] 
•-1 

defined as in § 60; and, as in the other cases, Wi does not vanishi 
while the quantity /a for the present case does vanish. 

Now a reference to the equations for the particular case^ which 
are the same as (8) in the general case save that, as just remarked^ 
Ik vanishes, shews that the coeflicient of each of the terms 

-i (s a 2, ..., m + 2) in ^^ vanishes, so that 

dYf 3«r, dJ^M^t 

2^^-a„ + a«j^^ + "*"^'-^-ar* 

When in the right-hand side we substitute for the various terms 
^, *, ..., their values iu terms of the quantities W^ it is easily 
proved by the properties of Pfaflians that 

lK|J*''-"2*jr.[l,2,3 f-l.r,f+l m+ij 
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But the coefficients of X^ on the right-hand side are all of 
them Pfaffians of order m 4- 2, which vanish by our initial hypo- 

thesis; hence, as Wi docs not vanish, we have ^ ^^0. or the 

coefficients Yr are explicitly independent of the variable Xi when 
the substitutions are effected. 

Hence when all the P/dffiane of the eyetem of order higher than 
m vanuk^ it is eufficieni to use equations for m 4- 2 vari€Mes similar 
to those </ § iS2 and so to transform the first m 4- 2 terms of the 
differential expression into m 4- 1 terms hy this introduction of new 
variables determined from those equations; when the transformation 
by means of these variables is effected throughout the expression f), 
all the coefficients are explicitly independent qf the variaUe, the 
differential element of which has been removed from ej^licit occur- 
rence^. 

64. All the alternatives, in the case when p is an even 
integer, have now been discussed, with the following general 
result : — 

"A differential expression tl contuning an even number of 
"differential elements can always be transformed into another, 
''which contains the next smaller odd number of differential 
" elements ; the new variables which arc necessary for this trans- 
" formation are determined as in §§ 60, 62, 63 according to the 
" properties of the coefficients in fl ; and the new coefficients are 
"such that, except in the form of a (possible) common factor, 
"they involve'only the (smaller number of) new variables." 

This ti:ansformation, by which the even number of differential 
elements is reduced by unttjr, may be called the even reduction; 
and it is to be borne in mind that, by this even reduction, the 
number of variables, which occur in the now coefficients (save 
in the common factor), is^lso reduced by unity. 

Also, this even reduction is not unique For the purpose of 
the transformation certain new variables are introduced, being 
finom the integration of certain differential equations. 



* Tht ciMi of fhs taaltbliig of A anfl Hs ttinois mptm ths form of tho normsl 
toaaeed «|iii?tloiil of O wifl bs difemed later (H llTol wq^ n 144 tl b«|.) : Iht 
o^Ml of Iht piVMoi dMTlsr it to pivvo Ibt ponlUIHj of fho radMlta 
of PfUTs ori^oal BMDoir. 



loe 



OOMDlTtOM or BVEM RBOUCnOM 



[H. 



Though all •alutiom of thune difibro&tUl ociuaiions tro ftuie- 
tiuDftlly oquivalent to one aoother, the forma may bo difierent; 
and thua wp may have different aetii of new variables uitroduoed» 
each set leading to an even reduction, with aome kind of fiinetional 
relation among the aeta 

65. In the caae in which p ia an. odd integer, A vaniBhes iden- 
tically whatever be tlie values of the quantitiea X\ ao that the 
process adopted in § Ul, whereby a temporarily non-evaneaeent 
determinant was formed, is no longer effective. 

Now, in general, the first minors of A do not vanish, ao that 

the values of the quantities tfr are infinite. Instead of taking these 

infinite values, which are subsidiary to the determination of the 

dx 
values of ^ '^ i we letum to the equations (4) and (8), retaining all 

but the last of (8) which is (4) transformed after multiplication 
by /i. If /A be not zero, the last of (8) may be retained ; if i* be 
sero, we use (4) in place of that l^st equation. 

Taking these cases in order we have, first, from the full set (8), 
the relation 

r-l 

where Ar,^ is tne minor of ar,p in A; and therefore since fi is not 
sero 

r-l 

or substituting for Af,, its value ^, we have 

ijr,[r-fl,r+2,...,r-l]-a 

Secondly, if /a be zero, we solve the first Ji — 1 equationa of (8) and 

substitute the values of ^ thence derived in (4) ;. and multiply- 

iug up by [1, 2, 3, ,.., /i — 1], which is not in general aoio, we 
come to the condition obtained in the earlier case. 



/ 



' 8coU'» DiUrmUuMU^ 1 14 ; ia4 | S'^ v^oMd^iaD^. 
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It thcroforo follows that, in ordor to have the subsidiary 
equations a oonsiHlvnt systom, tho condition 

ijrr[r+l,r + 2, ...,r-.l)-0 



r-l 



must be satisfied. 

66. If thii condition ho oatis/M^ the system contains only 
p— 1 independent equations at tho utmost; and they are not 
sufficient to determine ^ and tho |> — 1 derivatives with regard 
to «>. 

To transform 0*0 into an equation, so that it may contain 
one variable fewer and be without the differential element of that 
variable, we proceed as in § 63. Neglecting for the moment the 
variation of jb^, we transform 

Xgdr, -f Jr,(i^ 4- + XpdtPp 

into M{Utdth+ U^du^ 4- -f U^idu^i), 

hf equations 






4.«. ^'^ 



'^a*/'^8!^+ 



+«.^.^. 



Thonif 

fl • Z|(iir, -f Jr,rfr, -f +X,tUe, 

m.M{U,dih+ U,du,+ + Up^du^i)+ r.dir,, 

when we resume oonridcration of the vuiaUon of c^, we hare 



r.-jr.+Jr.^'+z.|5+ +x^^^; 



•odaiso 






+Xp^ 






From tho former we have, as in § 63, 
oicp v€p t«f 9wt dip f«t 9i^9^ 



imtcxi\dxp dfl^ dxp dx^_x 9x^ r 
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nod from the latter 



[e& 






Subtracting oorrespoudiog 
(H|uation, it follows that 



of tho latter from the ibnner 



dY, ^'v> ar. *v»ap. f -^i^.* aft) 



dx« 



The ooofficieut of ^- on tho right-hand aide in i^X^i let 



■o that 






aK,. 









Subbtituting from tho subtfidiary equations^ UHod above in the 
preliminary traiuiformatiou, for ^' i •••! "3^^* ^^ have 






•••••• ^ 



a, 



«» 
«» 



0. 



u. 



But the coudition expnMtiod at thu end of { 65, Huppoeed to be 
itatiiifiod in the prencut ca8u, may bo writUsu 



a. 



-0. 



/aJT,, U, ttfl , Oy 

/iJTa, ci«. 0. , o^ 



Henoe B a ^aJT^ ; and theroforo 

ar. 



vkidb ia the lequiaiite condition that, if j> occur at all in Y^, it 
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oocon only in a liictor M; and therefore O is transfenned to 

where Yi^MEi and ^, is explicitly independent of «y The 
differential expression is thus tranRfonned in the required manner. 

JSr, LstpwS and ntppoM the oondition natlnfledf Tit. 
the known eondition of intc^nilrilitj of the equation 
The equations in their moat general form taken no m to remove j^i are 

If we take |ia0 so that the third eqiuition ia aatinftcd In virtue of the flmt 
twQ| the new rariahlea are obiniiiorl by intcgmting the equationa 

dxt dxm dxm 
«n ^bi "if* 

and this hi effM, Is Bertrand'a method ({ 16). 

11^ however, we do not take ^ orm, we may omit the flmt of the three 
equatloni (for only two of them are indepomlent) and nae the second to 
determine |i; there la then loft only a aingle equation 



/ 



O-Xs+X^ 






to he aatiafied. We may then aaaign any condition, not inconniatent with 
this equation, fcr the determination of t, and r^, Thua m a eondition we 
nsy lequlre that Xi ahall be unchanged ; then tlie original variable m^ and 
the new variable, which ia obtained from the integration of 

I • 

win he the new varlablQa leading to the required transformation. This Is, hi 
eflMi the ordinaiy (Euler^a) method of integration of the equation. 

As a special instanoe, eonakler the equatloB 

0«i(efl^-&r|)dlr|-|-(art-eri)dr,+(&r|-«V|)clr,«ia 
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Wo liA¥«a|9-ii^ ^"tOi a^m^i Um mAMkry •qw^Uom an (onittfBg * 
DmIot |)^ la ili0 flfni inoihodi 

• • • 

iITi djt» djtm 

a ■ 6 " « • 
■o Ihai Mw ?MrUblM u% 

ah* 6 « 

Mid it ii aMUy ■hewn thai 

. O-ia&0(Mlii-ikli^X 
■o thai M^abe and |i-iOi 

Proooeding bj iho aeoond method and kaeping x^ nnriiangad «• hki% aa 
the equatioiA detenuiuing the now variaUo, 

(ar,-c»,) ^»+(^r| -orJ-C^ 

ao that wa taka x. and ^^^-iZ^ .t 

aa iho new variaUoa. It ia oaailj ahowu thai 

•> jl^ ^ J j la not aaia 

67. If the condition of § 65 for the ooexiateiiee of the deter- 
mining equations be iiot $(Uisfiedf then the ayatem of thooe 
equationa ia not conaiatent and tlierefore the tranafonnation, 
which ia to be determined by them, ia not poeaible. Henoe the 
moat general equation, which contains an odd number of diflfor- 
eutial clementa, cannot be subjected to a complete even reduction^ 
that ia, the number of differential elements cannot be reduced by 
one unit ao as to leave the coefticieuts of those elements fiincUona 
of the (reduced number of) now variables, save as' to a ^MMnmiHi 
factor. 

But though this reduction bo not possible, another transforma- 
iiiiu u\ay bo effected Let the first in — 2 terms of 

n - Xidx^ + Jr,(ir, + + X^^^dx^^ + X^^idx^^i 

bo denoted by 4>, which contains /tu even number of differential 

elements, and may contain all the variables. Let an even 

ruduciion be applied to 4> on the sup|Nmition that Cm->i does 

aoi cbiUigo, so thai the only vunuXAv^H NtVvxeVx ^^c^ traiiHformod 
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are «i, tttt •••! 'sn-tf t^hen <& comes to be of ihe form lf|4^» where 
<&' denotes 

Of the quantities which occnr in ^^ the Tariables thi ti,, •.., tf«»^ 
are functions of «,, «,, ••., asm^ and of any non-varying quan^ 
tities that may occur in-X,, JTt, ...» X«i^» ie. of Cm.i also in 
general ; the coefficients IT,, 17,, ...» CTm^ are explicit ftmctions of 
fft, tff, ..., tij,!^ and of any non- varying quantities that may occur 
in A*,, Xti ...» XM.tt i*o. of tf*M.| also in general. And iff is, in 
general, a function of all the variables in O. 

Removing now the supposition of non* variability of cw-ti 
introduced for the purpose of changing the form of <&, and taking 
the complete variation of that changed form, we have 

n = Af,(t7;rfiii+t/,rfim- + I7;^^rfii„^)+jr'«.,rfaw.i. 

where 

r„.;r„-*.(<r.5^.r.^_........cr„fe). 

Let this be denoted by 

The transformation thus effected is an incomplete even re* 
duction, being applied to 4> only; in view of the foot that Oi 
the quantity to be transformed, contains an odd number of 
variables the transformation may be called the ocM rfrfucftofi. 
It is a reduction which diminishes the number of differential 
elements by unity; but, unlike the even reduction, it does not 
in general leave the new coefficients, save as to a ftctori in the 
form of explicit functions of the new variables alone. 

Since the even reduction can always be applied to a quantity 
with an even number of differential elements such aa ^, it follows 
that a quantity O with an odd number of differential elements 
can always bo htibjected to an odd reduction. 

And, as before, an odd reduction is not unique. 

Em. To fbrm the odd reduotioQ of 

0«ii'idlr|-hjr|d!rg-f-jr,c(r|^jrgdlr|4-ir|flr|. 

Taking tlie fovt fbor terms and oonstmoting the subsidiary equations of | M 
for the incomplete even reductioni we fold then to he 
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mmI IhtittAira Mw varUUni (| Oil) aro givei» Igr 

PiMMiDf now lo tho ooiii|4ut« viu4aUoiiM| no mi to oUain tht odd vidiioUoai il 
b easj to aliew that 

Thk TwiAaa the gmtnl |NPopoiiitioa fur Um partioular oMe; w kavi 

0& We ATO now in a powtion to roduco the ikumber of tamo 
in any given fliiTonintial expii^HHion to a gunonU minimum. In 
pariioular caHoa the niinibiir of tornui in the finally rvduoed fbrm 
may bo ainaller than that oxpi^tiKl from the number In this 
general minimum ; the poatdbility of auch a nMtilt depends upon 
the aatiafiMstion of certain conditiona, the conaideration of which 
will be deferred for the pruaeut. 

First, taking the case in which the exprosaion O to be re« 
duced contains an odd number in * 1 of differential elements^ say 

wo apply to n an odd reduction ho that * 

Now (li contains an odd number of differential elements 
«!, titt ..•• fM*i» Aud their coi^ffirienta are functions of those 
variablcH and (|KmMibly) of x^:.x \ hence applying to fl| an odd 
re«luetion we have 

n, - if,n,+ ir^^.du^^^. + K«.i<ir^i, 

where fl, « K,r/i»j + K,rft», + + V^^^dv^^^ 



68.] REDUCTION 118 



and 






The variables «,» Vu ••< » Vm^ of fi, are (unctions of tit,iit, ...» tifi»-4» 
possibly of ti„»^ and possibly of Xfi^u in case the latter occur in the 
coefficients IT,, IT,, ••.« l^m^] and the coefficients Fi, Ft, ...» F^^ 
of n, are fimctions of v,, v,, ..., v^^, possibly of ir«»^ and possibly 

of Mfn^i. 



St. Thus the modiftcstion of 0| tn th« last Eismplo is 

0| • tC| c/v 4- c/ita - «t log tf t <£rg, 
where r>=i4-f i*i1ogtti ; snd so 

O «T,1l,(/lf-|- TjC/lfs-f-Ort - T3lf| log Hi) (irg. 

Applying now an odd reduction to fltt which contains an odd 
number of differential elements, and bearing in mind the variables 
that occur in O,, we obtain a result the most general form of 
which is 



where O, contains only 2n — 7 differential elements. Proceeding 
in this way, we shall ultimately reach a quantky fl«.i which 
'contains only a single differential element, say of the form Pdpi ; 
and the value of Sln-%f which unreduced contains three differential 
elements, will be of the form 

when all the variations are taken into account Substituting 
then for all the quantities fir in turn, we evidently have a result 
of the form 

. lor each unreduced O has two differential elements fewer than the 
n earlier in the succession, one of them having been removed by 
reduction and the othdr. having been set aside in order to apply 
the incomplete eveii reduction. 



The reduced ibrm of O evidently ccmteisA ia 
ehmeniB, tiuU bi, i(p+l), where p is iVie odA wwiiXscf ^Vvfi^ 

m . % 
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uoottiTod hi the urighuU ftMrm of tho exprnMHioii ; and U10 varUbkNi 
and iho oouflSoiouU are, all of ihoni, funcUooa of iba original 
variablea 



Socondly. take the case in which the expreanon O lo be reduced 
contaiua an even number Sa of differential eleueala, mj 

we apply to fl an CYen reduction, eo that 

n - Jf (Xidlr, + X.ibb + . . 4^ Jr«»-, dc^HH) - ifSD'. 

where fl' oiuitaiua only Sa ^ 1 differential elementa and the 
ooefBcieuU in fl' are functions of the variablee #,, je^, ...^ ^>»-f 
Thus fl' ie an expreauou of the type coumdered in the fcrmer 
eaiie ; carr}iug out the full nnlucticui on fl' aM there indicated, we 
have a roductxl tona contiuuiug | |(2a - 1) 4- 1|, that ie, m difi^r- 
ential douK^utu, and ho 

tl^M{P,dp,^Q,dii,^...^W^ds^) 

-i'lrf/H ^(r^dq,^ ^ M"«..d:r.^. 

The rvdttced furui of fl coutainji a, that in, | p differential dement^ 
when) p in the even number of differential elementa whidi 
oocunvd in the original lonu of the expreiieion. 

It ie to be noticed that, in the caiie when p u ewn, no one of 
the di&^Hilial elements in the reduced form is the aame aa any 
one in the original tonn — always- suppubiug fl to be the nmsft 
genetal exprvMion puMible — so that then i^, js, (fg, fb> •••• l^a»-i 
and x«^t ai« log^^her p functions of jfi, y,. .... y, ; and ens ^ fAs 
fMrMiltfS ta t&# frt%im€mi /orm it aa imUgrai of l&e ^/Eral taleirfiary 
sysfrM. But. in the case when p is mM. a«it of Ckt d^mrmiial 
W^nwnls ta C&e reduotd /Uiwi it l&s jum^ om aae im Ckt orifimal 
/iTM, so that then I\^ p^, Q^^ f^. ... and W^^^ are together p 
functions of jti, x, x^ 

We ha%v now proved the piMsibility of reducing aa expression 
c\>ntaialng p didt^^ntial dements to one conlainiag ettktt' I J* ^v 
i ii^ ^ 1) didkix-utial eleuK^utK Otlkf and Icai Uboriom mcthodi * 
of c&vtiiij; the rvduoiit>n will he given, on the atMuaplion of 
thk n^^w pru«\d pk^bility; and tlK^y will take acconnt of the 
{».-«« that the rxxluctxl form is not unique oaiag to the want of 
ana)«KiK«» in the MKV\9fi4\e ae|a( %»f the Nduction aa cfledcd by 
ihe &<\ j|>Hii^ meih^^i 
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Km» As a rinplo illafiiniifon of the general remiH we wmj cMuoe 
theorem stated hj Jaoobi* relative to the eqtMtion 

The applioalioo tn o of aa even redtiotion gives 

^^'^^'^ ^11 ^flf ^s*roftincUonaof ii|,ti|, t^aloneandi^majbeaibnctionof 
't» 'ft *v '«» ^^'^ ^» «4t *4 ATO doterminod from the intogration of the 
equations () 00) 

<£r| dr^ dx^ dr^ 

[«34dl ■ [3401] " [4012] " [omY 

%hicht Mng three onlinary equations of the flmt degree, roqaire three inte- 
grals in order to he mtiafied, thew throe being taken () 00) to be V|, 14, «,. 

When an odd reduction iff applied to O*, one of the Tariahles, mj s,, is 
left unchanged ai)d we have a result of the fbrm 

o^miid9i'r^dH^. 

Henoe the equation O-O can be replaced bj ^ 

Jfdvi- r^du^^fk 

If now we make «, a constanti this eqtiation comes to be Nd9m(^ Le. 
d9mm(^ and so an integral equiralont of the equation is given bjr a single 
equation. Now the relation «,« constant is one of the integrals of the 
subfddiarj Bjstem; and thus it follows that, %tken om t/ tke inffyrcUi of tke 
9nlmdiary$j9temo/ the equation ^ 

Xidxi'^Xfdx^i'X^dx^i'X^dx^^O 

is used todiminUk hy nnUy the number of difereniial elementi and the numhef 
of tanahUe^ the remlting equation in only three diferent&U etemente eon he 
reprt e ented by a eingte equation ae ite integrtd equivalent and therrfore ite 
coeficiente are eutk ae to eatiefjf the condition of integrahHiiy, 

This is the theorem referred to. As a special instanoe^ we maj take 
Ei. 1| ) 01 One of the integrals of the snbsidiarj system being 

«i>»4r|-jr|, 

we take #i">4r|<f<h 

where a is a oonstant) when this is used to transform the equation, the new 
form is 

which is eridentlj intograblei 

It maj be added thai the prseesi thus indioated is one of the most 
effective .pmc ese e s for obtaining an integral equivalent of an unoonditkwed 
Pfafllan in four TarlableflL 

• CrtVi, i. nbu, ^ fSfi SM also Oiqrliy, Cr«IU« VVi^tV-^R^-^'*^* 
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69. When the differential exproauon O hae been reduced lo 
the smnUeet number of terms, an integral ei|uivalent of the equation 
fl * is easily obtained. 

(i) In the case of an even number of original yariableai the 
final form of the differential eciuation is 

V^du, + U,du^^ + UndUn^'O, 

where the quantities IT, u are functions of the original variables, 
among which no idoutical relation subsists. , 

Then an intc^fral tsciuivolent, com'sponding to the complete 

integral iu partiJil differential equations of the first order^ is 

given by 

iii-a„ v,«o, ii»-a». 

where a^ a,,' ...» a^ are constants; and, in virtue of these n 
equations, the e(|uation fl » is sat.isficd. 

Another integral equivalent, corresponding to the general 
integral in partial tliffercntial eiiuatioiis of the first order, is 
given by 

U\dui U^du^ ZAi^ 

where ^ is any arbitrary function ; again, the integral consists of 
n e^iuations, Le., of us many ociuatioiis as there are differential 
elements in the reduced form. And if, instead of taking only a 
single arbithtfy functional relation ^ = 0, we (less generally) take 
k such relations, say 

*i-0, ^ = 0. ^»«0. 

then there are other n^k equations to be associated with these, 
being the n^k equations which are the independent relations of 
the set 

du,* du^' ^du^ 

dui* du, ' du^ 



ail/ ai7,' • dtu 

Uu Ih «/• 
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(ii) In the cose of an odd number of original variables, the 
final fimn of the difforcnttal equation has been proved to be 

where the quantities U and ti are functions of the original 
variables one of which is «. 

Then an integral equivalent, corresponding to the complete 
integral, would be given by taking 

and (as it would not then be possible to integrate UidsB -f Ufdu^ >■ 0) 
by taking 

♦ («» ttO - 
with the relation 

1 d^ 18^ 

where ^ is arbitrary. And another integral eqtiivalent (really a 
more general case of the latter) is given by 

^(^•tr, ,i^)-0 \ 

1 a^ 1 8^ 1 r)^ >• 

where ^ is arbitrary. 

It is, however, not necessary hero to discuss the forms of 
solution, as the discussion will be an essential part of Clobsch's 
theoiy. 

Ex, Reduce to its canonical form, and so integrate the equation 

(Tanner.) 

70. In the case of an oven number of original variables 
the following simplification, duo to Jacobi*, is worthy of notice. 
Each of the elements in the reduced form is an integral of a 

* Bee Um nemolr *' Ueber die Hedaoilon der IntegraUon der partiellen Diffe- 
renUalileieiiuiiea enter Ordnmig iwiiehen Irgend einer ZthI Varlabeln aaf die 
Intignitkm tlnee elaticea Sjitemee sew5hnliclier DUrerratlalgleieliiiiiffeo.** CreUe, 
%. vHL (1SI7), pp. 97—161, eepeeially f It, pp. 166-16S} or ia the OoUeeted 
Wetk% vd. Iv., pp. §7— 1S7, eepeeUdly pp. 190^117. 
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rabaidyurjr syiitoiii such as (10); and so lor each of ibe stages 
there is the inplioatioQ thai a subsidiary system is to be fiNrmed. 
The proper choice of the iutegrals of the successive subsidiary 
systems can be made effective to avcud the successive transforma- 
tions of the differential expression: the essential idea being the 
introduction of what are called ''initial values'* of the variables 
suggested first by Cauchy and afterwards by Hamilton, to whom 
Jacobi attributes it^ 

Since the number of variables in the original Pfafiian 
uxproaaion is even, the subsidiary system of $ 60 has 2n — 1 
integrals: let those be * 

Mr(«i, ^a^M-iiA^M)- constant »ar, 

for r a 1, 2, ..., 2a — 1. The right-hand side being constant, its 
value will not be affected, if we assign to any variable a paiiicular 
value, say c^ to x^. This assignation is a limitation on the 
variations; since there are 2m — 1 equations in 2a variables, 
one of which is (temporarily) determinate, the otheis will also 
be determinate and so we take c< (for t » 1, 2, ..., 2a — 1) as the 
simultaneous values of «<. Hence we have first 

forr»l, ...,2a — 1; so that C|,...,Ci».i are functions of On ...,aaH-i* 
and so are constants which, when the values of Oi, ..., 0^.1 in the 
forms ii(jr|, ...^ x^ are substituted, lead to functions of the 
variables and constitute integral equations. These 2n — 1 integral 
equations of the subsidiary system may be taken in the form 

for t " 1, ..., 2n — 1, where Vi reduces to Xi when o^ ■■ c^t* And 
secondly, we have the in — 1 eciuations 

SO that solving for x^ ..., 4Pm-i we have 

•^§^/§{0i9 ...» Cji^i, Cm» «»i) 

When these values are substituted in the expression fl, we find a 

• Sot Doie to f 109, port. 

t These are 'firiiioipsl iolegrali' of Um §j9Uau 
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« 

result of the form 

tji-i 

n^Ab^ + X £ ddvi. 

1-1 

In this form wc have B^O, because the quantities 9< aro 

integrals of the subsidiary system chosen so as to lead to the 

evanescence of the differential element dx^; and the rariable 

m^ occurs explicitly only, if at all, in X. Hence 

t« tii-i 

S Xidxi^tl^X X ddvi. 

m 

Now the right-hand side is, except possibly in the fiictor X, 
independent of xc^ ; and therefore, except in that fSotctor, will not 
be altered by the assignation to «m of any special value, say c^. 
The consequent vali^ of v,, ..., v^-i ^ro the degenerate forms of 
those variables for the spcciiil value of «^ being «|, •.., gf^^ 
respectively; and therefore 

- \' *1 [Oi] d*t 

say. This being an identity, the coefficients of the diflTerential 
variations arc equal to one another on the two sides of this 
equation, so that 

X' [(7i]v.0 « ['<] v-Si* 
a result which gives the form of 0^ luid is equivalent to the ,. 

result which would be obtained by substitution. Since it is valid 1 

for all variables, we change the variables ci into v<; and then ! 

[(7<]v.s becomes (7|. Let X' become X"', which thus is the value A 

of X when for C|, ..., «W-i» ^>^ ^o substitute i^, ..., Vm*-ii Om! 
and let Vi denote the consequent form of [Xt^^^t so that wk$n 

we make these eame eubetitntime in Xi we denoU ths reeuU hjf Vo 

Thus 

X''Cf|-F|, 

and therefore fl>iX S C|cfo| . 

X ••"* 
• rT, S Vidvu 
^ l-l 

where Vi is derived finom Xi merely by the sttbstitutUia ^ 
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II thuii appearn that whon the iaiegndi of the nibadiaiy 
Pfiiffiao vyHtuui aro taken in the fonn of ** principal ** integral!, 
the trauafonued oxprocMion of fl (uavy an to a bcUx which ii 
negligible from the point of view of the integral equivaleni 
of fl) ia derivaUo fi>im the original form of fl merely by ft 
literal change. 

In obtaining the integral eiiuivalcnt, we take one of theee new 
variablen v a« an integial (§§ G8, G9X ^y 



i> 



after which the differential equation bcoumeii 

tf-i 

wherg V'iU tk$ valu0 of Vi with 0^.1 subetituted in it for 
that in, in the value of Xi with Vi, ..., Vm^» a»-ii c^ iubdiiuUd im 
U /or X|, ..., Xa».|, X|M.|9 oTjM respectivelj/, Om-i *Qd Cm being 
reckoned con»tanta 

The chaiucteruitio form uf the new (reduced) equation ii the 
same aa that of the original cquatiun ; and the new ooeflBcienta 
are derived by merely literal changes from the original ooeflBdontSi 
HO that much of the aualybiii leading to the equations, subsidiary 
to traiuiformation, will after the same literal changes be useful fiir 
the succeeding system of subsidiary equationa 

Air. Show thst| if s, »a, (r » 1, S, ..., n) bo m iutegnJ aqtutions sstiiifyiug 

iud if M now iutognl equatioua bo furuMsd, fint by solving lor X|, x^, .••, x^^ in 
*«niwofx,^i, ....x^.U! tt,,«ftjr 

uid ueii by ouustructiiig 

jr,?^U-r,?^*+ +X.f*+X6,-0, (r-l, ,»x 

thou tbe 2s - 1 oquatioun, roHultiug ftviui tho oUiuiimtiou uf \ snioog the Isst 

s oquAtiuuii and tho urigiiuU n oiiuatioiut, atb oquatiuua cntiUining Sn-I 

u-bitnuy ooii«tauU, vu. a^ a., h^ b^, ...» ^m-iK aim! sro lbs oonplsls 

iutegFsl uf Uio PfiUbsu ity«tcui amUudiAry tu Uio ovoii reduction of lbs 

iidcroiitiiil diuaiiuu. 

(JsooU.) 



CHAPTER V. 
Grassmann's Hethod*. 

71. The variables «i, ... » «m of iho Pfaffian equation 

are independent, and the coefficients X are functions of the 
variables x. To apply the processes of the Ausdehnungslehre to 
this equation, we consider a region (Hauptgebiet) of m simple 
units say e,, ..., e^; and from them and the variables we con- 
struct an extensive magnitude x in the form 

a magnitude of ordinal (Stufenzahl) unity. Wo take the comple- 

* OrMsmann'i method of dealing with PftUTf eqnstioa ti to he foond la 
H 500—527 of the 1S62 edition of the Aatdehnnnsslehre. 

The present chapter hM hocn inolnded onlj after rvj eonsiderahle hesitation, 
which arose not from any donbt about the rabstantial charaoter of the eontribntion 
to the theory of the Pfaffian equation effected hy Orassmann, bnt from a feeling 
that it is not possible to give an intelligible account of hii method without either 
assuming, what is probably not oommon at praeent, aome adequate knowledge of 
the analytical method of the-Ausdehnnngslehra or giring tome adequate eiplana* 
tion of the method. The latter would require more ipaee than could fairly be 
granted in the present trea^tise ; and ao It happeni that what b to be found in the 
present chapter ia UtUe more than a tranalatJon of the aboTe-quoted acctlona. In 
order to be understood, it must be read on tha basis of ao aoqnaintaaee with 
Orassmann^s analytical method. 

The reason for the inolusion of the chapter, io ipile of the foregoing veiy 
aerious objection, is the necea^ty of rendering Jnatioe to Grasamami la aa 
acknowledgement of the definite retulta and, io soma dctaila, of the definite 
Bo?eltiee (f 4S) obtained hy hia ana^yaia. Boiar aa ooneet og the pree en i qoeatlon. 
Us resulte are always remarkably eooeiae io lBtm« aa may be aeeo kj a oomparieoo 
with the etpreaakm of the naia raeollB Io other methoda; ihelt dmooiViVMiKYtifdei 
io tiMir ialeipfelalioi^ parl^ la IIm piooh iiycii in inii ikira^ ^IM^ 



Ui . iiiTBooucmoii or [71. 

mentaries of the uuito #, donoiing ihem by JP|« ... « B^ i And oon- 
iiirttct anoihor extensive magnitude X in the fiami 

a magnitude of o^Kh^ m — 1. Then we have 

Xci*«(jr.A\+ + Jr«.iF«.) (eid^i + + «iA.) 

a numerical quantity (ZahlgiiiiiHe). Hence tk$ origimd difirmMal 
§quat{oii can be replaced 6y 

Xdx^O, 

ta which w ie an exieneioe magnitude oiul X can he expreeeed ae 
a /unction of m^ hui Xdx ie a nunurical quatUity. 

Thiti roMilt iuoludos the |iartial difforoniial equation of the Ant older at 
a ii|iucUl CAM. The rroult can bo eitoudod to |iartial difitfreutial equaUooa 
of Older higbor than the finit or, what ia the aaue thing, to ajatema of 
ainiultauooua Pfiifliana; and QFamimann ah^wa that a whole ajatem oan be 
ro|ila€ed by a ainglo equation 

JTdlr-O^ 

whero or ia an extonaive magnitude^ JIT ia a fUuottoia of jp and JCdx ia alao an 
exiouaive magnituda 

72. Other investigations (§ 60) connected with the Pfaffian 
et|uation shew that its integral equivalent is composed of a set of 
simultaneous ei(uation8, assumed to be the smallest number, in 
virtue of which the differential eciuation in thp ordinary form 
can be satisfied. Let then 

be such a system of equations in numerical quantities, in virtue of 
which the differential equation is saUsfied : then there must exist 
quantities U such that 

Xds ^Uidu^ 4- U^u^ + 4- Unduu. 

For since the foregoing system of integral equations is the smallest 
number, in virtue of which 

Xdx^O 
is satisfied, it follows that 

duisO, du^^O , da^^O 

ia tb«* "-''"Must number of exact equations, in virtue of which the 
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differential equation ftubsiHta. Since all iho equations are linear 
in the differential elements of the variables, the original equation 
can be only a linear combination of the n exact equations, so that 
ire must have quantities U such that 

Xdx «> Utdt$^ -f IT^u^ -f -f Undun. 

All the elements du must occur: otherwise the equation would 
be satisfied by the vanishing of those which do occur, that is, by 
an integral system containing fewer members^. 

73. Wo have, by the definition of a di^forential coeflBdent 
with respect to an extensive magnitude, ^^ 

£dx^du, 
and therefore 

lu4^^iUi^dx. 

1-1 1-1 «« 

so that we may take 

and JT is an expression with a single gap (Ltlcke). Hence 

dX ^ dUi duj ■ JJ .• d^Oi 

dx im\ dx dif iml (u^ 

an expression with a double gap; and some of the parts of ii, 
vis. each quantity -^ , have the two gaps interchangeable. 

When we proceed to form the interrupted (Ittckenhaltig) pro* 
duct represented by 

dX 
we may omit from the ^ those parts. which have two inter- 

changeable gap^ because they lead to vanishing quantities. Hence 

^[.fduidUjd^dUkdfin 1 

• For llM BMis s«M^ iona of Ite Mi^a i^r«AMk W ^taMa t^ 



124 OONDlTlOMtt rOA AM AiiSIOHBO [7S. 

whore the number of difforont indices t^j, Jr, ••• ift ii+ 1» and the 
bracket impUcfi thb unuol Uw of iutomipted multiplication. Now 
since there are only n quautitioa u and there are n + 1 iiidiceiii it 

follows that two of the quantities ^ in any of the combinatory 

products are the same and therefore each such product is lera 
Hence every term of the sum vanishes ; and therefore 

\fXda be expreuMe as ta tke last paragraph. 
If the same process be applied, so as to form 

we caimot in general assert that it will vanish: nor, if it be 
applied so as to form 

mi 

cai) we in general assert that it will vanish*; but, i/ii he applied 
so ae to form 



mr] ■ 



U i$ eoMjf to 9€0 thai tke oxpreuion muii wanuL 

74. The two equations, symbolical in the interrupted products, 
just obtained, vis. 

can be replaced by numerical etiuations. 

Let us first consider the former. Since X has a single gap 
ami T- a double gap, we have 



Jff j^j s.s^...s.et »0, 



where a, fi, ..., », $ are any 2a + 1 of the integoni in the series 
li •••, ta. 



* Tbs MficMakMi wUl fsnUh, if Ui« qusoUUM £/ sod m bs bo4 imiupwiiiwl o| 
(MM suoUMfr i MM K&iruiioM in noUi lo 1 1^ 



\ 
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First, if m ^ 2fi» then at Icnst Romo ono of the quMitiiics $ can 
be expresBod linearly in terms of the remaining onca by means of a 
relation, the coefficients of which are numerical ; hence thp prodnct 
is necessarily aero, and so there is no condition to be inferred. 

Secondly, let m » in 4- 1 ; then there is only one equation 

Now, except as to a power (— 1)"!"*, we have 

•^ ^« ■■ ^ « » 

and therefore 

The foregoing expression, being an interrupted product, is 
thus e<{ual to 

except as to a dropped numerical factor equal to (2n-|-l)l, the 
summation extending to all derangements of the indices from the 
sequence 1, 2, .... 2fi -f li and a positive or a negative sign being 
associated with a term accorrling as it arises from an even or fit>m 
an odd derangement of the sequenco. If the derangementa bo 
taken in pairs, such that in each jiair the derangements are one 
odd and the other even and are the same except (or the two 
deranged indices, then in such a case we can combine in paira 
For instance, if we have one term 

we shall have another term 

Y vXj dX$ 9 JTi 
* dx0 S; '**'" SbTf ' 

which two added together give 

•^^•"^^ a^- 

Proceeding in this way we shall have 

l±(X^a0^a^ (!«#)« 

which, with the n6w limited derangementa^ qq^mMscsk ^mVa^ ^^ 
J»eohiMa eaoditioD (| 65). 
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Thirdly, if iii > tii -f 1» we have the equaiioo ^ ^ 

subaisiing for every aoloctiou of Sii -f 1 iutogors «, /9» •••» i» # from . 
the aoi 1» •..» m; aud every luoh 0yiubolical equaiioo leads lo a 
Dumerical equation 

2±(jr.a#y......a^)-a ' 

Thus the number of numerical, equations of this form is the 
same as the number of selections of 2fi -f 1 integers ftom the 
system 1, •.., fii; but they are not all independent, and il is 
sufficient to. retain only those which have some specified index, . 
say 1, common and which therefore are in number equal to the 
number of selections of 2n integers from the series 2, ..., «!• 

The second equation of § 73 
may be treated in the same way : it leads to 

[SP»^» ^-'J-^* 

for every selection of 2n i- 2 integers from the series 1, .... m. 

If m be less than 2ii -f 2, the product is necessarily lera 

If m be eiiual to 2n + 2, then as before we are led ^ tlie 
numerical condition 

2±[a„ ci.i+1, mf J - 

with the same laws of mimmation. 

If m be greater than 2n -f 2. then there is for every seleetioa 
as above indicated a numerical equation of the form given for the 
case m ■■ 2a + 2. 

These conditions are not independent of the former, of which 
important property Qrassmann gives two proofa It is not 
necessary to repeat them here and it may be sufficient lo point 
out that his first proof is, after the translation of his analysis into 
numerical formn, cciuivalcut to a proof of the identity 
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where • on the right-hand ride 1 is omitted from the sericfl 
t-f I9 t-f 2, •••, t — 1: the establishment of the identity is a 
justification of the statement 

Ex, If the PfSUBao equation 
am be sstiRfled I17 a single eqaation u^c^ so that it tains the form 

then the conditionii for thin iiro the sfj^gregate contained in the sjmholioal 
equation 



[''i]-^ 



which, when numeritalljr interpreted an alwre, are Uie aggregate 
for eveiy three indices «, A 7. 

75. When the conditions necessary that the equation 

Xrfa:«0 

should have an integral sptcm of n equations have been obtained, 
the next process is the transformation of the numerical quantity 
Xdx\ and, as in other methods which treat the Pfaffian equation, 
the transformation is gradual 

The eztenmve variable m, constructed from m units, is to be 
eipressed as a function of another extenrive variable a, constructed 
from only m — 1 units, and of a numerical variable f; and the 
transformation is to be determined so that, when substitution 
takes place for c in the equation, the ezpresrion Xdm is to be 
independent of ift and, save possibly as to a numerical fiictor ilT, 
independent of 1 If then We take 



we are to have 


Xi^»o 


• 


dt^Xd^^O 


• 

Writing 


. diN 
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the leooiid eqiuUkm gives 

Abo by the first equstion wo have 

and i is numerical so that 

henoo by subtraction wo havo 

XXd^ ■■ diXd^^jc — d^Xd^ 



p». 



or 



-XXd^ 






the right-hand side now biding an iuterruptod product, in 
, has a double gapi 



whidi 



Then we have the profMsitiott : — 

If denote antf quantittf of the eame epeciee us m and d^ amd 
if % for every such qHaniiiy e, the etjuatioH 



be eatiefied^ then 



-xjrc-[gcrf.,] 



XdfXMMO and cf c -rv JTd^ «■ 0. 



,■* 



d^ 



where— j^-^\ wAtcA w tufpoeed to be different/rom sen. 



FSnt, aioce the equation 

-XXc 



[fH 



for every quantity o of tho species indicated and si 
dfS is such a quantity, we have 
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Abo X 18 numerical and different from scro: henoe 

/ 

which proTea the finvt of the equations. From it we have 

■> df^Xdtw -f Xd^fX . 

■■ --r- dffldfjK "4" XdffilfjK, 

Again in the equation^ which is mtiRficd for the quantities c, 
substitute (or e a quantity d^^ which is of the implied species; 
thus we obtain 



-VX<(iir« -^c<ii«tic« 



dX m ^ dX • <m 

which, when subtracted from the result just obtained* leads to 

XXdtfi «■ Xd^tx -I- -J- ifwd^ 

» 

«■ Xdndtx + dfXd^ 
^ Xd^^ -k- dtXdtjK , 

and hence 

*(yjrc<^)-0. 

proving the second of the equations^ In bnA the whole proof is 
little more than a reversal of the earlier investigation. 

Since 

Xdm at XdtfiD «f Xd^ 

^Xd^ 

we have 

XdtA^mO. 

and therefore, as ilT is numerical, also 

jfXdtfiomO, 

an equation which involves neither f nor lit and is therefore the 
transformed form of Jrd!« «■ 0. 



ISO 



iqD4Timn bubudiabt 



P*. 



turn 



It (ktu afpmn Aat At taliafiutum iff At ekaraeltrUiie <9mb- 



-XXo 



[^^] 



u tujfieUni'to lead to ike required tranM/ormatum. 

78. We now prooood io find a value of d^^ sueh tbai the 
equation 



-XXo 



[ d^ H 



ia aatiBfied for all quantities o of the same Bpociee as m^ that ii^ ia 
linearly oonBtructihlo from the units which enter into jr. The 
methcxl adopted for this purpone is to find d^x for one particular 
quantity o of the appropriate specica and to show that the inferred 
value of dfX allows the ci|uation to be satisfied for all such quan- 
titiea 

In the first phice we assume that the equations 

are not both satisfied, for these are the conditions that the original 
Pfaffian equation Xdx ^ should be satisfied by a — 1 inti^ak ; 
hence m> Sn — 1. Also the set of equations 

would, if satisfied, be a consequence of the set 

and therefore it will be assumed that 



[-rir]s«. 



as is justifiable. 



77. First, let m » 2n ; and in the meanwhile 
y/^ / / ^^* '^^^ vanish. 



that 









*. 



»\ 



l!r 



n.) 



TO TRANSrORMATION 



1S1 



Ab in S 71, lot JFr donoto tho complctnoniary of 0r m> chomn 
that [erEr] « 1 ; evidontly Er is the product of 2ii — 1 tmitii, and 
may fae taken (— iy*~V^i ... e^^ei ... 0^i. 

Since ^ is an exprcmon with a donble gap, tho qiiantitj 



m"'-] 



is linear in the nnitii $ and is therefore of the name species as 
m; hence it may be substituted in the equation, which tlius 
becomes 

-^[(sr^'i-LfP"'-]*-]- 

Since A^ is an expression with a single gap and I ( j_ ) ^A 
a quantity which is linear in the units, it follows that« 

is a numerical magnitude, and that it can be expressed in the 



ronn 



['(f)"^']- 



Similarly the right-hand side is a numerical quantity which can 
be expressed in the form 



[( 



E^t^ 



]■• 



dxy 

•ad therelbra the equation ia 

-['('ir^]-P"H 

Now, when < is different from r, we have [J>f]«0; and also 

[JB>,]-(-l)F«[^irj— .1; 
thus we have 



4^(sr*l-p>- 



^_% 
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aoLOTioN or 



CTT. 



The ooeffident of X on the left-hand aide being numerical end 
involving In — 1 indices, it will (when interpreted numerionlly) be 
an algebraical eiun divided by (2a — 1) !. Similarly the ooeflBdent 
of d^r on the right-hand aide will (when interpreted numerically) 
be an algebraical sum divided by in I. Hence taking 

2alX 1 . 




(2ii - 1) I 




we have 



*"-£[' (^r^'] 0^ 



and therefore 



•2s 

d^ a S e4^i 

4»1 



2n 



-M'^iT"] 



-4'®"] ■■■^ 

which gives a value for d^ 



78. It ii now noccBsory to prove that this value of 4^ will 
permit the equation in o to be satiAficd, whatever quantity of the 
appropriate species be substitated fbr o. 

dX ' 

Since X has a single gap and ^ has a double g^ the in- 
terrupted product ^{'T') I has 2a- 1 gaps, while there are 

Sn units s; hence it is a numerical quantity, when its giqis are 
occupied by any sot of all the units save one. Since there is thus 

JTf , j I a fiicUv unity and 

assign a gap to this factor without altering the signification; 
and so 



['(fn-[«m 



1^1 



I •! 



f 
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-A.!/-['(gr*-]. 

siiioe Xe^ is numerical. Honco, substituting this in the ndue (I) 
ofd^we have 

Now when a is different from r, we have [erE^] « 0» and when m 
is r, we have [e^r] "■ 1 ; hence 

on substituting the value of fL This holds for every index r ; and 
since every quantity o of the assigned species is of the form 

tn 

where the y's are numerical, we have 

or the value of dfX is consistent with the satisfaction of the 
equation, and is therefore sufficient to lead to the required trans- 
of Xdx. 



The equations (1), being nomorical equationsi oaa be put into the Ibl- 
lowing fomL Wo have 

and thwelbie as in { 74 

with the ssmo dorangenKmis of tho indiom occiirriiig in the munmationi the 
indei r being omitted. For oxiunploi lot a « S ; tbon 



[ 
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BOLUTIOM Of 



pa. 



Midaooii. Jbid Um Mibttidury aquAtioni (1) tab Um iorm 

which, after tho abova aipapaiona, ara eaailj MeQ to agVDa with Iha Ami 
auUiidiary Piaffiaii BjHtem aa obtained bjr ocdiuaiy analjraia^ 

79. It waa aaaumod in what precedes that I f . j I doea nol 
vaniah. Taking now the alternative auppoaition that 

PJ]-o. 

we have any of the aubaidiory equations of $ 77 in the earlier form 

4'("r^']-[(S)>- 

-0. 

and the coefficient of X docs not vaniah ; henc€ X iUelf wamUkM 
and 80 itr ia independent of L Therefore, if the transformation be 
possible, it is to be expected to be such as to leave the new form 
of Xdx free, not merely from dt, but also ftt>m t 

Now, just as in the corresponding case in the reducticm of 
§1 61 — 63 with an even number of original variables, the subsidiary 
equations (and coniie(|uently the etjuation which gives d^) are 
valid, though obtained on a aupposition which no longer holda: 
that is, wo have for m ■> 2n, 



dfX'^fi 






tr] 



even when tho Pfaffiau 

foUuwa 

We have, for this value of dtX, 



vanishes (§ 74). The proof is 



-"[-(sn- 
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t 



When we form this interrupted product as in § 73, we shall 
have in it n + 1 foctors involving only n quantities r^ so that 

every term will contain some quantity ^ at least twice and must 
therefiM vanish; hence the sum will vanish, and we have 

the first of the essential equations. 

Nezt» we have from the value of dtos, as in $ 78, 

and therefore for any quantity o of the same species as ib we have 

crffd? «■ 0. 
Now djp is of this kind and therefore 

[^rf^rf..]=0. 




that is, 



^ d^dfX-- ^dtxd^mO^ 



and therefore 

dtiX .dtX — dfX.d^'^O; 

whence by the addition and subtraction in the left*hattd side of 
the equal quantities d^cicd? and cff(f«T we have 

d^{Xdtw)-'dt{Xd^)mO. 

But we have proved that 

Xdtx^O; 
hence 

dt(Xd^) mO, 

80 that Xd^ is independent of t Moreover 

Xdx at Xdt^ + XdfX 

w thit tk« tnnrformatioH dttermined ftjf tk$ tquation 



180 



mnOBATIOV OF THB 



[T9. 



nuJB$$ tk$ n§w/orm of Xdx %ncUp$9uUiU not flMrWy o/d$^hui alfo, 
M. The eqiutioo 



*-"['©"] 



dotorminos the derivatives dtXi, .... dtx^ and /i; but as it ia 
equivalent only to 2a equations^ wo may coDiider one of the 
quantities left undotennined and therefore awumahle at wilL 
We take I «■ m^ the assumption adopted in other methods m>plied 
to the PiaflSan equation ; which, substituted in equation. (1) of 
{ 77 subsisting for r » 2n, gives . 



M- 



2ncixM 



vw 



Let 



so that 



Then 



or 






ii 



] 



[-(sr- 



['(sn- 



When on the right-hand side we substitute y + '*m^ ^ ^ 
it comes to be a function of y and ««• 

This equation on integration gives the result Knit in the form 

y«tt + «in^ 

where ^ is a function of y, x^ and a, and where a is the value 
of y when x^ is zero, that is, it is the value of x when 4b^ is aero ; 



80.] SUBSIDIARY EQUATION ' 1S7 

and so it inyolvcs only 2fi -^ 1 of the units : and then we have 
a in the form 

a «■ (unction of y and «^ 
■■ fiinotion of ib and m^ 
after substitution for y*. 

8L Let the numerical quantity ilT, in which «^ occurred if it 
occurred anywhere, be denoted by N(a) when eipr o ss o d as a 
function of c We have 

c-a-l-«»(^ + Sii«), 
and therefore 

Now the transformed equation, which is 
thus oomes to be 

y^jr(«)(cea+«wd.^)-a 

But the left-hand side is independent of «m and thus retains 
the same form whatever value be assigned to w^ When the 
value aero is assigned to it, a becomes a; and the equation is 

y|jjX(a)ifa-0 

or removing the numerical fiu^tor N{a) and writing A for X{a) we 
have it 

Ada « 0. 

The quantity a uivolvcs only 2n — 1 of the units; and thus 
the equation has been transformed and it involves only 2ii — 1 
numerical variables. 

* This b a point of weaknen in Onumiumii'f netbod ngarM in adj light 
oditr thm most poidy thooratical; for the form of the fkuetioB ii an inSnito 
•ate, aridiig from a nrenion of a Taylor** nriei, and thert !• no proof that tho 
oniaa oonvngea. Bvan If tha aerief oonvaf|9i« tho fonn of too Integral ao found 
la aoeh aa to mder thia fetaga of tha method nnpraotleal; and ao It moit ranaia 
ttntO aoma other proeeee la derleed for the Integration of a differential aqnatloa 
wtth Ha depeBdeol iwiable aa aitamlva q«mtSli9. 
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U k MAjr lo ••• UiAl Um tsUuiife 0qiuUiMa 

avftuiotioo of 47 Aod «ai 

laadilotii-1 maiaoriMd aquAiiooB of Um Conn 

a«>!*fbiiotioiiof «ii |4P^ 

■o thai Umm tii-1 equntioua are eqiiivAleni lo i^ wl of iakgnli ol Iho 
oitUiUiy mibaiduurj Bjriitam. Their furm oorrenpoiidi lo tho fonn is wbioh 
JacoU ({ 70) took Ibo intogral njniem, vii.| in Ibo introdudioii ol iho 
prindiMd iiiie|{rAli| a oomapoudenoe direoilj iniendad bjr Qiaamaiuu 

8S. We now take m > in; we have 

The charactomtio equation which, if aatittfiod, makes the irana* 
formation of Xdx podaiblo ia 



[2H 



\Xo, 



where o ia of the same apecica aa a Lot o»|t|, •••• Ai in ^^vOt 
and write 



fl'i- |-j^««cf|» -XJfa,; 



then the characteriatic equation ia replaced by 

0t»0g-...->0i»-0. 



Fint we ahall assume that 
therefore alao that X doea not vaniah. 



\dx)^ 



doea not vaniah'and 



Let «i, •••i^mi^bo 8a -f 1 of the m unita, for r«>2a<fl| •»•»*(; 
let i? denote [0|...^ar] ^ud take F, as the product of all the i^a in 
E except e^, ao that [egF,]^S\ and finally let a« denote the 
numerical expression 



Then 



-(«...)[(i^rH-<'-'>[^(S)"']- 



81] 

But we hare 
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['(g)*j-.«^[(fn-' 

hence the right-hand side vanishes, and therefore 

Whence it follows that there is a numerical relation between 
2a 4-1 of the equations (7»0; and by varying the choice of 
units that there is a relation between every 2a -f 1 of those 
equations. 

It may happen that for some selection of 2a + 1 units some of 
the quantities a may be zero; this however cannot happen for all 

the selections, otherwise I (;j-) I would vanish, contrary to hypo- 
thesis. Hence some of the equations must contain 2a + 1 terms 0; 
and therefore we can choose a set of . 2a of the quantities 
Ou •••» Omf My Ou •••! O'tiif "^ich that the remaining m — 2a are 
numerically derivable from that sot. 

We thus have only 2n numerical equations, independent of 
one another and involving the quantities (ffr,, dfXtt •••» dfoc^ and 
X» As before, we replace \ by a corresponding quantity /*; the 
equations will be solved so as to give quantities dtr^. As there 
are only 2a equations, only 2a of the quantities can be determined 
definitely; those associated with the remainder will be taken to 
be lero. Let those so determined be dtXi, ..., dfX^; then «iii4.|, 
•••, «M R^ regarded as constants. The 2a equations are now 
equations in f$ and dto^t •••, dfOSm't when treated in the same way 
as the set in { 80, they lead to 



di(Mi + — + «iii'iii)-M [-'(as) •i—^jt 
and therefore, as d^ »0 for r «■ 2a-f 1, ••., m^ we have 

This equation is integrated as before and the integral involves 
an eitensive constant a, which is the value of m when f (taken to 
be.ie^ ia aero ; and substitution leads to an equation of the form 

Ada«0. 
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where A is the lame fiinotion of a an JT is of «^ and the new 
quauiity a tnvolvee only m«- 1 uniU vis.» #b, •••, i^m* ^•»>if •••! ^* 

It was aflsumed that I ( jt] I is different from lero. ¥rhen 
the alternative holds* vis., when 

so that X ■> and therefore N is independent of t, then as in { 7B 
we prove that 

which is the value in the preceding case, is still correct and is 
sufficient to effect the required transformation. For with this 
value we have, for s ■■ 1, ... , m, 



<iH{^M 



under the present supposition. As this is true for each of the 
units, we have, on constructing doOP, the equation 



and therefore 






Also, as in the earlier case, 

XdtX^O; 

fit>m which point the rest of the proof is as before^ ^^^ng (o the 
result that 

Xd^^O 

is iudepeudcnt of t and di uud is expressed by means of » — 1 
uuita 

Heuce 6y the iramfforifuUion deiived from ihs iniegraiiom qftks 
equation .^^^^ 
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w$ pan from th$ eqwUion Xdx a 0, whert rniian e^rtoiinw ma^fiii- 
Ude mvolving m uniti (m > tn), to . 

Ada « 0, 
where ate an exteneive magnitude involving m — 1 Hnitn and A i» 
the iame/undion of a ae X ie of a. 

83. Tho equation 

■ ['©•]- 

is ideiiiically mtuificd whatever be the value of as. If then we 
replace c by a and X by A, the mme function of a as X in of r, 
we have 

If now m — 1, the number of units in a, be greater than 2ii, we 
can use the foregoing method to transform AtUi^O into Bdb » 0, 
where 6 involves (m— 1)— Isin — 2 units and B is the same 
ftraction of 6 as if is of a and therefore as JT is of c; and we have 



["i^']-^ 



Proceeding in this manner we can reduce the equation until 

the extensive variable it involves only 2n units: and it takes the 

form 

Kdk^O, 

where K is the same function of it as JT is of «; and this reduction 
has been effected under the supposition that 

conditions which are necessary and sufficient. 

Finally, applying to this equation the process of $ 81 we come 

to an equation of the form 

rrfy-0, 

where y involves 2n — 1 units only and F is the same function of 
jftmXiBotm. 

84 The rest of Orassmann's reduction of XdxmQ to the 

fiNrm S ITiiIjMfai proceeds as in the Pfinffian method One of the 

nuBMirical variables in y is made constant^ so that the equation 
Fdf/»P Ibeo ioToIves only Sn-t nnmmciX W»X\^ w^ ^^r^* 



14S 



GEAnMANN'B MDUOnOH 



[84. 



fore in - 1 imita. The reduction of the modified Tdjf to iavohro 
only Sn - 8 uniia it effected m in § 81; and then one of tho new 
numoricnl variables in made constant, ao that the equation' now 
involves Sn— 4 numerical variables and therefore Sn — 4 units: 
and BO on until the end. Evidently a reductions are neoessaiy. 
each reduction furnishing a numerical variable made a constant 
and therefore furnishing an integral, so that n integrals are ob- 
tained; and thou the formation of the cxpreasion Sl/iiu, if desired, 
is only a nuitter of comparison of coefficients. 



iZr. 1. DonoUiig by [1, ... , n\^ the systam 
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* Tbtie vtMillt era to be found in Piol Tenncff*t HMMoin •*0n tbe tnnifninn 
Ilea of e Unesr diflitentiel eiprtedon,** Qmaru ir«iJL Jmn. ynL iH. (18|S| pp^ tf 
^•1, Tbeir hnsk wiU be Men to beve e elote lewmblinw l» tbet of OneiBenn*e 
eonditione (| 7t), vbieb ie tbe leeaon Air pleeinf Plot Tbnn«'e reenlla In tbli 
gonneolion* 



CHAPTER VI. 

Natani's Method. 

85. Ik order to tranfrfbrm iho differential expreflsiaii in 

Jr,d«, + jrAf + -X',ff4r,+ +jrM<fr««iO (I) 

BO that it may contain a smallor number of differential elements, 
Natani* introduces a set of n functions of the rariables it|, <f, <•.» 
tpf «!• th» ••• I v^» where p + 9 » n, which in the first place satisfy 
the single condition of being functionally independent of one 
another. Thus 






9% 



r-l 



f-1 



where the variations of the variables m are any whatever ; and the 
coefficients T and U are given Sy 






^ 7 ^ 



When the variations of the variables m are such as to have (I) 
satisfied, the consequent variations of I and u are subject to the 
relation 

This relation can be satisfied by simultaneous equations of two 
kinds: (a) those formed by equating the differential elements to 
tero, and (fi) those formed by equating the coefficients of differen- 
tial elements to sera An equation of the kind (a) implies that 

* Offtte, t hUL (ISSl) pp. SOl-SIS; uA Nitelil« DU liiheH dmffHt (ISSS), 
pp.SIM-St7, 
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the variable wilh the vaniahing diflSdrential elemeiit ia onohanging ; 
and we should thence have 

function («^, «^» • .. » iB^) « constant 

aa a relation which is used to satisfy (I) and which is thereCofe an 
integral of the differential equation. An equation of the kind (fi) 
leads to a partial differential equation of the form 

ST ???»0 
•-I . OM 

where dM is one of the non-vanishing differential elementa. And 
wo consider included in (3) any homogeneous relation among the 
new differential elements, which leads to an equation 

function (<|| t^, ..., t^, u,, ..., u,) « constant ; 

because the substitution of their values for ti. ...^ ^» «(i»«**» ^ 
leads to an integral d( (I) aa just explained. 



86. We take then all the new variables with vanidiing 
ential elements to be the variables u, and all those, the coeflicienia 
of the differential elements of which vanish, to be the variablea 1 

From the first of the suppositions each of the quantities u is 
an integral of the equation (I). 

• From the second supposition there are p equations of the form 

ijT-I^^O (U) 

for r » 1 • 2, .... p. In the initial substitution the quantities li » • • . » ^ 
were functionally independent of one another; the transforma- 
tion of the differential ei|uation has given no relation among their 
variations ; and hence they may be looked upon as p independent 
variables. Moreover becaubc the equation is satisfied whatever be 
the variations of the vaiiablea t, it follows that the variables t may 
be taken to be quite arbitrary quantities subject to the single condi- 
tion that no identical functional relations among tx ^>Mw>»«if 

exist Since then we have 

fli-il 
and li> ^. ••• > t|i are the only independent variables, we have 



/ 
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for r a 1, t, ...» p, which in the syfttcm (II) ; hence the synicrn (II) 
and the equation (I) arc co^extcnflivo* and therefore ti,,..., n^ 
which are integraln of (I) are alao integrals of (II). 



I 

\ 



i I 



87. Thus there will be ultimately a set of integral equations 
and a set of independent variables. That aggregate of equations 
and independent variables will be looked upon as the most general 
combination, which contains the greatest number of independent 
variables and consequently the smallest number of integral equa- 
tions; for in that combination the variations of the variable 
qnantities will be the least limited. Hence the most general 
solution of the equation (I) will be obtained by making q a 



minimum. 



Now, since we have 
after the preceding inferences, it follows that 



.(III) 



x^^i u.l^ (iin 



#•1 



dx. 



a system of equations n in number; they may be regarded as 
determining the (as yet) unknown quantities tf and IT, which are 
tq in number. 

If n be greater than iq, so that there are more equations than 
unknown quantities to be determined, the elimination of U and u 
from the system (IIP) will lead to relations among the quantities 
X. Such relations we shall at present assume not to exist ; and 
hence tq, which is to be a minimum, must be chosen so as to bo 
not less than n 

When n i$ even, the equations (III*) can be considered as 
determining 9(« {it) quantities ti and 9(«in) quantities U\ and 
thus we have, for the most general case of unconditioned coeffi- 
cients^ 



(IX 



m-l «>1 



* Vor • rffflilar nmii in Ih* thaotr of i7*lnM of nael «vuiitl<iM^«*» \V 



IM 



MINIMUlf NUMBBR 
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Whoii « it odd, we have (ainoe iq may not be kee ihaa n) the 
•inalleiil value of q given by 

S9«n + 1. 

There are thua |(fi -|- 1) coofticieuU IT and i(«*f 1) variablee u to 
bo dotenniuod from only n equationai; and ao we may have* 
either 

(A) i (m -I- 1) oooffidcnU <^ and i (n - 1) variablea u deter- 
mined and the remaining variable left undetermined; 



iw 



(B) 



|(tt + 1) variablea u and | (a— 1) ooeflScienta U deter- 
niinvtl and the ronuiining cooflScient luft undetermined. 
But in (A) the undetermined variable cannot be an 
abMiIute eoiidtunt, f(»r otherwise the oorresponding term 
will not oeciir and there will only be a — 1 quantitiea U 
and u given by the h equations, implying that there ia 
one ivlatum among the quantitiea X : and in (B) the 
c«K*tKoient nmy not be taken to be lero, for otherwiae 
the eorres|k»iiding term will not occur— on account of 
the aiime unjustified inference aa before. 

Since that 6nal anangement among the variablea ia being 
iought which etm tains the iunalle»t number of integral relationa, 
we cliouee (A) in prt'fereuce to (li)as biing slightly more general : 
il haa |(m — 1) determimtl integral reLuions and one which ia 
arbitrary, while (B) has \(h -k-l) deti-miiued integral rvlatioDa 

Lei ^ be the arbitrary variable lett undetermined in (A) ; then 
we have 

*s'A\.&r^-X«^+ i CJBn {%\ 

whei\« X, l^|...• ('«• Ml Ma acv the Sn i- 1 quantities dirter- 

miiKxl by the aas^^^iatixl 2a i- 1 e«)uaiivius kJ the type (III*). 

SSi Wo ixuijfider first the ca»^\ iu mhich the number of 
\ariabk>a iu e^|uati\^ (l\ is uri^inalU c>en ; we then hav« 



n 



t* 



«h\'iv the cwAicients (* *iid tlie h iw« \AriAbk4 m 

«4* th\' \*iiAbl\s X Xj. Aiul iu«ie)^^i«k lit %'f one 

iiit\|:twW \4' the i\|UAtU4i 11 > «re 

Sfc^ m CWIW^lAUt fc. « 
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that is, n of tho new variables give integrals of the equations, and 
the remaining n of the new variables t|, ••., I« do not explicitly 
occur in the integrals. And we have seen that the variables t an* 
undetermined and are arbitrary, subject to the single condition 
that no functional relations subsist among the quantities u and t 

Thus the variables u are explicitly independent of the variables 
I and at the same time are integrals of the equations 

for r»l| t, ...9 II. The manner iii which this result exists is as 
follows': From the equation tr« ■■ constant we have 

and, since l|, ...» di cure the independent variables, wo have 

r-1 dtr 

mthat 



&r- - 2 "Z!^ 6tr, 



or, since all the variations Btr are independent of one another, we 
have 

for f »1, t, ...» n and r • 1, t, •.., n. From this last set of equations 
we can find uniquely, for each of the values of r, expressions for 

^,^,..-» g^ which are linear in -^t •••»^» when these are 
substituted in 



/ 



the resulting exprt^on 
values of k^ 9 •••> "gr • 



system 



1 x.^-o 
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CONSTRUCTION Of 



[88. 

have 



and, ia pariiouUr, sinoo <,» i;» ...» <• aro indepeiideiii of i^ 

Nil •••• N«» If, ..., la M ■Olutioni of 

• -1 oil 



89* So fiur, the question haa been regarded aa one of trana- 
formation of fl to a form which shall contain the amaUcat possible 
number of differential elements ; in order to obtain the intq;ral 
equivalent of f) » it is necessary to have the explicit fbnns of 
Ui, ...» tin. These (being independent of I,, ...» U) are unaffected 
by particular forms properly assigned to ti, ...» U\ and so we 
assume/ in conformity with Pfaff s result (§ 60), that ti enters into 
f) only aa a factor V common to all the ooetHcients of the. dif- 
ferential elemcnta This assumption, repeated for successive 
reductions, might be expressed by taking (as a possible way) 

U.^Vau U.^Va, .Un'-Va^ 

with 

1 

IA • • • In 



»^-^.a.-l, 0.-^. 0,--, 



which are consistent with all the inferences which have been made 
and with all tho conditions which subsist; but this form of 
coeflScienta is of course not unique. 

Replacing l| by A we have 

■ I a.iu^ 






«-l 



(*X 



where the right-hand side is independent of ti\ and the equation, 
which has I|, •••! Im ti,, .... tin fur solutions, may be written 






.(«X 



which is identically satisfied when the proper values of m in terms 
of I and other variables are substitutyd. 

Take now any arbitrary variations of the variables*; then we 

* In Ibii idea of Iwo independent §eu of Tariutiont of tha virisblM Nstaal 
VM antloipst4Ni bj Biaet, who, in hii meniuir **Sur U tranafSonBAlioii da ^UM 
rtUtivu aux foDoliona dii!«renticne« lin6aire« ooutenaot on nombra psir da fsriablet,'* 
Compti* Hendus, i. xf . (ISI'i), pp. 74—80, had applied it to tha caae of an tYcn on- 
conditioned Pfafilan. The aaHociation of initial values of the yariablea with Um 
^nation ii aleo diMusucd in tbii iiK'nioir; and tho traniformation to tbs form 
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liATe, ID yirtuo of the solutions of c(|iiatioii (5), 
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or 



■ 

wliichf aiiioe the last term vanishes, gives 

n 

. But, since S a«fitf, is independent of f|, we have by (4) 

0*1 



or 



Now &e^ is an lurbitrary Variation otx^, to that 
and therefore from the last two equations we have 

rnmiCti mmiCti 



0. 



And 






where the variations &r arc arbitrary, so that ooeflScicnts of tx 
must be e(]ual on the two sides of the resulting equation ; hence 
from the coefficients of &r« we have 

— r ^ J ? ^^« ^*»» 

(4*) (fee I 91 pout) b sbo ladkOed. BIimI KowwfW Umlldl blniMirio Ihb raiaH 1 
hb oli|wl WM to indiesto a proeeti of ttmoifomisUoB now al tiio Usm of pab- 
UosUoB of hit mciDoir. 



ItO TBAHlUrOBIUTlOlf BY MBAMS OT [89. 

br A'^iil <^ iboreforo 

•-I Wi »•! <^ 

and this holda lor t » 1, 2, ..., 2ii. It in a •ysiein of eqaAiioiis 
•aiittfiod io virtue of tho solutiona of pquatioa (5); it inYolret the 

ooDstitutod by Ui, ..«, tf^, ^, ••., 1^ (which are all ezpliatly in- 
dcpoiidoQt of li) aod the equation 



''«'-/j.(«-x)' 



The last ec{uatton is unnoocttary for our immediate purpoee — the 
deductiou of the quaQtitieii u; hence we only coniddcr the 2a— 1 
other integraln. From them the rejection of I,, ...i !» must be 
made : and this can bo effected by other differential equation! of 
the type (5). 

00. The 2fi - 1 retained iutegrab of the Bystem (6) will not 
ueccHBarily occur in the foruiH u^, •.., u^, ^» •••» !»; let them be 
fiitfiu ••'tfimrit 80 that all the quantities u and t — and hence also 
all the coefticicnts a in (4)— can be expressed in terms of the 
quantities /9. Substituting them in the right-hand side of (4) we 
have 

and therefore the differential equation (I) is rephuied by 

VftdA-O (7), 

••I 

where all the coefficients B are functions of the variables ft alone. 
It has thus become an equation in an odd number of variables^ 
and therefore (§ 60) one of its integrals is arbitrary, say 

This without any loss of generality may be taken to be /9|, for 
every integral of one system can be expressed in terms of the 
integrals of another equivalent system. Uouco we take A as an 
integral; since it is of the form ' 

Ui m fi^ wm constant, 
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iho equation (7) is, by iho iibo of thin iniogml, reduced to contnin 
only 2yi — 2 variables, that is, an oven (and a dimininhed) number 
of variables, after ono of the integrals if| of tho original equation 
haa been obtained. 

The foregoing process may now be re-applied ; each successive 
stage diminishes tlio number of variables by two and provides ono 
of the integrals u of tho original equation. Hence finally wo 
shall have, after n applications, tho set of integrals ti,, •••, tt^ of 
the equation. 

91. The actual oxprcmion for tho transformed value of f) 
depends upon the choice of tho individual members of the system 
of integrals of the equations (6). In order to have tho expression 
simple, Natani chooses the princtjml iiUegraU (§ 70) for this 
system. Taking any set of integrals, say the system of the 
quantities 0, we have them in the form 

firi^u «•»» ...» «») « constant - /S,., 

tho functions fir being known; the right-hand side is unaltered, if 
we assign any particular value to x, and tho corresponding values 
to «^, ...9 «M* Let the particular value of a:| bo zero (or, if this be 
inconvenient, a constant) and let the values of tho remaining 
variables be c,^ ..., tifmi thdn we have 

fir{Ot o^t tf^t I . • • 9 ^m) ^ constant «■ fir% 

This is a system of 2n — 1 equations in 2n — 1 quantities m\ and 
the equations are independent of one another ; they therefore givo 
these quantities tif as independent functions of the fin and con- 
sequently as a svstem of integrals of tho equations (6). 

Introducing these quantities m' as integral^into the equation 
(4) and bearing in mind that the u's and tho a^Huro functions of 
them, we have 

where the ooeflScients K are functions of the variables d only. 

The equation just obtained holds fbrall values of i^, 4^ m^ 

and therefore for 

4^ «0 {or the constant value), «!«> c^ ^ •«««i*« •m'^^mN 



IftS 



TBAMiiVOUIATlUM ItY MKAIW OT 
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hmodtitA' and X' be ibe valuwi of <a «ud JT on the tubrtalttiiiHi 
of thete valuosi we have 

the term on the left-hand aide, which oonespoods to m^l, M 
longer occurring. Since the quantities x^' are ftinctionally in- 
dependent and the variations are arbitrary, we have 

A in " A X^ I 

so that, when mt\....afm^>*e known, the coeflBcients in the trana- 
foruiod value of (I ait), save as to a factor, determined by in- 
spection; and the rutuH is 

n-2jr««««-^'2J«'&r^' (n 

Now since x,', ..., af^ is a system of integrals of (6X the fimt 
of the integrals of the differential equation 0*0is^asin{.9i^ 
given by 

«:,' a constant atOi; 

and the equation to be integrated is now 



flj- 2 XJdxJ^O. 



••t 



(Ii). 



containing only 2ii — 8 variables. 

We proceed in the same manner with (I|). The system which 
corresponds to (6) is constructed and integrated, with a result of 
the form 

7r(^'i«/i ••.»«/«)« constant, 

where r » 1, 2, ..., Sa - 3; and introducing the principal integrahi 
of the new system by taking «*,' » (or, if this be inconvenient^ 

a constant) and ^i^m^ ^«i"''m* the system of principal 

integrals »^t •••• t^m i* given by the 2m- S equations 

wheit) the function 7r u» known. As before, these lead to a 
transformation 

where A',*" is derived from X^ by substituting */ « 0, m^^s^'. ... 
j^^-4^«« i.0., fruni A'«, by subsUtuting 'i«0, 4r,«iCi, Ca»0, 
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jDli iBC^'^t mi at x^^ •••» ^^M ** ^'m And bo is given by iuiipcction. Tho 
fint of tho integrals of flj « (and thcreforo tho eooond of tho 
iniegmb of fl » 0) is, as before, given by 

mi' B constant « C| ; 

mnd tho equation to be integrated is How 



n,- 2 X^'dm^'^0 



(U 



The process may now be similarly applied to flj ; and so on in 
succession, until finally we obtain the systi^n of n integrals of 
n « in the form 



t» 



C|BC,, C4 MC|, 0!^ 



»»r 



Oi> 



» 



0«« 



• ■1 



At each step the quantity A can be obtained, as in § 80, by a 
single quadrature; and tho resulting final form of the transforma- 
tion of n is evidently 

A * A '* A **^ A ^ 

The coefficients JT/, JT/', ... are derivable from ^„ JTi, ... by 
inspection, when tho values of tho quantities V, Qi\ x"\ ... are 
known. And these values are given by the integration of tho 
subsidiary systems (6) which* are n in number, there being one 
such system for each reduction of the number of variables in tho 
quantities fl. 

It is hardly necessary to point out that the system (6) is essen- 
tially the same as the first form (8) of \ 55 of tho subsidiary 
equations in PfaflTs reduction, and it«can therefore be replaced by 
the equivalent subsidiary system (14) of | 60 resulting from the 
solution of tho equations considered as a system linear in the 

of Ar|| fl?f, ••• 



92. Considerable simplification arises in any case in which a 
numbeTp say n — p, of the original coefficients X vanish*; let them 
bo Jrii4^i, JTw^^fl, ..•> Xm, the remaining non- vanishing coefR- 
eients being supposed to be (unctions of tho variables «ii 4^, ••• » 



* Bee alto JseoM, Go. ffff Ir, t h. |k. IflS. 
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Whou p iniegrabi' have boon obtniDcd, eomoqueoi on the late* 
gmlioii of p of ibo •ubnidiary syMiomafe in the form 

tliu tH|uaUun runiaiuing to bo iniogmioil in 

Fur tho original 04{Utttiun » — ji iniegrulii are still noooiKary ; bu^ 
ihciio aro givon by 

<F) if) «F) ^ 

no tbat only p intogrationa of ambttidiary nyiitouis are nocenary. 

Thin is of eM|KHnaI iniportanco in the integration of partial 
difTorontial oi{Uution8 of the finit order; for, if the equatioQ to be 
integrated be 

INi ■ ♦ ■ ♦(*. 'i. ••• • '•. Pi» — . Pm^X 
we have 

-(i.dp;^O.dp.^..,^O.dp^mO. 

no that a «- 1 of the ct»eAiciontii X vanish and thereloro only a 
allele integration of a subsidiary s)-stem is necvaiary*. 

Jlki\ t A« SB sism|ils of NsUuii*s |)|>ksmi cuniiilar 
Whoa >KS l^inu ths squslknui {t\ Umj m%) 

IVmi ths MtiMW «« hA\i» 

li«*«eMiUttt| 
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The oUmt equiiiicNM hnwovor nre insufficiont in tlieir ivroMnt form. The 
ffBMoi eiamplo b an Uliisiraiion of { 68, for it b omj to verify that 

[1 234(16] »0, 

tHiile Doo-Taniflhing PfaffiAnii of next lowor onlor are 

[1834]- 1, [1836]» -1, [1845]-!, [1856]-1» [1346]--!, 

[1466]--), [834ri]<.l, [2356]3il, [34ft6]-l. 

The theorem of { 68 thoroforo A|i|)lio8: wo easily And ' 

and the eabeidiAry equntioiis are 

dx^ dr^ dr^ dr^ dr^ dxm 

Fire indo|ioiidcnt intcgmls of thom equations are 

jr, - j!*i ss constant — x^' 

X| - T, — constant — Xg 

X| - jTi — constant — x/ - x/ 

Xg - X, — constant — Xg' - x,' 

(x,+x,+X4)(x,+X4+Xg)=constant=(.r,'+X4')(xj'+X4'+x,')! 

with the intmduction of Natani's variables : tlray determine x/, x/, X|', Xg\ Xg' 
aa functions of the original variablos. 

Binee -j is unity, we have 

j^i'¥sJ^^-i-xJ^^'^xJ^^i-xJ^Xgi-Xi^r^m,Xghr^''i-x^bx^''^Sgbx^''¥x^'^rg 

by the general theory : there are only foiu* diffbrcutial elements but there 
are five variablos on the right-hand side, an illustraUon of { 98. The first 
int^gnd of O —0 is therefore taken in the form 

X,'— constant-* C|| 

and the equation now to be integrated is 

x/dlr,' + JTi'ciri' + Xg'c/x/ « 0. 

Though it is easy to see at once what the integral system of this equation 
isi the a|iiilicatloD of the general rule is of intoresk The equations (6) of 
f 80— or, their equivalent^ the subsidiary system of { 6S— give 

A/ dx; dxi dxJ dxJ 
Fli«l|Webav6 



., oonstant 

'h ■■ — -T — I 



■ 

and thsrsfoie^ in aooofdanoe with Natani's pr ocessi 



Ai x; 
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ThroD inda|iemient iolttgrak of the wilMidUiy tjtiUu^ noi iavohring ii\if 

jr/ « ouuftiaut ■> jr/ 

whttu m Uka jr/«iO and denote bj jp/, Vt V ^ roMiHing yaIimii of the 



ThiM 






jr,-jr, 



Audthfirafuro 



-fir£l 



which U evidouUy Um final roduoiiou of O. Tho Meoond integral of O»0 is 
ovidouily 

tha oquaiiott thim to be integrated ia * 

the integral of whioh ia 

x." « oonateni « fa. 

The throe iutegrala of the original equation are thua 

•*^i'-«ii <'^* V-<^i 

or, an ia eaaaljf l^mud by aolviug the equationa whioh delenniiia thete 
variaUeai 

• X,-»-X4-2X| "^ 

.^»«->x,^-x,x,-hx,4^34-x^,^x,x, !;:^ 
• x,-»-Xj-2x, ^ "^ 

X^^-X^-Xj-C, 

Aud the ooettoieute which occur in tha tramdunuMi value of O art 

£x. 8. Intogmte 
(x,+JpJd>|-Kx,+x^4tr,4.(x4+X4)cir,+(x4-fxJd:r4-Kx,-».x^)dir4 
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93. We now puss to tho case in which the number of vari* 
ables in. equation (I) is originally odd ; wc have, by (2) off 87, 



tM-l 

n- i 






in 



One of the integrals of 11 »0 is ^"-a; if, by moans of the 
equations 

we eliminate from 11 the quantities otm^-i And ^m^u then 11 takes 
the form 



mm\ 



where 



f-i 



^ = ^tw+i 



1 



/ 



/ r.«x.-x 






tfi-fi 



Bar, 



m-fi 



The expression B contains only 2n variables,, and therefore the 
equation B «> has, by the preceding investigation (§§ 88 — 92), a 
system of n integrals ; and, if the principal integrals of the sub- 
sidiary equations be introduced, then 

A ' A ' A " A ' A ** A *** 

where mi^ mC% ml^^ ••• are principal integrals of s.ubsiiliary systems 
analogous to (6). The first of these systems would be obtained by 
replacing X in (6) by V and eliminating otm-m from V by means 
of ^ « a ; and, after integration, a would be replaced by ^ 

We may however construct the subsidiary equations directly 
in the manner of { 89. If, in the equation 

••♦1 « 

we assume that the Independent variable enters only as a &etor 
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("-jj oommoQ to iho oooffioienU on the rigbt-luMMl tide and we 
tAkofiMilXv thou 

with the earlier notation. The variables in (he new equivalent 
fomi arc ^, iii» ... , fin, l„ ... » <«, among which there ia no identical 
fiiuoiioual relation ; and mo we have 

>^i Sir 

(for r ■> 1, 2, ... , m), mnce the variationa of & do not occur on the 
right-hand side. 

The laHt ei)uation is an identity, when the proper valuea tor m 
arc Miibrttitutod: taking luiy arbitrary variation in the result, we 
have, for f""!, 

(*•+* fir- 1 • 

SO that, as in the last term the i|iiantity multiplying til vanishes^ 
wo have 



or 



Bui we have 



««i <Vi »«i c«i 



e4ual to S «siii« and thcivfore oiplicitly i 



••1 



nt oTl^ (i 



as in the hypothesis of § 8d with the values there adopted for tke 
cueAidints a) when the proper substitutions are made for #: 
Ik^nce 

or, niMv ^ is ctpliiill)* iu«K-)viMlt-nt of I,, wo ha\e 
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Now ixm IB an arbiiniry varialiuD, 00 that 

and therefore, from the two equations which invol?e theee equal 
qnantities, wo have 

We have ^r " 1» becauno A^ti\ and 
oil 

«^-S ^ir.; «X«- 2 ^&r.. 

Substituting thcso and remembering that tho Tariations of the 
variables are arbitrary, no that tho coefficients of any tho same 
variation on the two sides of tho equation are equal, we have the 
2a + 1 equations 

and therefore 

an equation which holds for s «■ 1, .2, ..., 2a 4- 1 ; and, sinco ^ is 
independent of ii when the substitutions are mado for r, we have 

:c^^- ••••■<'^ 

These 2n 4- 2 equations are satisfied in the first instance as in the 
earlier case by 

(being 2ii integrals) and by the subsequently deduced values of f, 
and of ^ If among the 2fi 4- 2 equations we eliminate ti and ^ 
we have 2ii equations remaining which involve 2fi 4- 1 variables 
t\% c^,«..9 ^M^i ; and these have the system of 2a integrals ^, tfi, ... » 
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M. We now, as in § 91^ inlroduco the principal intognh of 
the aulMidinfy system {Sy The integral <^»a k retained; we 
take r, » and denote the remaining principal integrab by m^^ 
Xa^ •••, «^M» the (unneccflBary) value otw^^i being then given by 

When these are aubetitutcd, we have 

If we take ^»1i| i*/ a C| (so that we have one determined. in 
addition to one arbitrary, integral) then the equation to be into* 
grated ia 

containing 2a — t variables ; or, U we merely take c/ « 0^ aa the 
single integral, then the equation to be integrated arises froin the 
differential expression 

which contains tn — 1 variables. In either case, the proper alter* 
native of the two methods for an even or an odd number of 
variiibl«3s respectively may bo applied and the solution be thoa 
gradually obtained ; but the earlier of the two methods would 
in general prove the easier. 

95. The subsidiary equations (8) evidently occur in a form 

difforout from that which charocteridcd the subsidiary equations in 

the correM|)ondiiig case of PfaflTs reduction, but the coeflScients of 

dx 
the quantities ^ on the right-hand side of (8) are the same as in 

the iM|uations (I. c.) in that reduction. The determinant of those 
coettieionts in the 2n -f- 1 et|uatiuus (8) vanishes, being a skew 
dotenninnnt of odd order; but the t'orlior investigation (| Co) 
shewH that, if the i'(|UutioiiM bo nuiltiplied by the Pfiidiaiis 

12, a ,.., 2ii ^ 1). [a. 4, .... 2ii -h I, 1], [4. 5 in + 1. 1. 2). ... 
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in order And be added together, the tcrma inTolving the quAtititiee 
zr all disappear. Hence we have 



"£ Z.[t + l,t + 2,...,t-2,t-l] 






(9). 



f-l Si"?* 

80 that, when t| is known, the integration of this equation at once 
gives the valne of ^ 

We may now use any in of the equations (8) together with 

(8*) to determine the quantities t| kt . Retaining the firBt 2fi of 
them and writing 






.(10), 



where ^ has the yalue given in (9), the equations are 









for s» 1, i, ... , 2ii. Using now the solution as given in § 69 we 
have 



(-ir-«[l,2,8 2n]f. 



9t^ 



W^^i^^^i^ 



where 



til 



ITm- 1 e,[s + l, s + 2 s-1), 



«-l 



in which for eveiy term under the mgn of summation on the right- 
hand side the integers s,«-l-l» ...,s- 1 are the integen 1,2, •••, 
m — 1, m 4- 1, ••• • 2ii in their cyclical order, and 



u 



#•1 
-P, 2, 8 2» + l], 

in which m does not occur in the sequence 1, 2, ..., tn-^l of 
integers. But we also have, by (8*), 






\\ 
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whence, on multiplying by [1, 2. 3« ... , 2ii] ig, we have 

Taking firat the part on the right-hand aide, the terma isfolving 
vp , which oocun in H« when we substitute §0€ Wm» have, aa the 



^ 



a^ 



ooeffieient of ^, (he quantity 



2(-l)-^2^^[. + I.. + 8.-..-ll 



«-l 



the numbora « 4- 1» « -f- 2, ...,•-*! being the numbori 1, 2» ••• , ta 
with the' omi&uon of m and tn, it being nccesHary that « and m are 
different integem. In this double ■umnmtion the ooeflScient of 

(- 1)*- u+ hj + 1. ... .i - 1] + (- ly-* [»• + 1. » + 2. ... . t - 1] 

Hence the right-hand aide of the equation giving ^^ ia 



«-l 



^m$m\ 



-5 5(-i)-^jr.(«-i"i. •-••2 f-ii 

where in the lynibol of the PfinflSan the integen «^ « -I* 1, e^- 1^ ••• 

are the intt^gem 1» 2, ...» 2m (with- m omitted) taken in qydioal 

^^ 
order. And the ctietticicnt of t^ ^^* ia 

2 (-ir-^"?A« 



ar. 






m ▼ m% •••$ ai ""* *^ 



where the intt^gem im, m -f- 1, in -f- 2, ... are the integeri 1, 1; ••«, 
fM-^ 1 inkvu in cyclical order. Aa ibu coife f EycVfta l ia aymmetrical 
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in regard to all the variables, wo may conTcnicntly introduce a 
qrinbol for it : let 



V « S ^ [m -I- 1, m -»- 2, ..., m - 1] 



•01); 



it will be noticed that V la the denominator of ^ in (9). Then 



• 

96. This Tahie may be substituted in the equations, which 
express ^ in terms of 7^*' » to find the values of the quantities 

x^; or the equations may be solved again, taking ^ as the 

initially undetermined quantity, in place of J"^\ In either case, 

the result which includes the valuen of all Heee eoefficienU may he 
e x pressed in the form 

iviltfre • + 1, « + 2 « - 1 ar0 |A« integers 1, 2, ..., 2h 4- 1 (loteA 

Sf tn, p omitted) taken in cyclical order heginniny with • -I- 1 ; the 
integers «, m, p arv to be different from ons another^ so that the 
values m »p, s^p may not occur on the right-hand side and the 
terms corre s ponding tos*»mdonot occur; and the value of m' is 
nil when m<p, and it m - 1, when m >p. 

In particular, when there are three variables (so that n » 1) we 
have 






V*. 






X, 



ar, 



^^3?-''^- ''^ 



\ 



\\— 1 
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And when there are five variablee (no that « » t) we have 
V^«[2345]X, + [3451] jr,-|-[451S]^,-|-[5128]X,-f [1234]^, 



in which the symbol (X, /i, v) is defined by 

(X. M. »-) - Im. •'. M r I". ^ Ml - JfAC^*") + -y,.(«'M + JfrtVl. 

07. From the value of J^ as given in (9) we have an im- 



/ 



mcdiiiio vcrificiitiou of Jocobi'^ result given in | C5. If 



r 



then J^ vanishes and therefore /a when expressed in terms of the 

new variables is explicitly indeiMudcnt of ^i ; and in that case the 
difieruntial equation to bo integrated is» when transformed, 

m 

f-i 

in which the variables are ^, u,, ..., Un, U, ..., ^n, which are 2ii in 
number. But such an cquaition, involving only in variables^ has 
its integral equivalent constituiiHl by n etiuations — in the present 
cose after only a single (§ 9^) integration of subsidiary c(|uations ; 
and hence we infer the result already obtained (§ GO), via. that 
the eiiuation 
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can be roproscntcd by n integral equations, when the condition 

ta4-l 

18 identically natisfied. 

98. Natani docs not give the solutions of the e<{uations (12) 
which have just been obtained; it appi*ars evident fmm their not 
too Bimple form that the derivation of the integrals and thence of 
the principal integrals would, even for a specified unarbitrary 
function ^, be a matter of some difficulty. In actual practice 
probably the simplest method would be to reduce the equation 

ft- XX^dx^^O 
»-i 

by means of the arbitrarily assumed integral ^ «a to an equation 
tV^O free from ^^^4.1 and dxf^^t, that is, to an equation involving 
an even number of variables ; and to apply to this reduced equa- 
tion the appropriate earlier method, as given in §| 69, 80. 

Thus by taking the veiy special form 

we may derive the former system (§ 69) of subsidiary equations : 
for X- vanishes for m » 1, 2, ... , 2n and we also have 

V-[l,2, ...,2n]. 
which is the modified form of (11), and 

(-l)i-«Vei^i^«2X,[# + l,t + 2....,#-l). 

where • + 1, « + 2, ..., « - 1 are the integers 1, 2, ..., 2n (with • 
and p omitted) taken in cyclical order. 

99. Hitherto it has been assumed (§ 89) that no relations 
exist among the coefficients X in the differential equation, and the 
consequent minimum number of equations in the integral s}'stem 
has been indicated It may however happen that some relations 

' are satisfied which will reduce this number to be less than the 
general minimum : to the consideration of these relations we now 
proceed. 

100. We take first the case 6f an mfen number of variables b 
the original diflRsreutial equation. 
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The vubiiidiary equations (6) are. when the VAiiabk 1^ ii 
olimiuatod, 2ji - 1 in number ; and in the general eaie their 
inttigrab are the quantitios u,, iii, •.., ti. and the quantities 
<•• Uf •••• tm or (what is ocjuivalcut to the latter set) UJUit VJUu ••• 
•••, UJUi, being a Hyatoin of 2n - 1 intogryiU, the proper number. 
But if the original difforoutial equation can be reduced to the 
form 

then there will bo only 2g— 1 integrals viz., Vi, ..., u^, VJU^ •••» 
UJUi. Since the 2a - 1 equations have only 2y — 1 independent 
iutegruls, it follows that in — iq of the equations must be derivable 
from the remaining 2^—1 equations ; the conditions for this 
derivation, being the couditious that there are only q diflferuntial 
elements in the transformed exprcHsion fur tl, will be the con- 
ditions that n ■> can be ttatisfied by q (< n) integrals. 

Since in — iq of the 2a ei|uatious (§ 89) 

M-l Oil 

are derivable linearly from the remainder, we muttt have, on the 
suppoHition that the first 2</ of the eiiuations are independent, 
relations of the form 

1-1 



•j».r 






where r has the values 2y + 1, 2(/ -I- 2, ... , in and p has the values 
1,2, ...,211; and the quantities Cr^^, which are of the naturo ef 
indeterminate multipliers, must be eliminated before the con- 
ditions can be obtained. 

When ihcHo quantities o are eliminated, the renulting equations 
are of two kinds. There are equations of the form 



w . 


ttii t 


flu . 


a» , 


. 


<f». 


a» » 


a« . 


. 









...... 



. 0%.r 



.0...(I8X 



I 
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where r has the taIuch 294- 1, S^^f S» ...» 2fi; and there are 
eqeatioiia of the form 



/ 



, 

da. 



Clifl , 

0, 



On. 
0, 









/ 



^tf.ti 



^f, ft 



a 









, « 



»f.' 



"f. «i» <»». 



0...(14), 



where the poosiblo vahics of r are 2f -I- jl, S9-I- 2, •••» 2n and those 
ofjare 29 + l»29-f-2» .... 2n. 

The former iict (13) arc independent of one another, and 00 
contribute 2n — 2^ conditions. 

The latter set (14) furnish conditions only if r and • bo 
different integers, for when r^M the resulting equation (arising 
from a skew determinant of odd order) is evanescent Also the 
same condition is furnished by rat, jaj as by r»J, •"■!» on 
account of the relation 

hence the number of conditions is the number of pairs of different 
integers from the scries 2g + 1, 2^ 4- 2, ... , 2fi, that is, it is 

H2n-29)(2n-2{-l). 

Hence the Mai number of independerU cofidUion$ neceMary Uiai 
the equation 

u 

-0 



in 



majf be eatisfied byq(<n) integral eqt^ttiana i$ 

tfi - 29 -I- H2n- 29)(2rt - 2gf- l)»(n -f)(2fi - 274- 1); 

ami the eanditifme are the equatione (19) for the valuea r « 2} 4- 1» 
2g 4- 2, ... , 2fi and the equations (14) for aU poeeilde pairepf dif* 
ferent iniegere from the series 2^ 4- 1, 2} 4- 2, ••• , 2n/or r and s. 

In particular, if 9 « 1 so that the equation is exact, the number 
of independent conditions is (n — 1) (2ii — 1), which agrees with the 
number preiriously (§ 6) obtained. 
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101, We DOW take the iMo of an odd number of vnriablat ia 
the original differential equation. 

If the arbitrary integral exist, it evidently from (IS) enters 
into the subsidiary equations; and then the simpler plan will 
be to use the arbitrary integral to eliminate some one of the 
variables and the differential element of that variable and thus 
to reduce the equation to one which contains the next lower even 
number of variables. The conditions that the new equation may 
be satisfiud by a number of iuti'gnil eciuations smaller than the 
general minimum (which will occur if the old equation be so 
satisfied) may bo obtained from the preceding investigation. 

If the arbitrary integral do not exist*, then the sul 
equations (8) take the form 

X.-<. f o«..§? (87. 



M 



and they are 2n -f 1 in number; when ^ is eliminated, there are 2ii 
equations. This number must however bo reduced by unity on 
account of the rebtion • 



1 Jr«[«H-l,s+2,....«-l] 



.(15X 



which i» the necessary condition that the modified equations (8^ 
may coexist 

Supposing then that the given differential equation can be 
satisfied by q integral ei|uaiions, we have 2jf — 1 integrals of the 
foregoing subsidiary eciuatious in the forms ti|, Ut, ...^ ii^, IVI/|» 
... , Uq/Ui. Now, by the satisfaction of the foregoing angle con- 
dition, the lost of the equations (8') can be derived from the first 
2ii of them and therefore may for the present be omitted from 
oousideration. The first 2q of the eiiuations (8') will suflSee to 
determine ^i and the desired 2j — 1 integrals ; and therefore the 
remaining 2n — iq et|uation8 in (8") must be derivable from the 
first 2q of them. The conditious of this derivation are the con- 
ditions that the differential e4|uation may be satisfietl by q in- 
tegrals. 



* NaUni gifet no meant of duiorinining wbokhcr an artitraiy inlesnl 
does not exiiit. BubMiiuvut iuvetttigationa (of CUlMch, and Mpedallj ol Lit) 
render this dotenuination dnuoociutary, owing to the modiScationa eflected la lbs 
nducod toim moms to make it normat 
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The analyris in Bitnilar to that in tho preceding case, and the 
reenlt is that there arc 2fi — 2; equations of the form 



^11 » . a« . 






(16X 



fcrr 



««f.l» ««f,ii t'ff.ff • » Cljy.r 

Sf 4- 1, 2g 4- 2, ...., 2n ; and there are equations of tho form 

(17), 



9 ^\% » Oif » 0|,i9» <3h,r "0 

Oa • V a« f Ch^tf* <h.r 

o« » «■ » , , a,,a|, a^r 

««f.i» ««f.tf ««g.ii , a^^f 

for the values 2g -I- 1, 2f -|- 2, ... » 2a of r and the ralucs 2} 4- 1» 
2g -f- 2, ••• V 2a -I- 1 of #. The number of equations in (17) is : 

2a-29, for««2n-»-l and r«i27-|-l, 2g + 2, ..., ta; 

together with 

4(2a-27)(2n-2?-l) 

for tho different pair-combinations of r and $ from the scries 

2f +1, 2f-|-2,... , 2n: 

henco the totAl number of these equationa (17) it 

i(2ii-l7)(2n-2g+l). 

And« lastly, there is the condition (15). 

Hence it follows that, if ihi gingle condition (i6X the 2n— 2^ 
conditioni (16) and the (n-9)(2n- 29 + 1) condiHom (17)— 
making in all (211-294 l)(n -9.4- 1) condMoM — bo oatiajied, then 
tkoopNMiion 

tn-M 

1 X^dmm'^O 
oan h$ oatufiod 6y q inUgral determinate e^aiimo. 
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la iMuriicQlar, if f « 1 to Uial the equalioii k eiaci, the iiiimber 
of indepeiident ooiidiiioiis k fi(2ii-lX which agrees with the 
namber prenouBly (§ 6) obtained. 

lOi. The integration of the aubaidiary equationa muat now 
be considered. Suppose that the original differential equation 
is, owing to the mitislaction of the necoswuy oonditionsb satisfied 
by a system of q integral equations ; then the preceding investi« 
gations shew that iq^l quantities (independent of li) must be 
determined and therefore that the number of subsidiary equations 
independent of one another and free from ^ ii Sy — 1. These 
quantities involve ull the variables of the original di&rcntial 
ei|Uution; and therefore in the imbsidiary equations we treat 
Sy — 1 of the variabk*s as dependent and the remainder — vis., 
Sm — 2f/ 4* I or 2it — 2y -f 2 according as the original number is 
even or odd — as independent. Let then « denote this number— 
2ii — 2y -f- 1 or 2m — 2y -h 2 in the two caM^s — and let the indepen« 
dent variables be Uiken to be x,, iCj, ... , j:«; let the dependent 
variables be taken to be yi, ya, ... » y^^i \ then the 2^ — 1 sub* 
sidiary equations, when ^ is eliminated, are all of the form 

r-l <«1 

for /& B 1, 2. ... , 2y — 1 ; and the coeflicients Z and 2* are of the 
form 

Thii is a system of 2y ~ 1 differential etjuations in more than 
tq variables and it is satisfied by a system of 29^1 integral 
e(|uations. Hence it is a 8ysiem of exact ei|uations; and we 
obtain the integrals by one of the methods already indicated in 
Chap. IL If in particular we use Nataui's process (I. c § 33) and 

introduce the principal integrals, which will be y , y , ... , y 

when after s integrations we make aP|sO, oe^bQ, ..., ^««0 as 

usual in that method, we may t4ike y. U) be*c and then the 

differential equation is 

IX^dx^m'^—li X dx -0, 

••1 ^ 4-1 •>< •'¥i 
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where Jl b the value of X when we Ukeri^O, for j« 1 « 



and IT 



#•••1 



ir^^„fort«l, ...;29-l. 



We now have a differential equation 

J, X ds! ^0 

Ul §41 ff-fl 

infolTing 2f - 1 variables and mtisficd by q integrals ; it is thus 
of the normal uneonditioned form previously (§ 93) considered 
We may take as a first integral 



(•) («) 



». 



r « constant ; 



and then the equation 






i-t #41 «4I 

in 29 — 2 variables has 9 — 1 integrals which, with the one already 
obtained, form the s^'stcm of q integral equations ; or we may take 
as a first integral 

^(4; , ...)b constant, 

and, eliminating by this integral the quantities w and dx 

from the equation, we shall have a similar equation in 2f — 2 
variables, to be integrated as before. 

The second of these suppositions contemplates the reduced 
equation as one in an odd number of variables, — and the integral 
adopted is the usual necessary integral (| 69) of arbitrary form 
which is taken for the integral of the equation. The first of them 
contemplates the equation as being the first reduced form in an 
equation which involves tq variables ; and the integral adopted is 
the usual (Lc.) first integral of such an equation. The relation 
between the two integral systems will be seen when we come to 
consider Clebsch's method. 

Xx. 1. To intograla 

-f- (ir^ - X| -I- X| - jr,) c£r| -I- (jTi - X| -|-X| - JTi) dlTi-O. 
Fbr this equatloo we have 

[lS34]-[S34A]-[S46l]-it4ftlt\«^Mtt\«<\ 



ITS BXAMPLBs or [IM. 

Um oondiikm (16) k Mlittfled, but lur f 1 bom of.tiM oonditfoiii (le) or 
(17) ara MtLifled and for ^-S iho oouditkum (17) do noi eikl| whilo iho 
only Curm Mirviviug from (16) in (16). Henoe ibo giveu equAtkn otn bo 
■otiifiod bj iwo inU^gndo. 

Tbo wibHidUij eqiuUioM ara 

Jr,-Jj(-dlr,+iir,.iir,+d:i,)--«l,?j^. 

of which onlj lour ara iudependent; the/ maj be wriiteo 

dXj dx^ dx^ ^r ^J^ JLI 

jr,"A\ " jr. " X, L" ^\ " -i'J' 

ThfBO indepeudent iutograla ara 

^1 «lf 414 

IktMU whioh woiiud 

JP»--^i(l+««*+«')+*i» 

X|«T|(SM-f2v-fl9-fl)-fX|, 

Wheu thoae aro MifaaUtut«d in Xidx^-^X^^^X^^^X^iM^-I^I^^, ft 
takaathofonu 

Jr|M(<^4-i9-l)</a-f(i9-ii-l)(|p-(a-|-r4-l)ili^, 

thuN giving an iudireut verificaiiou of Xi'^tm the valuo of i^ dorifad bj Iha 
iuU)graiiou of iha aubiiidiAry eqiuitiuiM: fur ifi us in iha now fbrnii ind»» 
|Mudeut of l|. Thus the equutiou to bo iut4.*gnit4Ml ia 

(v-f ii-l)<fa+(V'a-l)(/«'-(M + »-l-l)<fii*€^ 

and, an ia io be ei|ioctod, it doui not autittfy tbo ooudition of intagrabiUtjf. 
Ita two intcgraU ma/ bo takoii iu the (onu 

f-auauitaiit, 
- ■» dtutttaut ; 

or two iutegralii| in virtue of whioh the original eciuatiou in Matidied, 
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Ex, 1 We maj add, as a note on the foregoing, the remaric that when 
the oondition (15) and no other condition is satisflod for an equation In an 
odd nnmbor of rariablos ({ 05), then, without regard to the existence of the 
arbitrary integral in { 100, a redaction to the next smaller number of 
Tariables can often be mode bj omitting from the subsidiaij equations the 
▼ariatkm of some one rariaUe. 

Thus, if it be s u pposed that x^ does not nay in the subsidiary equa- 
tloDS (or what is the same thing if we ftnd Tariables suitable for the trans- 



formatioa I XtdXr\ these equations are 






dr. 



'!-'» 



_ilr|j 



I 



Tariables suitable to transformation are 



W-^ 



4r«-4r. 



'i-'i 









Then we haTe 

jrg-XH'+jri, 
jTj-J^r' +jr4, 
x^-Xir'+jrg; 

when these are substituted we find 

ix,d:r^-XM(i^-««^-l)rf«' + («^-«'+l)<'i^-K«'-»'-l)rfi«0-<^ 

so that the equation to be integrated is 

(r'-i«^-l)rfi«'+(icr-V+l)(fr'+(i«'-r'-l)ili^-a 
The integrals of this equation are 

-^'Constant 
w 

The general justification of the method is given in § 00. 

103. The knowledge of one of the integrals of the subsidiary 
equations (and therefore, as it is the first, ah integral of the given 
differential equation, supposed to be an equation in an even 
number of variables) can be used^ as follows to diminish ' the 
number of equations in the subsidiary system. 

* Nataal'i investigation was published before isepbi's menolr in CretU^ t. ti.( 
elhefwiss the following results might have been replsced by resatti In thai meoHrfr. 
Rataal*te result here given eolneides, llumgh not la eipUeit ei|ReMlon, with the 
iMlts oMainsd by Caebsob (II Itl, lit). 
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Lei Hi be the integrml which ie known and «, Hb thoae 

which have elill to be found Then we have 

u I » 

where A(^ti)iM the variable which occurs only as a common fiictor 
in coeflBcionto in the right-hand aide; the qiumtitiea m are in- 
dependent of l|» and we leave them in their general form not 
adopting the special forma of § 80. From thia equation it ISoUowa 
that 

z AX^fixm^'^fi^i'*^^'^ -Ha«8K» (ay 

Applying to thia equation the aaroo proceaa aa in § 03 and now 
blearing in mind that «! and l| are independent of one another ao 
that there are two independent variables, we arrive at the 2a 
equationa 

XA-?J «•. + <! 2 a«..&r^ <18X 

fbrjailf •••, til. 

• • 

Now two of thcae equationa will be required to determine 
the new independent variablea d and ai aa functiona of the old 
variables s; and there will therefore be 2ii — 2 equationa left 
to determine auch quantities aa reuiaiu. Now for the equation 
(a) there are only 2a — 8 quantities to be determined from the 

equationa (18X vis., Hs. •••» v»» -» •••• — : unce therefore the 

2ii — 2 equationa which aurvive from (18) have only 2a — 3 
integrala (being the foregoing quautitiea), one among those 
equatbna muat be a merely linear coiubinatiuu of the other 
2N-a 

Each of these equationa involves two independent variablea 
in their variationa and therefore leada to two equations of the 
fi>rma 

Jr,«l.2a..,-^- (iX 

ao that w$ ka9$ two systemM each cantaiuing 2m — 3 independeni 
equaiioHM. The quantities t^ and a^ are determinable by quadra- 
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tores and tii is given; so that of the variables ^ and the 2ii 
variables m three may be considered as removed, and the Sn — S 
ejwUums in each $y$Um will contain 2n — 2 variMes. 

Now when no integrals are known (i) is the subsidiary system; 
and it has 2it — 1 integrals, all independent of {|. Of these In — 1 
one is necessarily ih; other 2n — 3 are those common to the double 
system (i) and (ii); and the remaining integral is evidently «|. 

If we take the solutions of the equations (i) in the form 



f, 



ftr-i •* 



»<! ..1 



2 X,i?,„,f, 



then the solutions of the equations (ii) are 

Henoie» if be any function of the variables m and it be ex- 
pressed in terms of the new variables, wo have 

wi «.i dXfi^ dti 



and 



1 <" <" dB 






It at once follows that, if be an integral of the PbflBan dif- 
ferential eqimtion, say an int<;gml n, second to Mi, so that in the 
new variables it is independent of i| and of «!» then it satisfies the 
two equations 



X ixju^^* -0, 

2 * «- /J|ii,t5— "0 



iVfififrj 
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104. Such being the effect of the knowledge of one of the 
integrala of the subBidiary equations (6) of $ 89 or (i) aboTe^ which 
ia alao by the nature of thoquestion an integral of the differential 
equatioui lot ua now consider the tfftd of knomng two'inUgraU 
of ike iubiidiarjf equations (6) or (iX 

One of the two ia an integral of the differential equation and 
so may be denoted by tii; let the other be denoted by $. Then, 
since both of them arc integrala of (i), we have 

Now may or may not be an integral of the differential 
equation; we have, by the last paragraph, 






and since is an integral of the nystem (i), it ia a function of tCu of 
•i, and of the 2n — 8 solutions common to the systema (i) and (ii) 
or, say, of Qi and these 2ii — 3 solutioim alone, for wherever iii occurs 
it may be replaced by a constant Hence, whatever be the form 

of A we shall have ^' a function of these same 2» — 8 solutiona 

and of Oi, so that ^ is also a solution, of the system (i) or of the 
equivalent partial equation 

til 8» ^ 

Four cases may occur, as to the above value of ^ . 

dd 
First case, ^ may vanieh. This is, by the last paragraph, the 

condition that $ Hatisfies- thu e(|uationM which dotenniue a second 
integral of the Pfattian ct| nation; and therefore in this case ie a 
eecond integral, eay ti,. 

SiMsoud cose, ^ may be a pure eonetani, say - ; then we have 
&s'^c0. UvuQO in this ease the eecond integral' of ike eubeidiurjf ) 
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ijfiUm ii a mer9 eontiani multiple of the eoeffieient of ihe differential 
elemeni dui of the firet iniegraV in the formoHcn of the redtieed 
Pfaffian expreseion. This is slightly more Advantageous than 
being oompelled to determine c^ by a qnadratare. 

Third case, ^ may he a function of0, say/(0); then we have 

or 

so that a, is determined by a qiiadratura Unless this qtindrature 
be easier than that which has determined a,, there is in the 
present case no advantage to be derived in this direction from the 
knowledge of the second integral of the subsidiary system. 

Fourth case, x— may he a non-vaniehiny function of variaMea 

which is not expressible in terms of $; let it be denoted by v. Then 

V is a new solution of the subsidiary system (i); and it therefore 

hae the eame poesOrilitiee as $. Hence v may be a second integral 

dv 
of the original PfaflSan differential equation; or, if ^ be either a 

constant or a function of and «, a very simple quadrature for the 
constant or a comparatively simple one for the functional value 

de 
will determine ^t or *- may be different from all of these and so, 

M in the case of x- , be again a new solution of the subsidiary 
system (i). 

As that subsidiary system has only a finite number of solutions, 
there will be a limit to the development of the successive possi- 
bilities represented by the fourth case: so that we shall ultimately 
obtain eiUier a second integral of the Pfsffian equation or shall 
derive i^ by quadratures. 

108. Just as, in § lOS, we investigated the modification of the 
sobeidiaty system rendered possible by the knowledge of one 
integral of the diflTerential equation, so similarly we may investigate 

P. 12 
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the ttHMH<UmtJnft* rendered poanble by the knawle^ge * of tmo 
inUgraU of the differeotUl equation. 

Taking then two integnUB» aupposed known, to be Hi nnd ait« 
the equations which correBpond to (18) are- 

X.&I - ^; «a. + ^ 8a, + fc S^o^.41,,. 

There are three independent variablee 1^, ib» ^» which will 
require three of theae 2fi equutiooB for their determination by 
quadratures. Of the remaiiiing 2n — 3 ecjuatione, only tn — 5 are 

independent determining, as they do, the quantities !%» •••, ««» - » 

.«•» -^i and since there are three independent variablesi each of 
the equations leads to three equations in the forms 

-Xi-«i 2 a«,,-~? ..(iX 

Hence there are three systems of subsidiary equations^ each 
system containing 2ii — 5 independent members ; and since Hi and 
«, are constant and d, a„ a, are determined in terms of the 
variables «, it follows that the equations subsist in Sii — 4 
(a* Sa 4- 1 — 6) variables other than those three independent 
variables which do not enter into the expression of their integralsL 

The condition at the end of § 103 that u, should be independent 
of Oi, vii., 

is easily proved to be the condition that U| should be independent, 
of Ot. And it is easy to verify, as there, that a third integral of 
the original differential equation satisfies the relations 

^ \ Y R -**• -ft 



\ 
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which Agree with those given ({ 122) hy Clebech'e theoiy. 

And 80 on. either for sny number of independent integrals of 
the original sobeidiary system supposed known; or for any number 
of the integrah of the differential equation suppooed known. 



CHAPTER VII. 



Application to partial DiprcBENTiAL iQUATiom or 

FUST OBDBB. 



108. As PfiiflTs investigations were originally initialed with a 
view to the solution of partial differential equations of the fink 
order, it is of some interest to indicate briefly the form whieh the 
solution takes when deduced by the theory of PiaflSan equationSi 



Let 



/(#;Sf|, .*.,^m»Pi» •••fP»)"0 



^i) 



be any differential equation, the integral of which is required. We 
have always 

-^ ds -¥ Pidxi -^ -k-pndx^^O (ii), 

which, in oonnection with the equation (i), may be regarded in 
two viewa 

Pint, we may by (i) find the value of any one of the quantities 
#, «„ ... , dP», jh, ... , /lb ii^ terms of the remainder, say 

then (ii) becomes 

- ds +p,(irj4- -f |)^,da?i^i + ddr,- (iiiX 

a Pfaflfian equation in 2n variables m, x^, ..., x^fPi* •••• fa i This 
IB the view in which Piaff regarded the question. 

Secondly, we may consider (ii) as a PfaflSan equation in fin -f 1 

variables m. Wi, ..., x^, p^, ..., p^\ it is known that one of tho 

integrals of the e<|uivalent s^iitem may be asHuined at will (| 68X 

and so iM|uatiou (i) is taken to be that ansumcd integral This ii 

th0 view iu which Natani regardeil ihe i\u\.'Ht\ou. 



■r 



I 
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V 



These two views will be taken in turn, so as to exhibit the sub- 
sidiary system of equations, which are materially simpler than in 
the general case owing to the zero values of the coefficients of the 
elements dp^ and so as to indicate the solution of the equation* 

Clebsch's method is avowedly the generalisation of Jacobi's 
method for partial differential equations of the first order to the 
Plaffian problem ; and so his method does not in itself furnish any 
advance beyond the general Jacobian theory, that is, no advance 
along the lines of Pfaff*s equation. 

The application of Lie's method, practically repeated by 
Darbouz, is given as an example (§ 136) ; and the method of 
Frobenius is entirely limited to the theoty of the transformation 
of Pfaffian expressions. 

107. To obtain the Pfaffian solution of the given differential 
equation we take (iii), which, when written in the form 

will agree with the general Pfaffian equation considered in the 
preceding chapters, if in the latter we make 

«^-#; «^^»prf for r «!,..•» 11*1; 
JTm"-!; ^Afr-O, forr«l, ...ffi-l; 

Xn^9\ Xr^Prt fw r«l, •••,11— 1. 

Then to form the subsidiary equations (| 85) we need the 
quantities otj. These are easily found to be 

Oij » 0, if neither • nor j be greater than fi — 1 ; 
cimi-g-,fori-l, ...,n-.l; 
0^^^ a always, for.all values of g ; 
««,ii+r"5jrf forr-l, •.•,n-l; 
d0 

0,14^,1 « 0, if f and r bet different, forti^l, •••, n-^l; 
0ii^r,ii«f"*O|C?r#«l, •••, mandrill, •••! fi; 
Om^i^bO, for t^li •.•».fi- 1« 
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Then the equation aliwdy refenred to Uke the fotm 
i^M^- -yr-lfnj^- • for r-1... .,11-1; 

-*••• r'.y'ST."*" *.y»^'5r "*"y"»gj» 



4-1 



a*< r. 



^ 
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Now since <"|i|| is derived from the equation (iX wo have 

d/d0 df ^ . . , 

Buhetituting from these equations for the derivatives of #, 
inserting the values of the quantities X, and bearing in ssind the 
definitions (equations (9) of § 66) of the quantities y, wo have 

i£r, dx^ di dpi .^ e • 

5 "Y""^"^ "^^ 



where 



P« — l^-|n|f for.-l. 



dxi 



• aj 



¥. 






and the value of ^ U 



P9* 






10& In the P&flBau process of solution, it is neoessaiy to 
integrate the subsidiary system just found and use the In— 1 



* TImm sis Um rabtidisiy •quaiiona ioc Um dcriYaUoB of tlis Siil iaiisisl 
. Um form of aquaUoD given in iht exampk in | 911, JWoliM; Ibif of 

aomapond to Iba ■uttidiary ■/•lam of Iha aimpler foim of aqnsUoo 
§ M15, TirmiiH. 



la 
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integrals other than /^a to transform the original equation. 
One of the integrals thus used is taken as an integral of the 
original equation ; and so the modified equation comes to be an 
equation in 2a — S variablea 

We proceed now as in the general case already considered. It 
is thus necessary to integrate n subsidiary systems of equations ; 
and each subsidiary system leads to one integral of the differential 
equatioa We shall thus ultimately obtain n integrals, which will 
involve the variables t, Xi, ...i ««» j9|, ..., p^ and a arbitrary 
oodstants ; when firom these n equations, taken with /<■ a, the 
n quantities |h» •••» P« <^ro eliminated, the result is an equation 
between t, «i, .«., m^ and n arbitraiy constants, which is the 
Complete Integral of the equation. 

109. The last section requires that n sets of subsidiary 
equations shall be integrated. A gr^t simplification was made 
by Jacobit so that the integration of the first system alone is 
necessary: this was effected by the introduction of '* initial values" 
of the variables* — a step connected with the construction of the 
principal integrals of a set of differential equations. 

Lei 



tij-a,, ttt-io,, 



be a set of ta — 1 independent integrals of the subsidiary system, 
which may be taken in the form 



di 



dXr 



Pr^>forr«il, ...,a; 



* 8m Um memoir "Ueber die Rednetioii der iDlegrstioB to ptiiiellen DUTeren- 
tialsMebiuisen enter Ordomis iwisehen Irgend eiiier Zehl Ysiiabela sof die 
latflgrsUoB einee elasigea Syetemee sewfthnUeher DiflereatialgMeliiuigeo,*' Cntk^ 
1 iTiL (1S87) pp. 97— 16S, cspeoiellj | 9, pp. 116 eqq.f or la the Cblleoted Worke, 
vol It., pp. fi7— 117, eepedeUj pp. 100 e^. 

The Ides of iBtrodaeing theee Initial tslaee le tliere eeeigiied to the then reeent 
lateitlsstloBe of Hemilton oo djnunlee; and, In oooeeqoenee, the method la often 
sailed the iaoobi-Hamlltonian method. It le howtrer pointed onl bj Lie, JfelA. 
Aim. 1 vUL, ^ ill (note) and hf ICanekm, ••Tbtole'dee ^natloni ans UtMm 
paHieaisdapreaileffordf%'* p. 110 (note) thai the m et h od la reaUy doe lo Osaehy, 
whs had pnMlehed H hi 1S19: SiS also OMNhj*^ "K M f d om d'Aa^jse si ds 
Flqrrffae Mathdmallf is,** I. IL, pp. 970-971. 
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th'o lemuaing iatognl of kho •ynteui being the. given equaUou 

/-a. 

Take «, Hn ..., ti^.! m a now nystoin of ?ariablea and eipreai 
^1 •••f^i^JHi ••••/'bin icrma of a, ^iIHi •••! M«^i then, when the 
values are aubeiituted in the foregoing subiudiary ayatem,. these 
equations are identities. Now siuee 

we have from the first n equations 

'-ftt+ +'•%• 

which with the aubstitutod valuot ht an identity. U givM 
diffurontiatiun 



" du a«^ *ai» di 



+P*5:7u:-^P* 



dud*^*^dud» 



d*'** 

■^'^s^ 



for each of the quantities u ; and this by means of the tnt • 
equations leads to 

Again the equation /« a is an identity after the values are 
substituted ; and therefore - 

0-^^^^- + y§&^-§^^*^- ^M.^ 

dpi du dpn du Sxi du 9x» du 

(beaiiug in mind that U|, ..., u,«^,, j are the in independeni 
variables) or, by the use of the last n ecjuations of the subsidiarjf 

system couaidered as giving the (juantities ^ , we have 

M.^+ + ^?p» 

3|/), du 3/i» du 
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dfdg 



Bquating the two oxprcssions obtained ^^^ ^ ^^•'^^ ^^^ 



ftnd therefore on integration 






where (7 is a quantity independent oft. 

It is at this stage that the ** initial values ** are intnxluced 
Since C is independent of #, its value will be unaltered, if any 
special value be assigned to s\ say a zero value. Let the values of 
the variables w for this value of f be f,, ..., f^ ^nd those of the 
variables p be Wi, ..., Wn, all of which will be functions of Mi, ...» 
u^^^ determined by the 2n independent equations 

/(O, fit •••» fm Wi, .«., Wn)^a ) 

for f • 1, ••., 2fi — 1. The forms of the result are 



f I - function (a, « „ . . . , u^i^i) 
« function (t, i^, ..•, ^fPu •••iPii)> 

when for a we substitute /(t, «i, ..., jr^, j9|, ..«, |^) and for ti| its 
value in terms of s, «, p; and the form of the function is such that* 
when M is made sero^ it reduces to «|. 

To determine we insert these simultaneous values in the 
equation above obtained, assignifag sero (because it is the special 
value of #) as the lower limit of the integral in the exponential 
term ; and we Qnd 



^ 



+ », 



^ 



■OtlMt 



/ 
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Substituibg now Cur «^, •.., «^ their Talueft in laroM of 
^« ^* •••• *h»-i> we have 

The loft-hand side ii lero: the coefficient ot ds oa the right- . 
hand side vaniHhes, as indeed it ought because we are canying out 
a Piaffian reduction ; and eo the original equation ii replaced by 

A OJBi 

Substituting for £ ih ^ from above, add rejecting the exponential 
factor which does not furnish a sdution of the equation, we have 

^('■1+ ■*'-^y''-^ 

The quantities (< in this equation are functions only of Oi Hi, •••, 
u^^u <^d BO aI^ i^re the quantities w; hence the new equation 
involves only 2n — 1 variables and is thus the transformation of 
the original Piaffian equation. But, further, since f is a function 
only of the variables t«, we have 

1^/"'+ +a^. ''«—-''*• 

and therefore the equation is 

W|<If, + ir,df,+ -»-w»iif»»0, 

that i»^ ii %$ the nomhal reduced form equivalent to the original 
P/ajfian equatiotL 

We have already soon (§ 69) that an integral system of this is 

where the quantities c are constants; and therefore we infer the 
following result : — 

To integrate the equation 

/(«•«!. •'•»'mfPi, ...fi>ii)"«* 

fom^ the eubiidiary egetem of in ordinary equatione 
dxi dxn ds dpx • dpn 

S" "^"T'K'T "TT* 
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'Pi--^-J>i^»/or<-l, ...,n; and 

Lri a &el of 2n^l inteffrah, independent of one antdker and of 
f^ a (loMc/k wHk /« a make up a campleie etfatem of integrale of 
the eukeidiarjf eyeiem) be 

ybr f ■■ 1, 2t ..., 2n — 1; and eoltfe the 2n equatione 

/ W Ci» •••» *»» ^i» •••» ^») ■■ ^ 

^■(0, fi, ..., fii, iTi, ...>»«) ""at, 
90 ae togive epedaUy the n quantitiee f in the forme 

for ra*l» •••, ft Then the Mmination of pif ..., pn among the 
ft + 1 •jtiaitofit 

/('» *Hi •••! •^m Pif •••» Pw) ■ ^» 
^(c»tt«, ..>tiM.,)-iar, 

q/l^ we have eubetUuted in ^ for the quantitiee u their valuee 
Ur{»p «^, ...9 Cm Pit ...» i>ii)> ten7{ toui to an equation involving 
»t tht •••» ^ <>*^ ^^ ^ arfritrary con^tantf Or* I%it ie the Complete 
Integral of the original differential equaOan. 

110. The form, to which the preceding consideration of the 

relation between /« a and (if » S Pidxi would lead when Natani's 

metiiod ia adopted for the reductiont has been moat briefly re* 
feired to in § 91 The result is equivalent to that which precedes 
and may be enunciated as follows : — 

Let thein^l indqi)endent integrale of the eubeidiarg eyetem, 
other thanf^Ot be 

fki^t^f •••f^n^Pi* •••9Pid''<ionetanlf 

for waluee 1, t, ..., Sn-l oft. Then the MminaOon of jhi •••! JNit 
Wu •••» Wmffwn thein-i'l equatione 

/('» ^1 •••f ^9 Pl9 •••! J^l) " <•» 

/ (0| ei%f •••» Unt W*|, •••» W*ii) • Hi 

•i('»^» •••! ^f Jhi •••» pO •*lWai» •••! ^» »i» •••f^m/t 
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(wk0r§ t->l» •••• tn-lX UadM to an §qmaiiom totMiiif|d%, •••»^ 
which in9olv$9 n arhUrarjf eamkMU o^, ..., «« and it th$ OamfUU 
InUgral ^f th§ difirmOal §quaiion. 

111. We now prooeed to the oonmdeimtion of the alteniati?e 
relation between /■> a and the equation 

- d$ +PidXi + "t-prndx^ - 0, 

in whioh the equation among the diflforential elementa is regarded 
an an equation in 2it + 1 voriabloii, and baa /» a for that integral 
which can be asBumed arbitrarily. 

The foregoing equation agrocii with 

iml 

if we take 

«»+r-l>r, for r-1, ...,»; jBm^^i-i; 

-^•♦r-0, forr«l, ..., a; jrM4.|«-l; 

Xf «■ Pfi for $ »lf ••.,!». 

And then wo ha?e 

aMi»0» fiMrmandf » 1| •••« a; 

aM,»>«»-il»form»l|...|f»; 

^n^^O, fi>r tn-l, ...I aandf «1| ..., a + l| if m and • be 
unequal; 

am^r,»+i-0, for rand «-l, ...pa + l. 

Then constructing the subsidiary equations as in £ 03 and 101 
and taking by preference the later form, we have as the complete 
system 

pMi -^^i/* - t«Pi • for f - 1 n ; 

« ^ f^ + d&c,, for • • 1, ...,»; 

there being only one independent variable, 

//* v^ ^0 BO that the given diffcrentioA ^Y^aldoia ia e:&^Ucitly 
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independent of #» then S(,.» and the sabeidiary eqnniioiifl take 
the simple (Hamiltonian) form 

• • • ™" "^"'H^" • " • ^^ ^ffy ^^ • •" i 

dpi 

df 
if jp- be not aero, then the equationB take the form 

dx, dp, ^ 

the equations in each case being associated with/a> a. 

There are thus 2n — 1 equations in all in the subsidiary system 
and so there roust be 2ii — 1 integrals; and/a> a is not an integral 

of the system unless we associate cfi « S ptda^ with ik There 

are tiien 2n equations in the system, and it has in integrals. * 
Taking the principal integrals, and denoting them by mi% •••, 
«w'»Jh'» •.•»|'ii'for«»0, wehareby §04 

il(-df+ i pM)'^l4f^A' i p/dwi\ 

Off since/ » a permanently, 

and therefore the differential equation is replaced by 

Ipidxi^O. 
1-1 

an integral system of which is 

This leads to the same result as in { llOl 
If aa>li the sabskliary ^tem is 

sioh of tfwss fcaeUons bdng squsl to 

Itar tUt ipeeial «M M Ibr the gMwnl TaliM of N. 




r^ 
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Wtei lU intefmbi thrao In additioa to /«•, oT Um win pMt oT Um 

milMiidUrj i^Tileni u% kuowoi thau l| k d«lflrmiiMd b/ 4 qwadratnw and 
Ihaooa A (and ao il'» b/ subatitution in it ol iha principal Ini^grala); and, l| 
being known, ja la detarminabla by a qiiadratnr^ 

In actual praoiioOi howe?er, thaMS quadfaium ma/ be dlq[wnied with. If 
only the actual reault be deiiirad without tha explicit hm uC all tba inter- 
mediate atagea. For eiample, taking the equation 

the aubiddiaiy iiyatem la 

dxn dxm dp* dom di 



Three Int^grala ol the ayatem other than the given one are . 

where « la a cube root of unity and ii, J9| C are conatanta. Then it la eai^ 
to aee thai the Complete Integral of the given difierential equation la olh 
tained by the elimination oip^^p^^ V|, vg among the equationa 

(jsetzfir.tiHr^r 

where a and fi are arbitrary oonatanta. 
£r. Tkaat aimilariiy the equationa* :— 

(U) «r|+&i-pi+/(irj,|)J-a 

111 NaUoi alao indicated in connection with | S8 what ia tha 
fiiit atep towards the extenaion of the preceding method lo the 
integration of a aystem of aimultaneoua partial differential eqoa* 
tiona of the first order. A suflScient illustration will be gi?en by 
auppoaing a aystem of two auch equationa 

/«a, ti|«6. 



• ThMC are tal^n from NaUni'i ««Die hohara Analyiit" (1866K pagea S41-45t 
of whieh deal ipecial^ with the integration of 'partial differential equationa ef the 
Mniotder, 
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Tlien prooeeding as in the corresponding esse for the total 
equalioii, we find that the equation^ which are subsidiary to the 
equation 

il(-dk+ S p4^]^9^/'^ S C|(f Hi 

1-1 iml 



take the form 






i,A-«?«M+!;;«^-«.^. 



the fint two of these holding for •« 1, ...» %, In thb qrBtem 
there are two independent Tariablea, which may be taken- as ^ 
Mid«|. • 

Writing 
the eHmination of Hi leads to 




F 

I 



The existence of these equatioris implies a certain relation 
between/and Ui ; for we hare 

and therefore 

so.that 

is a necgsBSfjf relation^. 

* TUt ii asl sspliaillf sH« kj M«lial« slIlM in yt MMoIr sr la yt IraiMn^ 
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Lei OS aflMnna that tUi oondition is ■atii fie d. TImh mA of 
ilie fiNregoing equations leads to two : and so the new subsidiaiy 
equations are composed of the independent equations of the sets 









+t^-o 



which are two systems of equations. Then, as in 1 108, a complete 
system of integrals is given by a^»iit, ••••^•p» ••••-^i i^ ^^7 

simultaneous integral of the two systems is a function of these 
integrals. 

Let such a simultaneous integral bo $ ; since it satisfies the 
first system we have, as above, 






Now suppose $ expressed as a function of the system Su «•••••• v^* 

— , ..., — ; then we have 

^1 t-i ^ aai t-i a^j dai a« adi 



..i\ar,"^''ai;acr."^.ri^,aa^' 



for we have in the subsidiary system the implicit equation 






/ 



and therefore 



^ «1 2 /a^duj^au dtf\ 



If tf be an integral of the required difierontial equation* then it 
must be independent of a^ and the right-hand side will vanish. 

Thin It howtrtr bo oeesiioa UiAt il thoiild bt, for bt regafdi u^mh sa sa isteffiil 
of tho fonner tiilMidUry fjfttem and U InYMtigaiing Um oAaol of ihia kaowMss 
la dlminiihtnf Um smoonl of inUigraiion required for Uisl MUidisiy ^yaUoi sa 

la|ioa. 

The aquiYalMil of Iha lortsoing relalion ia regard to a acomd inUfrmi «^ la 






/ 
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If the right-hand side do not vanish, then we hare the same series' 
of alternatiTes for the subsidiary system as occurred in § 104 ; and, 
wiMtaHi mutandii, the discussion there given is applicable here. 

Bx, Integrate, by PCuff's proceea, the simulUneoas equations 

vlMra Um firiable t is dependent upen three TaffsMee 4^1^ x^^ 4r,| the <train- 
titke JHilHt J*h being its derlTatiTvs with regard to those Tariablei, 

AIh^ wHli similar notationi the equations 

(Raaba) 



CHAPTEH VIII. 

OLuacoi's If iTBoa 

118t It haa Already been aeen, in § 68, that an eipraanon 
which contains 2n or Sn — 1 diflftirontial elemenU can be reduced to 
one which contains not inoro than ii such elements; but that, at 
each stage of the method of reduction there used, alternatives are 
possible and therefore any reducod form so obtained is not uniqua 

When, however, one reduced form has been obtained, all others 
can bo deduced from it by the following process, which constitutes 
the generalisation of any special solution of PfafTs probleuL 

Let the smallest possible number of differential elements in 
the reduced form of a given expression be m; and let such a 
reduced form be 

i\d/i + iW/. + -^F^df^. 

where there is no identical relation among the quantities /*and/I 
Let another (and therefore* an equivalent) reduced form be 

with a similar absence of any identical relation among the 
quantities 4> and ^. Then we have 

and therefore, as quantities on one side of the equation are 
independent of one another, we may consider the tm quantities 
4> and ^ as functions of the 2m independent quantities F and /, 
and as determined by the equations 






(1) 
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for t » 1, S» ..., fvi and j «■ 1, 2, ... , m. When the coeflScients 4» 
are eliminated from the second set of m equations, the result is 

Now the m quantities ^ are functions of l^i, Ft, ...» Fmtfu ••••/m* 
and the last equation shews that, from among the m equations 
which express this functionality, the m quantities F can be elimi- 
nated ; the result is thus of the form 

n(^» ^f •••» ^%f\tf%% •••»/m)"0 (2), 

« 

Moreover, since the only limitation is that imposed by the above 
Jacobian, this function tl can be taken quite arbitrary. 

■ In equation (2) the quantities F occur only implicitly through 
their introduction by the quantities ^: hence for each of the 
indioesjB 1, 2, ..., m we have 

o^ dFj d^ dFj v^m ^Fj 

whence from a comparison with the second set of m equations in 
(1) we have 

*'-^d*; ('> 

(fiir r ■■ 1, 2, ..., m), where X is an undetormincd fiictor. Again, 
in eqoation (2) th^ quantities / occur both implicitly, through 
/ their introduction by the quantities ^, and aim explicitly; so 
that 

Hence, flrom the first set of m equations. in (1), we have 

-'I ■ • ••<* 
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Tbeto equatioDft (2X (3X (4) oontain the genemliaalioii in* 
dicated They are suAicieut to detonmoe the ta quantitiea 4i ^be 
m quautitiee 4>, and the (Huperfluoun) quantity X iu terms of the 
given quantitioe Faud /; and thus it is posaibks to deri?e a 
reduced form S<M^ from a given reduced form XFdf. The counM 
of the proof shews that, when II is the most general function 
possible, the derived reduced form is the most general reduced 
form possible. 

So Ceut as regards the integral equations, which constitute the 
solution of PfaflTs equation, the most important elements are the 
quantities ^. They are determined by the m equations 

n-0, 
1 an 1 dn i an 

and tberefpre they are of the form 

where ^<, an arbitrary funcfiou, is dependent in form upon 11* 
There evidently cannot exist any identical relation among these 
arbitrary functions ^i. 

It may be notod that, though the functioiui ^ in the general osae sie 
arbitrary and ara bound together by no ideuticid Mation, yet they are all 
detcrminec^ in form by the dingle arbitrary function n. It ia therafore not 
juHtifiable to aasume that any m of the 8w - 1 quantities 

Jit JV f /■•» p I j,i » • JP 

may be choueu to represent m quantities 0; any one, or any combinatioo of 
tliom, umy be ohoben fur one of the 0'b, but some of the remaining ^'a will bs^ 
and all of thein may be, affected by the form of tlie function chosen. 

£.t. 1. A veiy simple case, included in (6), ia given by an immediate 
transformation. Since 

i',d/,+ +/'.<W.-^«''(/-+-;^»/-i+ +jfyi) 

-/•./.-, «'-;p- -f,fidj^, 

we have this particular case given by • 
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forta>l|S| f M't; and 



*«-p-/l+i^Vi+ +^" /-!+/•. 



Ex, 1. Tho equation (2) adoptod in the text is the most general form, 
because the Tariationa of the quantities ^ and / are thus least limited. The 
Jacobian, which leads to (2), would oquallj vanish in virtue of a number of 
equations of relation between the ^'s and fn^ vis., 

ni-o,nt«o, ,n,»-0; 

but it is easj to see that the solution to which thej lead is onlj a special 
case of that which has alreadj been given. 

114. The results of the foregoing investigRtion are: first, 
ujhen any 9oliUion of P/nfa equation connsting of th$ charticUrisiio 
fninimum of inUgral equatuma ha$ been obtained, it can be tised to 
obtain the moet general eolution; and, Recond, the most general 
eolution can be derived from any particular solution. For, when 
the quantities /i, ..m/m Rto known, the quantities Fi, Ft, ..., Fm 
can be obtained immediately from m independent equations of 
the form 

1.1 CXr 

and these are the quantities which are subsidiary to the sought 
generalisation. It is thus sufficient to have any particular 
solution, in order to obtain the most general solution of t^fafTs 
differential equation. 

116. When Clebsch comes to consider the determination of 
the elements of any particular solution, it is necessary to dis* 
criminate between two cases according as the determinant of the 
constituents o^ (as they occur in PfafTs reduction) does not or 
does vanish. The two cases are the same as occur in that reduc- 
tion. 

First, let that case be considered in which the determinant 
eitiier does not vanish or vanishes merely owing to conditions 
among the coefficients which happen to be satisfied; the other case 
in which the determinant vanishes identically will be subsequently 
discussed.' 

We begin with an unconditioned equation containing an e?en 
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i then a reduced form of moh aa 






IS 



If any oxproiMion of the typo oonuderod in $ US be obtained eo 
that wo have 

then by the Uio of ^« » constant «■ a« we have a leduoed form, 
given by 

and atttiociatod with ^^ » <*•• By the nubtttitution irom ^ ■■ o^ 
for any of the vuriablce, 8uy for a^^ the cxprcttdon O ia repboed 
by anothcTi tl\ olShaiiuug not wore than 2/» — 1 variables^ aay 

an e(|uivaleut roducud fona of which ia 

containing only » — 1 differential cleiucnta. 

Suppu6o now that, fur Q' = 0, any base of a differential ekmeiii 
of an equivalent reduced fonii con bo obtained in the shape 

iH> that a reduced form is given by 

auHociated with 0,^| » couHtaut » Um^i ; then by the Bubatitutioa 
from 6^1 » Um.i for any of the variublctt in 11', nay for ^^hi ^^ 
exprcbHiou H' ia replaced by another, tl'\ containing not more 
than 2i» * 2 variablcH, say 

ft"- S Xi"dxi. 

4«1 
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•n equivalent reduced form of which ia 

oontaining only n - 2 differential elements. 

Proceeding in this manner wo shall ultimately reach an expres- 
sion tV*^\ (Containing not more than n + 1 variables and reducible 
to a form containing only a single differential elcment| say to tho 
form 

- then an integral system of the original equation is 

116. This being the general march of Clebsch's derivation of 
a particular integral system, the first step is the construction of 
the function ^m. ClebschV method determines ^^ as ft solution of 
a single partial differential equation of the first order; and the 
form of this equation verifies the inference of § 113 as to tho 
general functional character of ^«. The (q + 1)*** step is the con- 
struction of the function f»^, which is one of the integrals of tho 
equation tl*^ » containing 2n^q differential elements ; it is 
determined, by- Clebsch's niethod, as a simultaneous solution of 
g -f 1 partial differential equations all of the Qnt order. 

There are therefore, in the first instance, two questions to be 
considered, similar to one another. The earlier of the two is that 
in which a differential expression containing in differential ele- 
ments has for its reduced form an expression containing n differen- 
tial elements. The later of the two is that in which a differential 
expression containing 2m -f r differential elements is so conditioned 
that its reduced form contains m differential elements; here the 
source of the iDonditions necessary that such a reduction may be 
pebble must be indicated. 

Moreover, when any function ^« is adopted for one of the 
integrals of 11 « and when by means of this integral the number 
of variables in 11 is reduced by unity^ the consequent modification 
in tiie fomi of 11 is partly dependent on the form of ^u ; and hence 
the subsequent int^^rals may be dependent on this function. In 
iact^ any one of the integrals will in general involve the arbitrary 
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ooDtianU of the othor iniegnJa previoualy obuined : Urns wo bm/ 
write 

When Oni Oi^^, ... are roplacod by ^, tf*.!**** then f^^^ is a 
functioD of the variabloB w alone ; and the form of the function ia, 
in general, affected by the fonuB of all the iutegralii which precede 
it in derivation. It will thus be neccsHary, as a third question, 
to examine this effect on the form of such an integral ; it will be 
determined by means of the linear partial differential equations. 

These three questions are differently treated by Clebsch. In 
his first memoir* the first two of them are solved by the con- 
struction of the single characteristic differential equation or of the 
system of such c(|uations corresponding to the two questions 
indicated ; and, for the third of them, the transformation is made 
by some extremely laboured analysis to the simultaneous equa* 
tions which determine ^» 0, ..., {• •••! V^ as functions of the 
variables alona The equations which tletermine any function f 
have their form affcctcil by the functions similarly determined 
previous to { ; and in Clcbsch's second memoirf they are obtained 
directly without the explicit intervention and previous determina* 
tion of the earlier functions. The discussion of the third question 
is limited to the most general case of an unconditioned equation 
in an even number of viuiables; the extension to a conditioned 
equation is not given |. 

117. First, then, we have to obtain the differential equation 
which M eaiiafied by the first of the integrah of an unconditioned 
equation in an even number of variables. The equation being 
taken in the form 






0. 



* CrtlU, I. u. (1862). pp. lOS— 351. 

t CrtlU, I. LU. (1S68). pp. 140—170. 

t A laqfe pari of ilutite Iwo memuin of Clebioh» m wuU m saoUwr la Crrllti 
I. Liv. S57— 268, in (levulcJ lo Um thcury of Uui pariUl diibraniial oqustknia | ths 
work U Ihus nol so entiroljr limiUHl to lUe theory of PfalTft equalion %• sra^ lor 
ioiUnoe, Uie dvvolopiuenli in Nataui'i prooett, and mneh of il imUj lonna sa 
intoretling illuiiralion of properiiea uf sysUoni of partul difforenlUl eqnsltons. 
For Iha aotual dinouHiuuu of Uiuho olaMwi of wiuaiioni with Um improTtmaits dot 
to MM^tur, Mtf'll aS->-Al in CbapUr ii. 
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and A reduced form being 

we haTe(for ial» 2» ..., Sn) * 

and therefore 

Introducing now the quantities y of § 56, we .have 
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flu 



and therefore 






this equation holding for t « 1» 2, 8, ..., 2fi. Let 



tfr.l 



► (r-l, 2. ...,ii); 



then the system of equations just obtained is 

for t ■■ 1, 2, •••! 2fi. 

There is thus a system of 2it equations, linear and homogeneous 
in the 2« quantities — 9 and O. The determinant V of the system 

IS 

yn ^{ ju •••%/%% 'U •»>» -^11) 

"3(«it «m)' 

and this does not vanish because the 2a quantities / and F are 
indcqpendent of one another. Moreover, taking V in the form 

8>(«i» «k) 
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and multiplying tho two ?aluoii, we find 



V«- 



» Ois, Ou. ... 
On* » Cla, ... 
Oai Oh* « ... 



• • . 



I 



0O thai V ia tho PfaflSan [1» 2, .... 2h], Huppaned to be non-efanee- 
oeut bocaiuM) the equation ia uuoouditiouocL 

Since tho detorminant of tho Byatom of linear homogeneous 
equations is not zero, it follows that each of the variables is sero ; 
hence 



'■-o-'-ti.^'^* *''t 



«-— *-f'+»-s^' + 






(6X 



which oxittt for r » l, 2, ..., n. And, if» instead of £ F^d/^ as a 

reduced form, S ^pd^p had boon taken, the former sot of a equa- 

tious would similarly have been satisfied by any one of the quanti- 
ties ^ Taking then one of them, say ^«, it must satisfy the 
equation 

y^.+y'^+ +^-l^-« <^)- 

■ 

Now of this equation we already have n integrals, vis., 
/if/tf •••»/»• l^^>t fi'^ui the second set uf n equations we have 



''a^(Fj*»'ar.(jy 



*»-i|:©-'' 



CcMT r » li 2, ..., ti — 1 ; so that there are n — 1 other integrals of 
the partial difforoutial et|uation given by 

"if I « » • jmT' 



and we therefore have 2n - 1 integrals altogether, which are funo-^ 

tioually independent. In order to construct the most general 

aolatiou of (7), only 2ii — I functionally independent particular 

BoIuUuwi aiv ueciM8ary ; and the form ot \\i\A\uoftV. ^^tL<&\«\>tf:^>s^asML 



/ 
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is an arbitraiy function of tho 2n — 1 pAtiioular aoluiions. Ucnoo 
Uio general solution of tho equation (7) is 

^"^nL/if %f%% tr • » "y^)» 

where ^ denotes any arbitrary function. 

This is a verification of the result of § 116 : and thus it follows 
thai afir^i integral of the given differential equation i$ furniehed 
bg ang eolution of the equation 

y'|+y'^+ +y-8^-'>- 

It is to be remarked : — first, that every integral of the original 
differential c<]uation must satisfy this partial equation but that no 
integral, subsequent to the one initially takcn» is completely deter- 
mined by this equation : — secondly, that we may take any integral 
of tho system 

Vi "^" " yw ' 

the subsidiary Pfaffian system, as an integral of the original 
differential e<]uation, for this system is subsidiary to the complete 
solution of the partial differential equation : — thirdly, that, even if 
V vanish (contrary to the initial h}'pothcsis), yet, if not all the 
Pbflians of order 2n — 2 vanish, the above partial differential 
equation (or the subsidiary system) is still valid for the determi- 
nation of an element ^ (§ 62) provided we retain tho ratios of the 
vanishing quantities y*. 

118. We now pass to the case of a conditioned equation in 
(p «) 2m 4- 9 variables 

tl^Xidxt'^Xtdst'^ -^XpdTp^O, 

a roduoed form of which contains only m differential elements, say 

n-Z'irf/.-f -f/Ud/rn. 

and we have to obtain the differential equatiohe which are eaiiefied 
hg the firel of the inlegrale of tl^O; as in the general case before 



* TIm m4y«neiitial differsnot bttween thli eaue and Iht s»iienl etm it lluii, In 
tlM pnmai eaM, Iht rntUon FJF^ tdmllt of no dmplifltttkm tietpl Iht <poMiblt) 
fMBOfsl horn Iht Bimitnilor and Iht denomliialor of a toatlaal Ibtlor, whilt lo 
thtftatfilttttavatlsbltfitlof Ihatdltsppttit. 8tt|41 
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treated, this integral will be ao arbitrary funotion of /i, ••••/■• 



Then 



and, M before, 



V, — V F y«^ 






Lot X, /4, y, ..., a, ...» p be any 2iu integuni of the aoriee 1, S, ...» 
2iii -f 9; and let 9 + 1 seta of 2tu quantitief y be introduoed, the 
fint sot defined by the 2m equationa 

and the remaining aetB defined each by im equationa of the form 

X a#,<y - - a«.m^f (tf - X, /4, 9. ..•, p) 

(j-1, 2, ...,9). 

Proceeding aa in { 117 and using the firat aet of introduced 
quantitiea y, we have 

r-l Wi 







for each of the valuea X, /4, y, ... , p of A Let 



}.m 



fr 



(r»l. 2, ....w); 



l(»-g)-''-«' 

then the ayatem of eciuationa juat obtained ia 
for the 2ta valuea tf » X, fi| y, ..., p. 
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It ifl therefore a nysteni of 2m equations linear and homo- 
geneous in the 2m variables Br and — f^* As before, the 
determinant V of the system is a Jacobisn of the form 

3(*A.«'^t »*#)' 

and this does not vanish, because the 2m quantities / and F are 
independent of one another; its value is easily proved to be the 
Pfiiffian [X, /i, y, ..., p] of order 2m, supposed to be non-evanesoent^ 
because m is the smallest number of differential elements in a 
reduced form of O. 

Since the determinant of Uie system of linear eqttations is 
not lero, it follows that each of the variables is sero : hence 



/ 



("0-f^,*X^.* + 3--^ 









(8X 



which exist for r » 1, S, ..., m. 



IVom the second set of equations we have 

for r ■> 1, S, ..., m — 1 ; and therefore we have Sm — 1 solutions of 
the equation 

y'^.+y'^+ ty-^- 

vii^ 

// Ft Ff Fm 



.(9X 



Further, derivatives with regard to rMi4.11 ^>Wft» •••» ^>Wft do not 
occur in this equation ; and therefore the most general solution of 
the equation (9) is an arbitraiy function of 

Using now any other set of the subsidiary quantities y, say 
y^ 9 ^y^. we have, fort «1, t, ...,g, 
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■ -^^M^w 



(i| 



for each of the Sm values X, /a, y, ..., p of A Lei 






dFr 



(r ^ 1» S| •••f ••/} 



...(lox 



then the Byatoin of e(|uattoiia juat obtained is 

r-l\ "^ ^^ ^ WPi/, 

for the Sm .values X, /a, y» ...,/> of A The doterminant of thia 
syntein of 2m e<|uatioiiis linearly hoiuogeueous in Sm variablea^ 
does not vauinh ; and therefore each of the variablea vaniahee. io 
that 

which exiiit for r ■■ 1« 2, ..., m and for j « 1, 2, ..., 9. 
Hence we have, aa solutiona of the etpiation 

^1 a;.+y. at+ ■'^-^^a*!..-'* <"^ 

the 2m quantities /i, ...,/m, #\, •••• Fm*, and, since derivatives with 
regard to a^^ip x^^t, ..., 4r»|^^|, ^«Mt«^i» •••• x^m-t^ do not 
occur in (11), the uioHt general solution of this equation is 
arbitrary function of 



JU •••i/mii *!• •••» ^«l 'tM-l-ll •••• 'iM-l-*— I* '<aif0<fl 



t •••• 



Consider now the aggregate of e(|uations made up of the q 
equations represented by (11) and of the single equation (9), vii^ 
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+y, 






...(12), 



being 9 + 1 in all. It in an immediate inference from the 
character of the individual general nohitions of each of the 
(equations that the most general simultaneous solution of the 
system of equations (12) treated as simultaneous is an arbitrary 
(imction of 

/* ^ ^ Fi Ff Fm^ 

i»/t» •••i/mt y » j^» •••» "y"~ • 

If, instead of beginning with a reduced form S/Vf^ as equivalent 
to n, wo had begim with an equivalent reduced form £4h/^, the 
preceding equations would have been satisfied by the elements ^ : 
and therefore the most general element entering int^) a reduced 
form equivalent to O is given by 

yhm ^ yhn i/ii /t» •••i/ini fcf" i Tf » •••» fct 'I » 

where ^ denotes any arbitrary function. 

This again is a verification of the result of § 115; and it follows 
that a first integral of the given conditioned dijferential equation m 
famished by any simultaneotis solution of the system {12) of 
simultaneous equations. 

• 

119. Several remarks are to be made at this point 

(i). The form of the characteristic equations determining the 
elements of a reduced form must be independent of the choice of 
the 2m terms X» ^ ..., p from the series 1» 2, ...» 2m 4- f; and 
therefore the values of the coefficients must be the same whatever 
be the selection thus made. The conditions, necessary that this 
may hold, are the conditions under which the equation involving 
2m 4 9 niriables oan be satisfied by only m integral eqnatiom ; and 
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they can, without diffioultyi be expresied in the fonna already 
given in the diacuflBion of Natani's method (f.lOOX Moreover, at 
these conditioutf are explicitly known, they are sufficient to indicate 
the number of equations in the integiul system by which the given 
differential equatiolNs^atidied. 

And as all PfiUBans of order 2w will usually n^t vanish, m 
being the number of differential elements in a reduced form, we 
should in the first instance choose X, m» • • • • p ^e as to give a non- 
evanescent Pfallian [X, /*,..., p], if it should happen that some of 
the Pfaffians of this oi-der im vanish. The first set of subsidiary 
quantities y is then similar to the set in { 117; each of the 
remaining sets is easily seen to be made up of quotients of 
PfiiflSans of order iin by the Pfaffian [X, /i» ...» p\ For instance, if 

have a reduced form containing only two differential elements, and 
if we denote X|[23] + J,[31] + Jrt[12] by [0123]. then the three 
equations which determine the first integral are easily seen to be 

[2S40]| + (3401]g+[4012]^+(0123]^^ -0 

[2345] f^^ + [8461]^ + [4512]^- + (5123]g. + [1234] g^ - 

[2346] ^^ + [3401] g^ + [4612]g^^ + [0123]^ + [1284]^^^ - 

(ii). The following is the march of the general reduction of 
an equation O « : the function ^, when determined as a simul* 
taneous solution of the system (12), is used to remove one of the 
variables from the equation, by taking 

^ a constant ; 

we then have a differential equation with one variable fewer and 
integrable by one equation fewer, that is, we have the next simpler 
form of the equation already treated 

(iii). Every integral of the original differential equation must 
satisfy the system (12) of characteristic simultaneous partial 
differential equations; but no integnU, subsequent to the one 
initially taken, is completely determined by the system (12). In 
/act, for each new integral to be detenniued, the new characteristic 
syHtciii, convapoudiug to (12), niubt bo cou^VnxcXeA. 
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NoU. The iohition of the equations (IS) can be effected bj the method 
of JaoobL ThejT form a complete njstem: it is easj to rerifj that the 
Jaoobian oonditions, which maj be eipreeaed in the form 

are all aattiified. 

The eubeidiary system of ii^«0 loads to 8m - 1 subsidiarj equations of 

the first order or to an ordinary differential equation of the (tm- 1)^ order. 

When the general form of ^ satisfying if^^o is obtained and is substituted 

in ifi^«0| the latter changes into a new equation^ of which the independent 

F F 

Tariables may be made /|» »/m»^» » y<^ii^x^^^\ so that the 

oomplete solution of il|^»0 may be made to depend upon the integration of 
aa ordinary differential equation of the (Sm - !)* order. And so on for each 
of the equations in the system (18); no that the amiplete solution of that 
system may require the Integration of 9+ 1 equations, each of order Sm - 1. 

Hence this method would require the solution of 

(i) one ordinary diflPerential equation of order Sn - 1» 

(ii) two equations. • . 8n-9, 

(iii) three 8n-6, 

for the oomplete determination of the general integral system of an tmcon* 
ditloned differential equation in 8n variables; and each of these solution)! 
gives one of the integrals in the Integral system. 

The similar results for a conditioned equation are easily inferred. 

120. The foregoing constitutes what may be called Clebsch's 
First Method, as applied either to an unconditioned equation in an 
even number of variables or to a conditioned equation. It requires 
the transformation of the differential equation after each integral 
has been obtained, in order to construct the system of characteristio 
equations which shall determine the next succeeding integral. 

In order to obviate some of this labour debsch in his first 
memoir tfansforms, as already ($ 116) stated, these characteristic 
equations, so that there occur in them only the coefficients of the 
original differential equation and the integrals already obtained and 
not the coefficients of the diffSerential equation nuxlified by each 
successive integral. In his second memoir he obtains directly 
the same results as are obtained by these transfoi^ations : to 
this direct investigation, which may be called Glebech's Second 
Metliody we now proceed. 



tio 



OUCBaOH*8 



[ISl. 



ISl. Olebsoh'B aeoond maUiod a|^[diea aololy to the case of ao 
unoaDditioned equation in an oven number of fariaUeai to thai a 
reduced form of 

4-1 

(with none of the oritical conditions among the coefficiente eatia- 
fied)ia 

Then the Sa quantitiee F and / are Sa independent Ainotiona of 
the tn independent variables x; and therefore, converiely» the S« 
quantities » are 2h independent functions of the quantities F and 
/, which may thus if convenient be considered as a complete set of 
independent variables. 

The object of the method is to obtain the characteristic equa* 
tions which determine the n quantities / without regard to the 
effect on the original equation of the use of successive integrals : 
and these equations are immediately derived by means of the 
following lemma : — 

Let P denote the non-evanescent P&ffian [1, % ..., 2«] and 
let J{^ be the coeflSoient of o^ in P so that 

•nd Sif differs only by the ftctor (- ly*'-^ from P« (| 69): then, 
if ^ and ^ be any fiinciione of the variables m, 

which evidently are propositions relating to transformation of 
independent variables. 

We have, as before, 
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Let ey denote the corresponding quantity derived when the varia- 
btea m are looked upon as functions of F and / vis., 






Then, if X and ^ denote any two of the quantities / and F, the 
value of 

im\ dxi Spi 

is lero, if X and ^ be different quantities, and is unity, if Uiey be 
the same quantities. In virtue of this relation it is easy to shew 
that 



9m 



(«»1, 2, ..., 2fi) 



is sero» if t and s be different, and is equal to 1, if t and s be the 
same ; and therefore solving the in consequent equations we have 

P^ ■> minor of o^ in P" 
^pdP 



and therefore 

• 


c<;- 


1 dP 


■^ 




Hence for the first of the two transformations 


we have 


til til 

W-2 2 

MJml 

u u 

. £ T 




?}L 




• 



liking now the terms separately, the tjrpical expression of the 
first is 

M Ufr CX\ V^ CtTj 



TIda thtoren 



tbs 



ii fiven hy BrioMlH, Ln ttwiem ifi ietermintinU (1SS4), p. 
wbieb tlM rwoll if obtolned sts dM to CaimKy V^ «.\. 
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TheMimofall tbew whichhftve theMuner, «.uMljii ^- 

which ia lero udIam « bo the tame m r : mmI m the ■am M 

The •una of all theae which have the same r ia 

' jm\ dxj dF, ' 3#V ' 
UeDoe the sum of all the fint termii is 

i F^ 

The typical expreauoo of the iiecoud term in 

9^ 8xj df^ ^i 

the sum of all these which have the same r, s and/ is 

'3arj ^^ <.| ddr< 3#V* 
which is always sera. Hence we ha?e 

r-l oJ^r 

m 

thus proving the first of the propoaitiona 
For the second of them, we have 

'^ ' 4-1 i-i F dxi dxj 






S i Oil m. ^ 

2 2 2 l?-^?*f^^-^?9^l 



rtAdFrd/rdFrd/rJ' 

wbiob proves the second of the prupositiona I 
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tl8 



122. The derivation of the desired characteristic equations can 
now be effected In the propositions just prored, no restrictions 
were laid upon the functions ^ and ^ : and thusi particular cases 
can be obtained bjr equating them to some of die ftmctions F 
%aAf. I 

We have from the first propoation 






a/. 



0; 



•ad 



tnd therefore 

for all the values of {■> 1, 2» ..., ft. 
We have from the second 

fcr dl eomhinationa of t and j from the aeries 1, t, ..., n ; dao 

[Fu /y-O; 

if t and j be different, while 

Uu #•«]-! 
far each of the « values of «. And we fiuiher derive 

if t and j be different^ and 

for each of the n values of i. 

The only equations, into which the quantities /atone enter^are 
the n equations 

(yi)-o 

and the \n{n - 1) equations 

[/../il-o; 

and therefore we have the result :— 

Then fimiittafisotif ifUegrali </ the unwmiitionti differential 



XlS)- 
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Miittfy ih§ n partial differmtial 0qyaHon$ 
and the \m{n^\) partial differential equaUane 

Further, the other obtained relations shew that these eqoatioiis 
are satisfied when any of the quantities /« is replaced by any one 
of.the quantities F,/F^; and therefore we infer, in connection with 
the argument of § 1 13, that these differential equations are sufficient 
as %i>eU as necessarjf fur the determination of the functions/. 

« 

123. By referring to § 59, it will be seen that 

i-i ^ 
is equal to — yj: and therefore the equation (^)"" is the same as 



dxi 



2 »iJ-0, 



via., is the same as the equation (7) which occurs in Clebaoh's first 
method 

Further^ it may be noticed (though it is not remarked by 

Clebsch) that the fitctor p may be removed finom all the equations 

(^) 0, [^, ^J " even in the ease when P vanishes, provided that 
all the Piaffians of order 2n — 2 do not vanish and no one of the 
characteristic equations become illusory at any stage. This state- 
ment may be justified by the method adopted, for the similar 
question, in § 62*. Hence Cinch's second method applies to an 
equation in 2n variables even when the-P/affian of all the coefflcienis 
vanishes, provided the Pfaffians of next lower order 2ii — 2 do not 
all vanish and no characteristic equation becoine illusory at any 
stage, 

* But th« mttliod wiU Dot sppl> in thi oami o( so •qusUoo in sn odd Bunibtr sf 

varUblvt; for no modifioatiun of Uie ooeffioi^uta can |>ravi «*ffeotiTi, tinot ths 

Pfaffian of odd order it necetssrilj ersneicent. Henoe the prenant form of ths 

mithod U not Applicable to an e<iuAtion in an odd number of varisblee; 'sod 

SMieasJon§ of ihi§ ujctbud to euch an ettuaiion, m well ee to conditioned eqastioat 

in MO etea number ot vsrieUeii were uoi lutAe b) CWVmk^. 






/ 
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124. The solution, then, of the original differential equation 
n « depends,' b^ this method, on the integration of a ii]rsteni 
(13) of simultaneous linear' partial differential equations of the 
first order. To determine the first member of the integral sjrstem 
which constitutes the required solution, say/,, we take any integral 
of the equation 

or of the corresponding associated subsidiary system. 

To determine the second member of the solution, say /,, we 
take a simultaneous integral, other than/,, of the two equations 

(*)-o. [/..«-0. 

To determine the third member of the solution, say /„ we 
take a simultaneous integral, other than /, or /, or any function 
of them, of the three equations 

W-o. [/„^]-o. [A*]-o. 

And so on. 

It is evident that each of the members thus obtained is a 
function of the variables only; that the form of every member is 
affected by all the previously obtained' members of the desired 
integral system; and that the way, in which the effect of these 
previously obtained members is brought about, is indicated by the 
form of the determining system of simultaneous equations. Thus 
the second and the third questions of § 116 are solved. 

ISd. The solution of the system of simultaneoos partial difllBrential equa* 
tions which determine any member of the integral system can be effected in 
eooordanoe with M AVer's theory of such systems*. We shall not enter hers 
into any details of such solution, as the developments belong less to the 
theory of Pfafi^s equation than to the theory of partial differential equa* 
tions. It may, however, be convenient to state hers two of the results 
appertaining to the present systems; the proof of these remilts is nol 
difficult. 



whatever be the values of any thrss Amotions ^ ^i x of the 
variables, the relations 

^ [(♦)• ♦]-»•[♦, WJHff ♦l-Ct** f D 

are MsoticaDy satisfied: the simplest proof of these relations is obtained by 
eoBsidsring aU the quantities as ftmctioos of /* and /. Now to the deter- 

« Bee sole to 1 110, ^ 100. 



tl6 clusch's aoLunoii [lts» 

r 

mlMtion of Moh of Um nembtim of tho intapal qraUn. il b fai wmf etao 
neoMMuy to begin with * ftmo t ioml l y new aolution of (^)«0; Midi for this 
purpoio Um following ranilta, eaailj derivabU from tho pnoodiqg idtntioil 
wilfttjoai, Ts meftil ; 

(i) If^andf beiwoM4ttUon%lhnctioiiAUjdi«tinol»of(4)-O^UMn 

are two othor aolutioiM: ihaj maj, however, be illueorj, or tb^ mej be 
eipremiible in termo of ^ and ^. 

(U) If^,f,j|bethieeaoluiionsftuictioneUj.diiiiano^of(^^ 
each of the quantitiea 

t+Tii' u;«' [♦r« 

ia aluo a nolution ; ho t^t, if they be not iUiutury and be ftinotionally distinct 
from oouibiuatiotw of 4i ^ and x% two other new eolutiona are given. 

(ill) If in the equation [^ /J-O the unknown quantity be ^ and if 
/ be oonnidered known, then from two iiolutions ^ and x * ^^urd ia givio in 
thefomi 

if it be not iUuaorj and it be functionally ditttinct from oombinalaona of ^ 
andx. 

SecQhd, the ayatem of aimultanooua equations which determine /« is 

W'O. I/|,^l-0, (/..♦]-0 , t/.-ii^l-O, 

Clebfech re|)Uces these equations by a linear oombination of them, oonstitating 
an equivident aystem and conntructed an fuUowa. A set of Ikmctions 0|, 
0|, , Hi being introduced, the equations 

(♦)-(0,)(*)i + (0,)(«),+ + (Oi)(*)*| 

l/n ♦l-l/r, OjW,+[/„ 0J(*), + +[/,. Oj(*X ) 

(where r-l, S, , t-l) are funned; and the Hole limiUtion on the 

fuuctiiiiM O, which can othorwiae be chuHeu at will, is that the deter- 
minant of the right-hantl aido docH not vaniiih. Then the ibnner aystem 
can be ro|>Ucod by 

(♦)i-0»(*)«-0 ,(^)*-0; 

the new aystom aatittfiea the relatiou 

((♦)a)m -<(♦)„)* 
and thuM ia a cuuplete Jacobiiui syiitem (§ 38). 

jIj an iliuAUution of Clebsch's methodH, comiider the equation 



I 
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We have 

■ad [1SM]-Si 

■0 that the PfkfBao does not rukhAk^ and maj be omitted from the equatioiM. 
The ftret of these chancteristio equations (^)"0 is 

Babsidiarj equations are 

and the neoessarj three independent special integrals are ohlainaUe hj the 
elimination of between 

We maj therefore take 

as an integral of (^)«0 and consequently as a first inti^gral of the original 
equation. 

Clebech's first method would require the elimination of say X| and dx^ 
firom the original differential eqtiation bj means of its first integral /f^a^ 
and would then leave an integrable eifiression* Instead of using this methodi 
we shall adopt the eeoond method^ which requiree for the deduction of the 
eeoond integral a simultaneous sohition ojther than ^ of 

Taking the eeoond equation, substituting for ^ and simptiiying bj the 
r^ectkm of negligible fiictors, we find that it takes the form 



'^Sr'*^,'^ ' 



We must now find some common solution of this and (^)""0 which is distinct 
from ^. 

We proceed as follows; The subeidiarj equatkms of the new partial 
equation are 

dx^ dXf dx^ dx^ 

three in dependent Integrals of which are x^t #49 (nm)xfy'^Xfyi hence the 
moat general sohition of the new equation Is 

where / impliee ai^ ftinoUonal combination whalefer. It Is now necessary 
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to flikd wha loniw of / will MiMy (^)*0; or MiUliloUng, w% hvn AfUr a 
littk ftJuoUott 

an equAtion in wbioh *U tbt ooeffioieDU are eiimMble in lonns of j^» 4r« 
and M. (Thin rsMili in to be expected becauee (^)»0 end [^ ^]*P eetieljf 
the JeoobiMi oooditiouai.) The Mubeidierj equatioue hf the new Ibrm el 
(^)-Oare 

dm dXf dx^ 

two ittde|iendent iiitesraU of whiob are 

The aeooiid of thetie it ^, which inaj be expected to oooiir aa a oominon 
aoluUon of (^)«"0| [^ ^]*>0; heiioe ^ b merely a fuuctaon of (*%'¥»d *» '^ 
thua we majr take aa a ajretem of two inte^rala of the gifen difleieDtial 
eo nation 

/i-(-'^i+'4)(^t--r4)' y 

The oorreaponding valuea of F^ and F% are 

^»-:^T/ ^•■(x,+xj{x;.x^- 

When we take aa the Arat integral 

and proceed aimilarly^ we find 

^i-(X|4-x,)-« (X|X,-f x,jrj" 

which thua give another aynteni of eulutiona. It ia eaaj to aheW| in veriA- 
oatiouof I llSythat 









where X* ^j'. 



When we take aa the fint integral 
and proceed aimilariy, we find } % 

^i-(-«-*-'4)*(-»i-'i)"* i 

thu* giving another nyiitoui of Milutioua : and, fur the aimilar verift cat ion ^ 
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• ■ 

126. We now pass to the oonndemtion of the eqaationa which 
eannot be treated bj either of the foregoing methoda. The .case 
which moet frequently arises is that of an unconditioned equation 
in an odd number of Tariables, the PfaflSan of which necessarily 
Tanishes; other cases are the exceptions of $ 119 in which all the 
PbflSans of a given order Tanish, though not those of the next 
lower order. 

Let it be supposed that the equation 

n » i Xidtti « 
1-1 

has a reduced form 

fW/+ F.rf/, + ... + /Urf/m. 

and that no equivalent form can be obtained in a smaller number 
of differential elements than m 4- 1 ; then the most frequent case 
is that in which p •■ 2m 4- 1, and for all other cases p ? 2(m 4- 1). 
And, in all cases, the Pfaffian of the original equation n«0 
▼anishes. 

First, if p • 2m 4- 1, then there are 2m 4- 2 functions / and F 
of only 2m f 1 variables ; hence there must be one relation among 
these functions and, in the case of an unconditioned equation, not 
more than one relation. But if any one of the coefficients, say F, 
be a constant, which may be taken to be unity, then there is no 
such relation among the m coefficients Fi, ...,''111 <^Bd the m 4- 1 
bases of differential elements /, /i , . . . , /m* 

In all the other cases, all PfiiffianR of order 2m 4- 2 vanish. 
Now the square of the determinant 

p(/f/i» '••t/mf '% '\t "«» -fin ) 
3(^«» «lfl» I ^r)* 

where a, /9, ..., r are any 2m 4- 2 integers from the series 1, 2, ...| 
p, is the square of the Pfeffian [a, /9, ..., r], which* being of order 
2m 4- 2, vanishes by hypothesis ; and therefore each of the fore- 
going determinants, for each selection of 2m 4- 1 integers, vanishea 
Hence one functional relation must exist among the quantities 
/t/u^*'f/m,F,Fu....F^ But, also by hypothesis, all the Pfoffians 
of order 2m do not vanish ; and therefore all the first minors of 
the preoeding determinani may not vanish ; thus there are not two 
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(or mor«) MUtioiia among the qiuuititiM / and f^^ thai !•» ihara 
fai only a tingle ftinoiional relation. 

If however any one of the coefficiente, lay F^ be unity* the 
oonditbn that the detenninant shall vaniiih ii eatiified : and there 
is then no relation. 

Hence, in every case, the reduced form ii either of the type 

2 Fidfi 
<-• 

with a eiogle identical relation among the quantities /and /*, or it 

is of the type 

rf/+ 2 Fi^i, 

187. When in any manner a partiouUr reduced form has been 
obtaiuudi it can be genoralisod as followa Let such a form be 

ivy-i- #•,!(/; + -^F^if^ 

with a single functional relation, say 

among the quantities ; the alternative form will be found to arise 
in the course of the generalisation. Let the most general reduced 
form be 

4>d^ + *irf*i -»• ...... -h*«d^. 

with the existence of a corresponding functional relation. Then 
taking / /„ .... /«., #",. .... #•«,, x^^u .... *r •« independent 
variablesi wo have 

o-*|p,+***'8*;+ +*4tv ^'■"*' * "*> 

• If, for inrtanci^ ibers w«ra two rslslioDi, Iben F sod /ooold U •iprcMta \m 
|«Bt of >|, .... /«t i^if -I F^\ snd Ihat the reduced form ooiUd U ehanged to m 
to ooDtain on^y *im variablen uid therofort be reducible to on^y m temiA, eootriiy to 
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Eliminating from the last net of m 4 (p * 2m » 1) equations the 

ratios 4> : 4>, : : 4>Mf we have a number of Jacobian 

determinants equi|l to lero, from which the inference is that a 
Amctional relation 

n(/./, /„, ^, ^, .... ^m) -0 

subsists; and TI may be a quite arbitrary function. Then, as in 
$ 118, it follows that 

*- X?? *.- xP' * . x^"- 

„ .an -, .an ^ ^an 



When these are solved so as to give ^, ^. .... ^m the elements of 
the generalised solution, it appears that each of these elements is 
a function of the quantities / and F\ and similarly for the 
coefficients 4>. Since n is arbitrary, each such function is arbi- 
trary ; but all the arbitrary functions have their form determined 
by that of n and so they arc not independent of one another. The 
form of any one of them may be arbitrarily assumed — thus in- 
versely determining the form of n — and the forms of all the others 
are then dctermiuate. 

This is the generalisation of the assumed form; being the 
general form, it necessarily includes the simplest as a special case. 
Since, as has just been explained, one of the functions may be 
arbitrarily assigned and the rest will then be determinate, Clebscb 
takes as the foundation of the simplest reduced form the special 
assumption that the coefficient of one of the differential elements 
shall be unity. Thus the normal reduced farm is 

rf/+ F.d/ + F,d/, + ^F^d/^, 

where there is now no relation among the quantities / and F. 
When such a particular reduced form has been obtained^ the 
natural generalisation is to another normal reduced form 

fi^ 4- 4>,(i^ -I- 4>,c{^ 4^ ^^md^t 

which shall be the most general possible. 

The preceding analysis will apply to this case, so that we have, 
in the first plaoe, an arbitrary functional relation 



iiBftivATioii or 



[ItT. 



among the elemeuU of the two tolutioua But tinoe f Mid ^ wt% 
each unity, we have 

* a* * * a/ • 

•nd thervfor* 

an all ^ 

■o that / umI ^ cftD enter into 11 only in the oontlunAtioo ^ — / 
Taking 

the arbitrary functional relation among the elements of the two 
•olutions ii 

n(/., ..../», tf.^....,^,^)-0; 
and, if X be the reciprocal ^f '^ • ^® l^ve 



♦r- Xgj (r-1, 8, ...,«•) 



/•---x 



dn 



* • 



-XT- (• ■■ 1| Z| ...I •*) 

These equation! contain the nunnal g$H§ratimii4m qf oay jMr- 

128. When theie equations are eolved, they give eaoh of the 
quantitiee tf,^, •••»^m en a function of /i, . ..,/«• <'i« •••• ^m; the 
forms of these functions are dependent on the form of II, and so 
each function is arbitrary but is not independent of the others. 
Hence, if we regard only one of the elements of the generalised, 
solution with the view of taking it as an integral, it follows that 
the viwtt general jini integral of a differential equoHon with m 
reduced form 

d/-^ F,d/,^ F,dj\^ ...... ^ t\d/^ 

ii given by 

where ^^ i» an arbitrarg function. 

The general march of the derivation of sueceHsive integrals is 
similar to that of the earlier case (§ 115^ By means of the 
integral ^w » UaN, the differential equation can be transformed into 






1 
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an equation containing only p^l varinbleR and having as a 
normal reduced form 

d4> + *,rf^ + + ^m^td^m^i ; 

as the new coeflicientii of the differential equation are affected by 
the form of ^m adopted (or, on the other hand, aa the remaining 
functions ^, ^i, ...» ^m-i are affected by the form of ^m\ H follows 
that the remaining integrals will be similarly affected. Hencei 
as in the earlier case, each integral affects the form of all those 
determined subsequently to itself. 

The new equation, with the associated new reduced form, is 
the equation next simpler in treatment than the one already 
discussed ; we shall have a second integral of the original equation 
in the form 

where ^m.i is an arbitrary function. And then by means of the 
integral ^m-i "* Am~i> the differential equation can be transformed 
into one involving only p — 2 variables and having 

rff + V,df,+ +^--trff-i-f 

as a normal reduced form. And so on, until we obtain a differen- 
tial equation in p — m variables having 

dx 

as a normal reduced form, i.e. until we obtain an equation which 
is exact: then 

constitute an integral system equivalent to the differential equa- 
tion. 

129. Having thus generalised any special solution, we have 
now to investigate the equations which determine the integrals. 
For this purpose. Clebsch gives two processes, each devoted to the 
determination of a first integral of the differential equation. Since 
by means of this first integral the differential equation is trans- 
formed into another which is simpler and is similariy treated, it 
follows that each of these processes is limited in the same way 
as the first method which applies to the class of unconditioned 
equatioiis in an even number of variables ; neither of the pro ces s e s 
poss es s es the general character of the second method which 
applies to that class of equations. 
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ii the tame in form tm before (| 118) and ihui aaggetto 
a nmilar method. 

Let X« ^, ..., p be any 2ih iutegeni of the leriea 1, S, ... , p; 
let p m 2m + q, and let « be any one of the integen 1, S, ..•» q. 

Then we deU^rmine q hoU of ijuantitieH y • y • ...i *y by the 

equations 

Proceeding as in $ 118, we obtain the equations — similar to (10) 
of that article — 

»r^*»ri> ^t*^-" 









holding for r«- 1, 2, ..., m, and for «•■ 1, 2, ..., q. 

Now it has been seen that the first integral of the differential 
equation is a function of/,, ...f/m$ fu •••» ^m\ hence it satisfies 
the equation 






0, 



• 

since each of its arguments satisfies the equation This equation 
subsists for s » 1, 2, ... • 9 ; and therefore we have the result : — 

Tk$ JirH integral ^ of ike differential equatiim fl •■ it deier-^ 
mined ae the tnoet getmral eimultaneoue eolution 0/ tKe eyeUm (^ 
linear partial differential equatiofie 

-A.^-0, A^^O. il,W-0. 
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Each of the quantities y ia the quotient of a Pfaffian of order 2m 
by the PfaflSan [\ M» •••# p] » ^^d as, by the initial h}7K>them8, not 
all the Pfaffiann of order 2m vanish, we should naturally choose 
X, /A, ••., p so as to give a non-vanishing Pfaffian. 

It is easy to verify that the 8]rstem of q equations satisfies all 
the Jacobian conditions for the possession of common solutions, 
and therefore it forms a complete system. 

Er, 1. The simplest case is that in which the nambsr of ohsmcCeristlc 
equations is least* tul, f ■>! ; and the single equation lliSQ serving lo dcler- 
ndne the first integral is 



1 5? [i-^h «+«» , tm + 1, 1 1 t-lj-a 

As a voy easy iUniitrRtion, connider the equation 

The oharscteristic equation is 

and therefore we may take as a special solution 

/,-r|-x,-«. 
Using this integral to remove jr, and d>p we have 

O* - r^, -f .r|c/,r, + (tf -I- jr,) d>t 

so that /"^f-^^^t-^^^t* 

and therefore a ipcvuil system of integrals is 

Moreover, since 

we find Fi'Xi-jrg. 

To ^emeratm the integral tyntem we take 

^-fdnction (/i. Ft) 

■i fbnction (jr, - 4*1,. X, - 4r^ • constant ; 

and this may be taken . 

where f is an arbitrary function. Using this to imodifjr the eqimtion as 
befcfe, we have 

-rf(tjr,»+Vi+',f)+(*«-«'»)«ft 
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mhM% afUr intagnlkxi, i Is lo U rofiUoed bj iu fihit 4(^* jTi* Am tkt 
two intagrab ol tbtgiotnUiiMd njrsUm are 

ijr. 1 AhoUmt msj tUiwtnitioD U afionUd bjr tbt sUBikr tqufttkNi 

£s.X It k an immwiiftU oorollarj flrou Clabttoh'M Ant praoMi tkat^ tf $ 
an^ ilf ba eliininaUwi fttMU tha uoo-iuiegrabU exproiMou 

by mMiM of anj inUgral, aajr ^('» jfi «• a)«-<\ of tho ohanictariilio oquAtioii 

than tho ntw fSorm O' (■•O traiuifonned) m a perfect differentuL Thto laault 
may be oompared with Bertraod'a uethod for an eiact equation (| 16X and 
with the theorem of Jaoobi in the eiample iu 1 68. 

£x, 4. The equation 

(x,* - x^i + a) dLr| -I- (x,* - X|X, + 6) dlr, + (V ~ '■^ff'i "*" ^) <'^t " ^ 

will Aimieh in the following aolution some variation in the mer^ analjtkal 
procedure. 

We have [ISl-ax,, [a3]-ar„ [dl]«ax|; ao that, on the auppoaition 
that a, ^ do not all vaniab, the equation ia not exact The charadcriatio 
equation for the first integral by Glelnch's first pn»oess is thus 



'»^+'.|?,+''St-*^ 



Equations subsidiary to its solution are 



dx^ ds^ dxj 
'• " 'i " '• 



two independent integrals of which are easily obtained in the ibnna 

^ X|-|-«X|-»-m'x,' ^ Xj+SivTix, 
each equated to a constant, » being a cube root of unity. Also 

1 



f^ 



^Xf-k-xf-k-xf - ^yX^^ 



« ■««%«■ *■. 4»«» »% 



>«»•■■*• Vi * ■■ — ^ J 
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Imtaad of Uraa following the general rnle^ we proceed olherwiee. It is not 
difficult lo prore that 

Henoe^ taking 



we have 






■ad the special and general integrals can now be obtained by the usual 
process* 

£x. ft. Integrate the equation 

Er. 8. It is easj to infer the result, slighttj more general in form than 
that stated in Ex. S| that, if a and fi be two independent int^grah of the 
system 

OXj CfJTj CLTi 

then the ei prss s ion X^i-^X/U^-^X/Lr^ is e(|ual to 

where M and N. are functions of a and fi alone, and y is not detennined bj 
a and /I*. If the condition of iniegrability be satisfied, then y is a constanti 
and again we have Bertrand's theorem. 

191. The second process given by CIcbsch is as followfi. Tho 
principle depends upon the fact that, when % normal reduced form 

is transformed by means of a relation 

fm « function (/,/i, ••'»fm^u ^i» •••• '■•X 
which it must be noticed involves /, it is changed into a form 

containing im independent quantities /,/i, ...,/fii-ii f*\f • •'m 

bound together by no relations. The new differential expression 
has thus a reduced form of the type 

iFidfi. 

where the quantities/" and F* are connected by no relations; it 
therefore belongs to the class of equations treated already, (SS 117, 
118). Hence we have to find some function ^ of the quantities 
/• /if •••• /»• Fu •••» ''»• which shall be an integral of the 



• Daibouu -Bar Is pfoMAns ds PM,** B^ iei BeL iUtk., 



Bsr., •• ▼■•, 
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equation ; and then, by meani of the equation ^ >■ Oi we remove 
one of the variables and obtain a new equation wbiob, as has been 
seen, is amenable to the earlier methods. 

For- this purpose we again use the first of the propositions 
proved in $ 121, in the following form. Consider 2m -f 2 variables 
«!• .... s^^and 2m + 2 functions /«, /i, ..,,/mf f%. ^u •-. fm. 
such that 

then the Jacobian 

3(«ii^i .«^) 

has for iU value the PiaflSan P-i[l, 2, .... 2m 4-21. By the 
first of the propositions in § 121 we have 

*«1 A«i " CXk «*• O^t 

where ^ is any function of the 2m + 2 variables. But, by the 
ordinary formule fur Jacobians, we have 

P^ m ^^/•'/" '">/t>t F; Fi F^) 8^ 

3#V 3(^i»*i. ^* tM-i-i) d#V 

3("«^l. *!• • ^^•m)' 

and therefore 

^ «. V F ^^«A»«^* ' •*•» /»■> ^•' ^>» *"» '^*-i» y» -fVi-n '*** ^o) 

••0 'S^.*^!! 'i »'«H^ 

To adapt this, which is a general result, to the case of the 
normal form under consideration, we notice that #"• is unity and 
that therefore every term on the right-hand side will vamsh, 
except that in which ^ replaces F^ : hence, whatever the function 
^ may be, as a function of the variables, we have 

* V* V • » V ^ ^ (/ /., ...>/ m . *• Fi Fm) 

kml kml O^A ^(U^j.^r,, idTMW 

And it is evident that a similar formula will hold, mulolu 
mutandis, for every selection of 2m + 2 integers firom the series 
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Now when ^, a function of the 2m 4- 2 variables, can be 
ezpreased in terms of /,/i, ...,/ni» ^n •••! F^ alone, the Jacobian 
of the 2m -I- 2 fiinctions vanishes ; and when ^, considered as a 
function of all the p variables, is expressible in terms of/, /i, ..., 
/n, Fu •••! Fm alone, every Jacobian of the 2m -I- 2 functions, 
taken with reference to every set of 2m -I- 2 variables chosen from 
the p variables, vanishes Hence the desired function ^ satisfies 
all the possible differential equations of the form 

The desired functional dependence of ^ on the quantities /and F 
is suflSciently and completely established by the vanishing of the 
Jacobians of the 2m -I- 2 functions taken with reference to rri^ xe^, 

•••9f^-¥i ^^^ ®Ach of the other variables in turn. If then R 

denote the derivative of [1, 2, ..., 2m -fl, 2m4-«] with regard to 
A, k ; and if 

then the partial differential eqtuUione neceeeary and enfftdeni to 
ddermine tKe function ^ are 

/or *-il, 2, ...,p — 2m — 1. 

In the particular case of an unconditioned equation in an odd 
number of variables ire have p»2m + l, so that the preceding 
analysis does not apply. But then, as there are only 2m 4-1 
variables and there are 2m 4- 1 quantities / and F, it follows that 
any function ^ whatever can be expressed in terms of/ and F\ 
hence a first integral would be obtained by equating to a constant 
any arbitrary (unction of 'the variables and using it as indicated in 
$ 118. This 10 the theory previously adopted. 

It is easy to verify for the general case that the system of 
P'^tm^l equations satisfies all the Jacobian condition} for the 
possession of common solutions, and therefore it forms a complete 
system. . ' . * 

JCr: Integrste the equation 

(^jr4-lt-«)d:r4-(i-»-»)dry4-(y4-»)<lt4-(*-»)«f«4-(«-Jf-f)«ff-a, 
wUoh hM a nomMl rsdnosd ftNrm cW4- Fi/. 
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Foa Um hiitirfy ol taiifMiiUI tnuulbnuAtioni im Lii^ JfolA. Jaflk, 1 fiiL, 
p^ 819 aimI llmaiog ^'Th^orie dm ^uAtaous aiu dinHm fMMrlMlkida fmnkr 
oidrt" p. 48. Id Addition to'tbe uemoir of Li6'(whioh is a Hmua4 olMfwal 
BMinoifii pubUiihad earlier in ChriiiiiAiiiA) and that of M ajrer, both ol wbiob 
are quoted in this ohapter, reference niajr be made to a mimoir hf lj% 
Ardk. for MaiA. og Jtai.^ t U. (1877), |»|i. 10—38 and to one Vj Kngel, 
Math. AuH.t U ziiii.| |i|>. 1 — 44. 

An eihaiietive dieciuMion of the theory of taugeiitial tranefonnaUona with 
iti |iroiiout devel<»|)meiiUi ia to be found in tbe. aeuond volume of Lie and 
Eni^l'a ** Tbeurie der TraiutfaniiatioiiMgni|i|wn " (Leipzig, I BOO). 

111 a note Math. Ann,, t viii., p. 8ai3 Lie nuggeeted queetione relatiTe 
to tangunttal traiiMformatioiM and ai»ciilHtiuiial tranjifonnationa which had 
ah^mly engaged the attontton of Utfckluiid. The latter had publiahed a 
lutiuioir **KtiiigiM Qlier 1/un'un- und Kliiohontriuiiifitrmationeu,*' LuhJs Arukri/t^ 
1 z. (1875); aiid aince tliat date ho haa publiidied luenioin on the aubject in 
the MatL Jmii., t iJL, pp. 807—320; ib.^ t xi., pp. 199—841 eapeciallj pp. 
800—819; t^, t xix., pp. 387—488. 

132. The general idea of the class of transformations about to 
be considered is derived from clBrtain fundamental geometrical 
ideas relative to the transformations of space. Transformations 
between the points of different spaces will in general change 
aggregates of points into aggregates of points with similar 
characteristic features; for example, a surface in geometry of 
three dimensions is changed into a surface, two surfieuses which 
t^juch one another are changed into two others which touch one 
another. But point-aiid-point trausfoniiationsdo not alone lead to 
such results; thus the tangential property IncUcated is poesessedf 
also by the liualistio tranHforinations which analytically express 
reciprui-ation with regard to a (piadjio; and these are only two 
sets fi*oni an extensive class. 
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All transformations, charactorised by the property of changing 
surfiEu^es in one space which touch one another info surfaces in 
another space which touch one another, are called tangential 
transformations^; they are of course not limited to the analytical 
forms which correspond to* geometrical space, but they apply to 
the most general configurations in an amplitude (Hannigbltigkeit) 
of any number of dimensions. 

Suppose then that there is an amplitude of n 4- 1 dimensions 
and that any point in it is determined by the (non-homogeneous) 
coordinates ', ^i «•> •••t 'n; And in it let there be two configura- 
tions (algebraische Oebilde), each of n dimensions, which touch 
one another. At the common point the quantities Mt^» •••! ^m 
Pi, ..., Pn are the same for both configurations; and the contact at 
that common point is ensured, if the differential relation 

which subsists for all variations in one of the configurations at the 
point, subsist also for all variations in the other at the point with 
the same finite elements. Let there be a transformation which 
gives /, Xi\ ..., Wn fts the coordinates of a point in another 
amplitude or in another part of the former one; the two con* 
figurations, which are the two earlier configurations transformed* 
will touch one another at a common point, if the differential 
relation 

. 1-1 

subsist for the two configurations simultaneously. It thus follows 
that two touching configitrations are transformed into other two 

touching configurations when the vanishing ot d^^- z, pidcti is 

consequent on the vanishing of (it— £ p<cbi; hence the tram* 

formation muH be such as to permit these quantities to vanish 
together and therefore euch ae to tejuire an identical relaHon 

d/^l p/d^'^p(d$^X p4^), 

* Thqr ue stlM hjlMenH olb«t BerU h m i e$l9w ^ ^m e tU n en i ^ Fnadbi 
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wk$r§ p ia a nom-ffaHinhiHg integral quaniiijf. Moroofer^ tha 
quautiliiMi §, Wi, ••»»m» Pi» •••> Pm i^r« the ooordinatatofMi eteinenl 
of A oottflguration of the muni exU$iuiive type; the quaoUUet 
M, «a, ..., ^ delermiue iU puaition and the quantitiee pi, ...i f^i 
iu orientatiou iu that putdtion; hence the Sa-f 1 quantitiea are 
iudepeudeut of one another*. 

Henoe wo are led to Lie'a definition f of a tangential trana- 
forniation: — 

When Z,Xi Xn* A» ••• » ^^m ari 2a -f 1 independeHi/unciioHM 

of th$ ia-f 1 indepemUini quaiUUiee m, w^, ..., w^, p^ ...iPW ^ck 
that the variational relation 

dZ-- i PaXi^plde- i o^A 

(where p doee not vanish) ie identicalljf eatiejied, then the tront- 
fomuUion defined bjf the equations 

m'»Z. a^-X. p'^P 

ie called a tangential trane/orniation. 

Two clatiBes of tangential transformation, viz., point-and-point 
..trauMfomiation and the (reciprocal polar) point-and-pUne trana- 
formation, have already been referred to ; it is of importance to 
determine all the classes. The analytical problem thus presented 
amounts to the determination of Z, X, P as independent functions 
of s, w, p in the most general form which admits of the cha- 
racteristic variational relation being identically satisfied. 

133. Since the quantities in the two <litlerential expressions 
which occur in the variational relation are two aggregates of 
independent quantities, each of the expressions may be regarded 
as a normal reduced form of an unconditioned Pfaffian differential 
expression involving 2ii-f 1 variables; so that Clebsch's inves- 
tigations (§§ 113, 127) relative to the derivation of the most 

• 

* Thua $, J, y in ordinary fpace determine a point on a furfaoe; p and § 
determine the poeiiion of an element at the point; eo that any element of anj 
surface i« deSned by the five quantities z, x, y, p,q, and the whole of any forfaoa 
oontaiuing a K>ven element would be defined by a tingle relation between the fifa 
quantities, Uiat is, by a partial differential equation. It is easy to infer tha 
oorresponding results Cor oonfigoraiions of less sktensifs type, a.g., f6r tortnoaa 
curves in ordinary space. 

t Math, Ann., t. viii., p. 2*iO. 
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general normal form from a given normal form may be applied 
to the present question. It is thus, in fact, that Lie discusses 
it*; he regards it as a special case of Pfaff's problem and applies 
Clebsch's results. But as some of the special inferences made by 
lie in the theory of tangential transformations are applied by 
him (of course not unjustifiably) to the discussion of PfaflTs problem, 
it is (as also for other re&<K)ns) of some advantage to have an inde- 
pendent establishment of the principal results. This direct 
derivation of the fundamental formulie of the theory has been 
eflEected by Mayerf. 

134. We have then to determine 2ii + 1 algebraically inde- 
pendent quantities Z, X^ P bs frinctions of 2fi 4- 1 independent 
variables «, c, p such that the equation 



dZ 



- i PfiXi^pldM-- i p4aH\ (1) 



is identically satisfied, p being a non-vanishing quantity. Since 
the variables are independent, the equation (1) is equivalent to 
the aet of 2fi -f 1 equations constituted by 

iZ ^ ^dXi 



fi-l'-'ii-' •<»)• 



the equations (3) and (4)' holding for r « 1, 2, v.. i n. Taking as 
a new symbol ^ - ' to represent 

for any fiinction 17, the n equations (4)' may by means of (2) be 
/ replaced by the h equations 

holding for r«l, 2, ..., fi; and these eqtiations (2), (8) and (4) 

• IffllA. iliifi., t vUl., pp. Ml H Mq. 

f am. MeA. (1914), pp. il7-8n\ TtpK&nM^, MiAiV. lL«i^.x V ^i^ 
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•re miSicieot to enmire the MUa&ction of the fundMneotal equar 
tioo(l). * 

There are two stages in' the inveatigAtum; the first is the 
establishment of necessary equations determining Z, JT, P; the 
second is the selection, from thene necessary equations, of such as 
are independent and sufficient for the determination. 

For the first, we have for any function U 

• dpfdxr dxrdpr di ' 



1 






_d dV^±dV 
dxf dx, dxg dxf 



Then 



3^ I p dXj^ »Z 



by taking IT « IT in the first of the foregoing relations and using 
(8). When this is simplified, it gives 



imi \hp, dp^ "" dp^ dprJ" ' 

Similarly using the other relations in connection 
with equations (3) and (4), we obtain the aggregate 
of equations 

imi \dpr dx, " dxr dpj^^* 

^ i/»^*^^f-^3-^ji«0ifr^t 
im\\dp, dxt dxtdprJ .' <• 

V (<^{\ dXj _ dPi dXi\ ^ ^ 
iliKdxr dx, dx; dx,) 



••••••(5)* 



ji 

I r 
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bitrodacing now s set of 2n independent quantities yi y*, 



ti, .,., «« and another aet of 2n quantities «,, 
connected by the linear equations 

• (dXf iX, \ 

^ /dP. . 9P, 



••• 



» •*•• ^i 



» ••• 






.(«X 



then we have uniquely, by the use of (5), the complementary 
equations 



pyi 



• / dPt dX,\ 



in 



It insteiid of using (5) to find y and m in terms of « and v, we 
solve (6) to obtain their values, it follows, since the quantities y 
and M are independent, that the quantities u and v are connected 
by no linear relations unless the determinant R of the coefficients 
on the right-hand sides of (6) vanishes. And from (7) it follows, 
with the same suppositions, that R (also the determinant of the 
coefficients on the left-hand sides) vanishes only with p, which has 
been supposed a non- vanishing quantity ; so that n and v are a 
set of 2a independent quantities. 

Further, taking the Jacobian 6 of X, JT, P with regard to s^m^p 

and substituting from (2), (8), (4)' for g- • -^ . S • ^® easily 
find 'P 

which thus does not vanish; and therefore IT, X, P are functionally 
independent of one another. 

Substituting now the values of yi and $i as given by equations 
(!) in equations (6), we have 






i (dP, ^ / dP, dX,\ dPt a / rfP, „ dX.W 
which must be mere identities since tbere are no linear relations 



mayke'h raoov of 



pS4 



among the quantities u and v. Hence« uting the symbol [F^] to 
denote 



imi \dpi dxi dxi dpi) * 



we have 



(8X 



(10). 



p-[PjJj], for j-1 »"^ 

o-[jr,JO]. ... 

a^ipipt], ... 

which we MCfMary oonditioiw aifocting the quantitiet X, P. 

Secondly, if O be any function whatever of i, m, p, we have, on 
substituting the expreasioiu for A, and B„ the relation 

and therefore by the relations (8) 

In these equations (10), the determinant of the coefljcienta on 
the left-hand aides is not zero ; and therefore, if we take 

[ZJrj = OV, fori -1.2. ...,», 
pf>^P!i -Of 

the equations (10) leatl to A^ s 0, Br^ 0, that is, th^y give equa- 
tions (3) and (4) uniquely. Heuco 

are 9ufficient to ensure the existence of (3) and (4), which with (S) 
are ei)uivaleut to the fundamental relation. 

The combined results now obtained lead to' Lie's theorem :— 
In order thai ih$ relation 

dZ^ i P4Xi--p(dz^ ipM) 
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ffuiy h$ identieally gatisfied, it is necesiary and miffieieni thai ih$ 
fuantitiei Z, X, P satisfy the eqiiations 

[XX,] - - [X,Xj] - [PtXj] - [P,P,] x 

Wii-p. [zp,]'''pPi r 

provided Z, X, P art functionally independent of one another; and 
the value of p i$ 

az A p dX, 

a fum-vanishing qtiavtity. Also, conversely , a non-sero talue of p 
i$ sufficient to enstire the functional independence ofX, X, P, 

135. The aggregate of the conditions — each of them a differ- 
ential equation — in Lie's theorem is large ; and, though they are 
necessary and sufficient, no indication is given of any of them 
being superfluous because not independent. To modify the result 
and reduce the number of sufficient and necessary conditions as 
far as possible, Mayer proceeds as follows. 

From (9) it follows, by taking B equal to E and to X^ that 

and therefore, if there be n -f 1 algebraically independent Amotions 
X, Xu ••*9 Xn which satisfy the equations 

there are apparently n + 1 equations, n of which are of the form 



i.(All'-^'s')-'^'- 




• •» 



the remaining equation being 

The last one however may be disregarded when the earlier n are 
retained: for, multiplying those n equations by P|, ..., P^ and 
•dditig, we have 

i.h(JI---)->'-^-*)}-- 
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whioh El ODce gives tha Uuit equEtioii. • We thus hs? a n equElioM 
lineET and homogoujBoua in the 2e quauUtiea A and B ; audi if • 
of the quantitiea vauuth* the n equationa then involve the other 
n linearly and homogenooualy. Now the deterniinanta of their 
coefficients do not all vanish, for otherwiHO there would be a func- 
tional relation among the quantities Z and* X; hence the n 
equations can only be satisfied by having the n variables occurring 
in them zera H^nce it follows that, ufhen the a -h 1 quwUitiei 
Z aiid X have been determined ae functionally independent eoluHone 
of the equaOone 

[ZXi]^0.[XiX,]»0. 

then n of the eqmUione (3) and (4) can be derived from the other n, 
$0 that the set ii equivalent to only n independent equatione. Theee 
equatione* serve to determine the n quadititiee Pu ...^P^; and the 
value of pie then determined by equation (2). 

This is Mayer's form of lie's theorem. 

186. The quantities occurring in the general tangential trans- 
formation are 2n-f 2 in number, viz., p, Z, Xi, ..., Jr«, P„ ...» P.; 
and there are only 2n -f- 1 equations to determine them, viz., (2X 
(8), (4). Hence some one of the quantities will be left undeter- 
mined ; and, unless an external condition be assigned, an arbitrary 
element will occur in the solution. 

This expectation is verified in the character of the result just 
obtained ; for the equations which determine the quantities Z and 
X are 

[iTXJ-O, [Jr^JTJ-O. 

and the first of the quantities thus determined may be taken at 
pleasure, its form affecting that of the others subsequently deter- 
mined. 

£x. Ad imporUnt sppUcation of ihiii rettuli ban been nuuls f reUlivs to 
the solution of partial differential equaUona. (See aUo chapi viL) So Cur as 

* It may bappioi that lome Mt of a equaiioni choaea from tlie 3a may bave^ 
owing to the talnee of Z and X, Ihe determinant of the eoettdente P tero: bat 
thie wiU nol oeenr for all saeb aeti, on aeoount of tbe factional independenee of 
IT and X 

t Darboni, BmU. det Se, i/alA., S~ Bte. t. Yi. (ISSSy, p. 67 for tbe praMnI 
form; but •■eentiaUy the application k Lie**. Math. Jnm., t. viii. (1S76), p. S4S, 
aleo p. Sll. 
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tlie prsoeding general inTestigaiion is eonoernedy the qtuuitiUea ^, , p^ 

are algebraicallj independent of one another and of x^^ , jr.; and Uie 

oharacteriatic reUtioQ 

dZ' i P|(fX|-p((lr- i p((£r|) 

is identicall J aatisfled, some one of the qnantities Z and X' heing nndeter- 
mined hj the conditions. 

Let then ^, , p. be the derivatives of i, a supposition which does not 

rioUte the general condition; and let a given dilTerential equation of the 
nrst oraer be 

Umb m tain Z m the krbitnrj elemmt Jut indicated, tnd «• datemiiM 
th* qnaatitiM X hj the equations 

l^jrj-0, [£rj.Ok 

lX,X,]~1i, 

» 

which occur in the ordinaiy Jaoobian method of sdliitioiL Since 

dim 1 p^i 

and dZmf^ 

the characteristic relation lends to the equation 

i P^XtmO. 

Then the equations 

X|«a|, JTi^o,, , X||va«, 

combined with Zmi>^ give on the elimination of |)|, \ pu * complete 

integral of Z^O, And, as remarked bj Jordan ^| the equations 

A-0, P,-0 ,P,-0 

give a singolkr integral when combined with Z«0. The*most comprehensive 
general integral is given bj • 

/(JT,, ,XJ-0. Z-0\ 

7i»r." ■p.si)' 

where / is an arbitrarj ftmcUon. 

137. The preceding theory gives the most general clofls of 
tangential transformations. There are several special classes, 
which are of importance : in particular, there are all thoee consti- 
tQted by the transformations which give values of JTi, ..., X«, P„ 
..., Pn independent of s. These may be called cylindrical 
tangential transformationa 

• C^Sft £Amljfm, %. W^ (1SS7), p. S40. 
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By lie'a iheovem we have 

since P eud X eie independeDt of $, ii follows thai p is ind^peiideQl 
of § ; end from equation (2), which now is 

dz 



we have 






where II, independent of t, may be some functioa of x^, ..., a^, 

for r « ), ...| fi; and since the only term in this equation which 
involves $ is that occurring on the right-hand side, we have 

• arr 

for r » 1, ..., n; or p is independent of the variables #. Similarly, 
from (8), which is 

<-l 3pr ^r 

it is inferred that p is independent of the variables p. Hence p is 
a constant ; let its value be denoted by A ; then the form of J7 is 

£» Am ^11, 

where 11 is a function of x and p only *. Substituting this value 
of 2 in the characteristic variational relation, we have 

AdM^dn - i P,dXi''A (df - i pM)\ 

* Th* ooBsUat A «m •vidMtlj b« abflorbed tsto Um TariaUat IT Mid X. If 
dnirabU ; Um tauuforniaUoo would then b« 

A iorm whioh foggettod Um proposed Danie. 



/ 
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and therefore 






I 



iin- 2 P4Xim^A tpM (iix 



in which s no longer occurs. 

The modified forms of the equations which deti'rmine TT, P, X 
are easily obtained. We have 



(Er 



dx' At ?t' ?p 9/1 ' 



and therefore, when we take 



r-t \^ Sri- ^ Spr/ * 



we have 



[XiXi]^{XiXs\ [X,Ps]^(XiPi). [PiPi\'-(PiPf\ 

r-l C?pr 
r-l ^Pr 

and so we have the theorem :— 
In order that th$ relatiim 

<{n - i PidXt » - i4 S pidaci, 

where A tea comdaniand 11 t>a/tincftOR of tr^, ••••^iPhf* tl'Wi 
majf 60 ufenltbcf ffy eatisfied, it m vieceMory and enjfkient that the 
fwitiMiei n, P, X mUiefy the equoHone 

(XiXs)^Om(P,Xj)^(PiPs) ) 
(PiXi)^A 

mid the ffWfiHtiee X and P are funcHonaUff- independent cf one 



f 
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psr. 

Or, if we take the Beoond fbnn ({ 185) of Lie's geneiml theorom, 
we have for the present case : — 

■ 

WhtH th$ ii-t-1 quantiUe$ 11 and X kiu» Imm dtUrwuuttd <M 
/unetio»aUjf iitdtpeniUnt $olution$ i^tk$ eguofuMU 

(XiX,) - 0, 



(nx,) 






r-l 



thetn tk$ quanHHei P can be obtained from any ii independmt egfuo* 
tions of the eei 



^i r-l ' ^^i 



--"■ 1-1"%'- 



188. Ex. 1. SoDis ftimpla caiiea of ejlindricsl tangential ttanafbrmstioos 
ara given bj Lagrange \ viz :-* 

(i) Z-i-jur-9y; JT- |^ T- y\ 

which la oftan callad Uw LegendrUa tnumfanuAtioa: 
(U) Z~—q9 ; X- *, K. 



(Ui) Zm$~px 






5 .r- p, r- y 

Tbej ara used bj Lagrange to aolve particular cUmwi of aqnalkms bj 
tranafurming tbem into other known equatiomk 

Ex, 1 Two important inferenoea, used bj Lis in his thsoty of PCdTi 
problem, maj be mmle as fbllowa. 

Fimt, in equation (11) the quantities P and X are in In de p e n dent 

lUnotiona of the variables x^ , x., p^, , p^i and U is snother 

ftmction of the name variables, auch that there exiats s ein^ relatioa among 
the quantities n, /*, X Moreover, the couHtaut - it in that equation can bs 
abeorbed into the left-hand aide ; and hence we have the theorem : — 

L WA§n a sinyU ndation exists awong Sh^'I quaniitiss y^, y|, , 

y«, 9|, , 9», then tks e.rpression 



can bs transformed to 






2 pA^i. 



(This reault is s particular caae of Pfaflfa reduction of a differential ss- 
prowiion containing an evieu number of variables: for, ainoe y« is a Itonctioo 

* OrarrM cowjiAIm, t. iv., p. SI. 
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ri 



of q nod jf, the diflfmntiAl expremlmr will, After mibstitutioii fo mMte for 
jf^, oonUin fn differmiiAl elements and TAriablm and the new differential 
e ip r ee elon la mereljr lii reduced normal form.) 

A simpler form of the remili Jwit obtained arises bj taking A^X in 
equation {\\\ when we have 

cftl+ i PiWUti- i P^Xi (n). 



•-I 



i-i 



When we consider n as a given fhnction of 4: and /s the equations deter- 
mining the quantitiee JT are 



(X,li)-0 I 



W; 



and tiM quantities P are determined w in the second fbrm of the theoreoi 
of §197. . 

fieoond, a special supposition with regard to equation (a) Just obtained 
leads to another reduction. Suppose it pomible to hare 

let us find the fbrro of n and the amodatcd llmitaHons on the quantitiee 
i'andJT. 

With the ghren value of X«, we hare 



/ 



/ o.(jr.j.)-^j^'. 



y' M that T| ti imlflpemlent of jv- AIm>, (inr i > I, t, ,H-I,welMT« 

if, 



o-(/'iJrj 



W 



80 that Tit I Pm^t M independent of p.; and we hare 

^P 

aothat Pn'^Pm'^^ 

where O Is Independent of p^. Lastlj, we hare firom the equation 



the relation 



or n la Independent of pu* The equation (a) now b ecomes 



•-I •-•I 



an equation eiplicltlj Area firom the variable jf^<^ yt«« ^2^ ^ 
1*1, ...«••, /1^-f, e, Xff .iXn are tm ^\VM^\0na ^ <^^ ««««.« \«%\' 
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l^.i» to UiAl Ultra k ODi raUUoo bttwMii thim) uid thmttan w lutvt Um 
th u onm t— 

IL IflUii a lAiffli nlofibtt mriid aaioii^ in quaniiiim f^, ••••••i f»t 

(Thifl ifl AD IndapMidMii derivaiioo of CUbtdi'ii i«Milt m to the Bfltnal 
raduoad form ({ \ii) equivalaot to • oonditioned diflerentkl eipraakiiL) 

189. Among the cylindrical traimfomuitionB determined by 
these theorems there is an important claas called honwgen^ims. 

If in the equations satisfied by the quantities 11, P, X we take 
n to be a constant, say B^ then we have 

for all values of the index i. In this case we therefore infer that 
the quantities X are homogeneous, in the variables p and of aero 
dimension, and that the quantities P are also homogeneous in the 
variables p and of one dimension* 

Converselyi let the quantities X be homogeneous in the 
variables p and of zero dimension; ^then it follows^ from the 
equations 

(P,j,)-(P.jr.)- -(P.jr.)-ii, 

that the quantities P are homogeneous in the variables p and of 
one dimension* Hence we have 

r-l OPr r-l op^ 

and therefore the equations detepniuiug 11 are 

(njr,)«o, (np,)-o, 

a set, in in number, which are linearly independent of one another. 
Since the conditions for coexistence are satisfied, they form a com- 
plete system. But the number of variables in 2ii, the same as the 
number of the equations ; and hence there is no variable solution 
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(the number of Bolutions is, by § 38, 2n - 2n\ that is, the only 
solution is n » constant, say B. 

Hence we have the theorem*: — 

When Xtt .... ^» are homogeneous fxmctioni of sero dimeneion 
in the variablee p, eatinfying the equations 

(XiXs) - 0. 

then the qtiantiiiee P are homogeneous of one ditnension in the 
variMesp; thevalueo/ZisAsi-B^whereAandBareeonetanie, 
and the other equations to he satisfied are 

(PiPj) « - {XiPs) \ 

iPiXd^A r 

iSftfcA a tangential transjbrmaiion is eaUed homogeneous. 

This remilt attaches itself, as the earlier ones, to Clebsch's investigations 
on PfalTs problem, for it in his genorslisation of a given normal form equiva- 
lent to an oncooditioned diflferential expression. Sulvtituting the value of 
Z in the characteristic- variational relation and al«orbing the constant A into 
the left-hand side^ it takes the form 

i PiefJTi- S pfixi. 

tml I.I* • 

Clebsch*s equations ({ 1 SS) are 

(Ari)-(^ (A)-i»i, 
and [X|Jr/]«0| which is in his notation the same as the above 

(-riJr^)-a 

The two former equations establish the homogeneous oharMter of the trans* 
formation. 

Further, since X|, , ^V^ are. homogeneous of no dimension in the 

variables gs these variables can be eliminated among the quantities Jf, and 
the result will be an equation of the form 

fbnction (X|, , JT^, jti, •••••• , x,|)«bO^ 

which is the foundatioo of Clebsch*s generalisation of a given reduced 
fonn* 

140l The equations characteristic of a homogeneous traasfoN 
mation, via., 

(XiXs)^0^(XiPs)^iPiPsi 

{PiXi) - 1, 

« 

* Lie, M9th. iaa., V^Ui«%l»*1«^ 
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•uppottiug the ooDstant A ahBorbod into the variables X, are ntia* 
fiod by Xi^tfit Pimpix a trauttfonnatiou wbiob U merely iden* 
ticaL But we may have a tranafarmation which cauaea only an 
iufiuitesimal variation^ ; and its form will be 

whore «, an infinitesimal oonstanty may be taken the same for alL 
Tho quantities f and ir are however not nooeiiHarily independent ; 
in fiict, as tho transformation is usod with tho retention of small 
Quantities of tlio first order, f and w must be such as to satisfy the 
characteristic cquatiouH within the same limits: 

Tho equation (JT^JT^) »0 leads to the condition 

dpj dpi ' 

tho equation (i^i >) » to tho condition 

3wrf^8ir>. 

the equation (XiP^) » 0, with i ^ j, to tho condition 

^i dxj 
and tho ot|uation (l\Xi) at 1 to tho condition 



dpi 



dxi' 



These conditions shew that . there oxists some funotiuu* U such 
that 



wi-- 



a*. • 



and| since the transformation is homogeneous^ so that f is homo- 
geneous and of sero dimension in the quantities p while w is 
homogeneous and of one dimension in them, it follows thai H, 

* Sneh Irsmyormationa, of lbs UoMur or Ihs homogf»|iliio ^ype, sis Iksdj aasd 
In Ui« tbeoiy of alsebrsio hnu and of oUmm of funoUoiiAl inYsrianU lo sttsblMli 
Um iNUtial ditfiireuiial oquAtkuu oharMUrUlio of aU invarUali. 



140.] 



TRANSFORMATIONS 



247 



sare as to a negligible additive oonstant, is homogeneous and 
of one dimension in the quantities p. Hence we have the 
theorem^:— 

JFwry cjflindricat tanffential trans/tn'mation^ whiA %9 hotnth 
ffeMom and infiniierimal, if of the form 

wker$ B %9 a/knctim homoffenmiu of an$ dinmman in th§ mriaJUe$ 
Pt wnd M %$ l^ uniranrfarmeiL 

AS^^Hfe ^H^PV^W flS^^^V^^ VB vaaB#^ IPS ^^^^^fc 



/ 



CHAPTER X 



141. The reduolkm of a IHaflBan differantUI eipraanoo to iU 
equivalent normal tona in made, in Lie's method, by means of the 
two theorems proved in § 138, which for convenience maj here 
be repeated: — 

L When a single relation exists among 2a -^1 quantities 
ytf yi» .... yii. Ji. .... «». then the expression 



can be transformed to 



iml 



1 p,M' 



II. When a single relation exists among !^» quantities jfi. •••! 
fii. yi. ...» yi». then ^e expression 



can be transformed to 






As the transformation merely implies identical equivalence 
of the transformed expressions, these theorems are still true when 
more than a single relation exists among the quantities q and y, 
the difference in the result being that there exists among the 
quantities p and x a corresponding number of relations. 

When these two theorems are applied in alternate succession 
to a Pfaflian expression 

M 
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where the coefficients X are (unctions of the variables x. so that 
relations exist among JT,, .... JT^, a-|» ••.•A-m> the result is that 
the expression ultimately assumes either the form 

where 2a < m and the {{uantities P and / are completely in* 
dependent of one another^ or the form 

where 2a — 1 < m and the quantities ^ and 4> are completely 
independent of one another. * 

• 

142. I^t the first of these reduced normal forms be called of 
even character (as containing an even number of independent 
variable quantities) and the second be called of uneven character 
(as containing an odd number of independent variable quantities)^ 
Then lie proves the result, assumed as obvious by Clebsch, that: 

All reduced normal farms equivalent to a given differential 
expression are of the same character in the same number ^f 
/umdions. 

There are three cases to be considered. 

First, let there be two reduced forms of even character 

i Pidfu i Oidgi 
1-1 1-1 

equivalent to S Xidxi ; then we have identically 

i Fid/i^ 1 OidffimO. 
1-1 1-1 

an equation involving n + r differential elements. An identical 
e<|uation of this type, in which the coefficients of the differential 
elements do not vanish, can be satisfied only by means of n + r 
relations connecting the quantities F^f, 0,g. Of the two numbers, 
suppose r not the greater; then eliminating from the a + r relations 
the 2r quantities and jf, there are ti — r relations left among 
the quantities F and /. These quantities are independent, because 
they ooeur in the reduced normal form; hence n — r «*0, or the two 
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I 

Dornud forms of even character equivalent to a diffemlial as* 
prcMon oontain the uame number of functions \ 

Secondly, let there be two reduced forms of uneven character 

df. -I- i Fidfu dg.^ i^ Qidgi 
equivalent to a differential oipression ; then we have identicalljr 

Tliis identical equation is of the name type as before and can 
therefore be sati»ticd only by means of n -f r -f 1 relations among / 
the quantities'—^,, fufit Oi,gi. Taking >r to be that one of 
the two numbers which is not the greater, we have after the 
elimination of the 2r-f 1 quantities/,— jf,, and g from these 
relatiousi A— r relations left among the quantities Fi and/{. But 
these quantities are independent; hence n-^r^O, or the two 

* TIm qoeition m to th« number of IndepMidenl integral aqoatioiifi in virtus 
ol whieli an imduoibU diflerentiAl czpreetion 

r4<liii + r^ii,+ + Mi«, 

ean vanieh identically, hM thttAy (i 60) been peitiallj ooneidered. 

Kvei7 member ol the inttfgrel ■ytiem will belong to one or other ol thres 
ohuwoe : (I) equations Involving the vnrieblee m elone, (U) eqoetloni Involving the 
varUble* v elono, (iii) equAtioni involviug the varUblet u and v. Let the Integral 
•jr»tem be eo modified that no equation of the fimt cUm can be derived bj meana 
of the equations of the second and third, in lict, so that the variablee v oannol 
be eliminated from among the equations of those, classes : a lltUe consideration wiU 
shew that anj funetlonal combination of the equations of the integral igrstem la 
permissible. 

Let there be ^ equations of the first class, p of the second and # of the third ; 
then the number of variables v occurring in the latter p+# equations must be 
9 p-t- #1 for otherwise elimination could take place. Evidentlj ti^n* 

When the p+r equations are differentiated, they, lead to p-t-# relatione among 
the differential elements ilu and dv. Since the number of the elemente dv is either 
equal to or greater than this number of relations, no relation or set of relationa 
involving the elements da alone ean be derived from them. Hence the onlj 
equations which ean lead to relations among the differential dements du are thoee 
ol the first class, ii in number. 

U iismm, then, since the equations are independent, the quantities u are deter- 
minate constants, so that 

dif|s0, da^sO dn^sO, 

and therefore the equation 

P|dii|-fr|<lii,+ + r„Jii,^=0 (i) 

is identically satisfied by means ol the n equations 

Mi a constant, , n^^aoonsiant. 






142.] CHARACTER or NORMAL PORM 251 

iKmnal fbrras of uneven character equivalent to a differential 
expression contain the same number of functions. 

Thirdly, two reduced forms equivalent to a differential ex- 
pression must be of the same character. For, if otherwise, let 
there be two reduced forms 

equivalent to the same expression ; then 

is an identical equation, which can be satisfied only by means 
of II + r + 1 relations among the quantities ^, 4>, /, P. If r be 
> n, this number of relations is greater than 2fi, so that the 
elimination among them of the in quantities F and / will leave 
relations among the quantities 4> and ^, contrary to possibility; 
while, if r be < n, the number of relations is greater than 2r + 1, 

If #i<ii, then Um #i iadependeni eqnaiiom ean be eolted eo ii to eipiwe |i of 
the qmmtiliee u in tenDi of the remaiDing a - m isj la the forai 

whwe lal, f, , lu BnbttitQting for the qoantiliee Hi, we hsve (i) leplaoed hj 






Thote are no ftuiher reUilont smong the qtumtitlee n^ end therefore no relatione 

among the clemente dn^; henee the modified eqnatloB ean be eatielied idenUeaRy 
oolj 1^ the eqoatione 

for ^s#i+li •!!. Tlieee are n-ii In anmberi eomUned with the former |i 

eqnatlone, th^ eonetitnte an aggregate of n equations. 

For the most general forme of the ftmetione /i, all the a-#i derlted equations 
fdl into the third elate of eqoatione mentioned i bnt a member of the eeeond elasa 
win oeonr for a valne of p when all the fnnotions /i either are oompleteif Inde- 
pendent of «^, or InTolte «^ onlj la ao additlte term whidi is linear la u^p or 
broite «^ 01^ as a linear faetor. 

The general reenlt therefore let— 

Mn If I f UMtlOfS wMfftwwtpn 

ean W SMufe fe tmntih ideniie€iU§ enfy in rlrfue pf m tptUm of n Intefral efiwf lout. 

.See Oaass, O'es. Werkt, t III., p. tS5t Ofasemaaali dw»dekmmi0Hikn (II 
p. SM; Lie (U., ^ S4t^ 
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SO that the eliminatiou among them of the 2r -t- 1 qoantitiee ^ 
and 4» will leave relations among the quantitiee F and / oon- 
trary to poesibiiity. Hence the inferred identical equation cannot 
exist; and therefore the two reduced normal forms of different 
character cannot be equivalent to the same expression. 

Ex, The fbllowiug theorom, cloHaly couusoted with irtist fweosdesi csn 
MuiU J bo |irovsd : 

If two difmr$Hiiai Ai^yretsioks 

X JTidr^, X JVjf* 

(mtA tA oHjf numUr of cariabies) Aav Hormai /orms^ wkieA art of li« §aw^ 
cKaractw and coniain tki mms number of fuuctioHi^ tAoH iAs 4xprm$Mm$ can ho 
iran$/ormod into oi*# anoiker. 

Lis*! iNPOof SMMumeii the liuiiuUon wni tha modiAcstion to this mors 
general form is eiuiilj effectoiL 

143. The equations connecting the functions in two reducixl 
noniial forms, eciuivaleut to a given differential expression, are 
derived by Lie from the results of the theory of tangential trans* 
formations; they are, of couive, similar to the corresponding 
equations in Clebsch's theory. 

If there be two such fonns of even character, say 

i Fid/u i 0,dgi. 
ociuivalent to the same oxpi*ession so that 

i Oidffi'^i FiJ{f\, 

where all the quantities on the same side of the equation are 
independent of one another, then we may apply the results of the 
homogeneous tangential transformation (§ V6V), Taking 

then the etiuatioiu» satisfied by the quantities and g are 

r-l ^^f 
{<H.O,)mOm(Of,Oj) 






/ 
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It is BuflScient to take, for the quantities g, mich homo- 
geneous functions of the variables P of sero dimension as satisfy 
the equations 

and some one of the fimctions, say g^ may be taken an arbitrary 
(unction of the variablos/and /'subject only to the limitation of 
homogeneity. 

If there be two reduced forms of uneven character, say 

d6.-^-X^id6u dO.-^-Xfiideu 
equivalent to the same expression so that 

im\ im\ 

where all the quantities on the same side of the equation are in- 
dependent of one another, the results of the cylindrical tangential 
•transformation ($ 136) may be applied. From those results, we 
have 

where 11 is a fimction of the quantities ^, ..., ^, ^,, •••, ^^ 
alone; and the equations satisfied by 11 and the quantities tf„ ..., 
tf«are 

(tf„6!,)-o, (n*,)-X4»r^'. 

where 






ind the quantittes B„ ..., B, nro given by any w independent 
•qoatione of the set 

144. It is important to determine a priori the number of 

(unctions which occur in the normal form equivalent to a given 

* ' 

ojipi'essiofi 

1 Xidmo 
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Let 



In aooawknoe with { 141, this may bo reduced to a form of even 
or lo one of uoeven chmracter. 

If it have been reduced to one of even character, aay io 

i Fid/u 

where 2a » in, then it caimot be further reduced, nnleia 
functional relation subsista among tl^e quantities /"and/. 
«• /9> •••» f be any 2a integers of the scries 1, 2, ..., m; then 
the Jacobian 

P(/lt »»»t / »> ^l> «*«i ^n ) 
^(^••^0 fp) 

is, save as t4i sign, iH|iiul to thu rfafllaii [a, A ...» p], it follows 
Ihiit tliM funu 1 #*ii(/i (*(tii or niiiiinl Ini Aiiiliiir hnhuHHl, aviHinllliK 
IIS ull tliu I'fiiltliuis [a, /i, ,.., p] ilo (ir do not vanish. 

If the given expression have been reduced to a form of uneven 
character, say to 

d^ -I- S *id^i, 

where 2a -f 1 £ m, then it cannot bo further reduced unless some 
functional relation subsist among tho quantities ^ and 4». Let 
a, fr, ..., t, ..., / bo any 2ii -f- 1 integers iix>m the si*ries 1, 2, •••» m : 
then the quantities ^ and 4» are or ai'e not independent, accord- 
ing as all the Jacobians 

V m ^^^' ^ ^'" ^" "" ^*^ 

^('••'» ^i) 

do not or do vanish. Now this Jacobian is equal to 






^♦i. 



Wi being omitted in the new Jacobiiin Vi which multiplies x^ 
and hence 

As before, Vj is the PfaflSan [..., /, a, h, ...] of onler in, save as to 
a sign which is the saniu for all the quantities Vi : thus 
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where the qrmbol of the Pfaffian begins with the integer in the 
aeries a, 6, ..., ( next after t and docs not contain i. 

If all the quantities 

do not vanish, the form cannot be further reduced : while, if they 
all do vanish, a reduction can be effected. 

. Combining these two results, we have the following conditions 
determining the number of (unctions in the reduced normal 
(brm:— 

1/ all the PfaffianB, emsirfwtid from the coefficients of the 
differential expression, of orders higher than in hnt not all those of 
order in vanish^ then the reduced normal form contains either in 
orin-^l fandums. It is of even or of nneven character^ that if, 
tl contains 2a or 2ii -I- 1 functions^ according as all the expressions 

S Xi[..., I, a, 6, ...), 



for teery wmbinaJtion </ 2n -I- 1 integers a, 6, ..., ( from the series 
1 m^do or do not vanish^. 

145. Suppose then that a differential expression in 211 + 9 
variables 

/-I 

has a reduced normal form of the character 

i Frd/r. 

containing in functions, necessarily independent. Now all the 
Plaffians of order in do not vanish ; let a non-vanishing Pfaflian 
be [1, ..., 2n], that is, one in which the variables of differentiation 
utf i^ff •••» t^» Then there is no relation among /, ..m/ii» 
i^if •••• J^n» «m+i» —f «»h5 *w *^® non-evanesceni Pfaffian just 
mentioned is equal to the Jacobian of /i, •••^fn^ Fu •••f ^n with 

* mi issaH it nol tnonciated bj Lie, Vst II eta be inferred flrom hit iaveeli- 
gilloasi saS Hit mora tiplidlSBiaefliillethaa the cMulvmeMiBdkAM.V^ 
iOm (U^H f. SiS). 
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regard to «^, .... m^. Further* al least two of the qiiantitiea W 
of § 59 do not v|ni8h; let one of them be Wm»^ that the quantity * 

k different from lera N.ow 

where a, fr, •••» i* are m- 1 integers of the series 1» 2» •••» n, and 
the summation on the right-hand side extends to the » terms 
which correspond to the ii ways in which those integers can be 
chosen. Also 

hence, substituting in W^t we have * 

W M 3(/|» 'ttftt ^%tf%% «'M 'nfffO 

** 3(X|,ar, i^M-i) 

« L/l »/f »••••/•» y » TTt •••» "HT^ I 

* • 9(«i»drt. ,«»-,)* 

Since ITaA does not vanish, the Jacobian does not vanish; and 
therefore the quantities 

I* /•» •••iy»» p" » •••» "||t » *«•• ^ani>i» •••• ^Fvi^ff 

are independent of one another. 

Similarly, if the differential expression in 2n -f 9 variables have 
a reduced normal fonn of the character 

containing 2ti -f- 1 independent functions, then not all the expres- 
sions 

£ JT^ [..•,{, d, 6, ...J 
<««•&• ...,f 
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▼aniBh ; let a non-vaniRhing expression be 

jr,[2, .... 2fi-fl]-|-Jr,[8» ..., 2n+l, l]+...+X«+,[l 2n]. 

Farther, not all ihe PfafRans of order tn can vanish, otherwise the 
above expression would vanish ; let such a non^tnojshing Pfaffian 
* be [1, ..«, 2n], Since thin is equal to the Jarobian of ^,, ...» ^m 
^if •••! ^Nf it follows that the quantities 

^1 ^» •••» ^n9 ^ii •••» ^m* ^t«+i» ••'» ^fii-*^ 

are independent of one another. 

140. The prorosH adopted by Lie for the cfinstniction of the 
normal form is composed of three dintinct kitifis of operations. 
The first is the modification of the given difi«*rontial expression, 
the character of whof«e normal form has been inferred by the tests 
of { 144, so that it becomes an unreduced and unconditioned ex- 
pression with the smallest number of differential elements con- 
sistent with the existence of such a form. The second is the 
construction of the normal form of that modified expression. 
The third is the transition from that normal form to the normal 
form of the original expression. The construction is gradual; and 
the different operations are applied in alternating succession in 
that gradual reduction. 

The method, which is most nearly akin to Lie's, is Clebsch's 
first method (|§ 117—119) when it is combined with Mayer's 
method of solution of the systems of partial differential equations 
which occur therein, llie characteristic variation in the present 
method is the application to the differential expression itself of 
the Oauchy substitutions before any of the subsidiary equations 
are oonatmcted. 

147. Suppose then that the differential expression 

in 2a -I- f variables is recognised by the tests of { 144 to have a 
noTDMl fbnii of even character involving 2a (unctions, say 

n- ifidfu 
where the fiinctions / and F are independent of one anothe 

r ^ 



258 TEAMBrORlUTIOll. OF [147. 



Then a iioii*vaiUAhiDg Pfaffian (S 145) of order tii may be Uken to 
be [1, 2» •••» in}, aiul aluo an exiireaeioii 

Zi[2,...,2ii-l]-ft-X,[3. ...,2ti-l. l]-ft- -fXt^^p, •..,>»->] 

may be tuj^poeed not to vanuib, thu« implying that the quantitiee 

are independent of one another. 

To change O into an ezpreMon containing 2fi diflTerential 
eleuieota, we make the substitution 

^tH^k " ^+» + ('m — •••) y» 

for i* » 1» 2, ..., y; and we consider the (luautitiee y* as invariable^ 
If X^, after the above substitutions have been made, be denoted 
by F^f we have O modified to II'm. where 

Then the nortiial form of O » contains in functiom. For, since 
the Pfafllan [1, . . . , in] associated \^ith fl does not vanish and is the 
Jaoobiau off, ...» F^^ with reH}iect to ^i, ...» x^. the new Pfiiffian 
[I, ..., iny associated with fF^i must bo the Jaoobian with respect 

to (ti^ ».., x^ of the modified functions /i, .,., F^^ say of /^, ...» 
/* . Now this new Jacobian may not vanish : for there would 
then bo a relation muoug/" »...«/* involving (it may be) the 
quantities y and a. When in the quantities /'» ..,, r we 

1 u 

substitute for y, they change into f, ...,/*« respectively, so that 
tho inferred relation changes into one between /i, ..., F^ and a 
number of arbitrarily assumed constants a and y, but independent 
of ATi, .,., d^M* This result is excluded by the supposition that 
XFdfiB the normal form of H ; and therefore there is no relation 
antong the quantities f^ and F"^^, or the Pfaffian of order in of 
tl'^ does not vanish. Hence tbe normal form of fl ^ contains 2i» 
functiona Thus : — 

The iubstitutiOfi0 

* Li« met Um symbol X inttead of y ; the sboT« noteUon U DMd, in smot- 
dance wUli Mayer's (§§ 86, 41), Ui6 flist sobstitution (which is meraly identiesl tu., 
't»~y) ^ing omiitod. 
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fw i""l, 2,. ..,7. f:haingt fl into an exftresmon tV^, the normal 
form 0/ which corUain$ 2n functions. • 

The importance of the tranRformatioti is dae to the fact that 
from the normal form of tl'^ we can deduce the normal form of 
n merely by algebraical operations : to the proof of this we now 
proceed. 

14a I^t it be supposed, then, that a normal form of n'„ is 

where the quantities ^ and 4> are 2n independent functions of the 
variables «,, ...,*••• and of the quantities y and a: and denote 
the normal form of fl by 

When the substitutions for the variables arc made in fl ami in 
lAW/ it follows that IF^dJ^ is a normal form of n'„ and thus 

that^, ..., ^, ^, ..., ^' Are 2w-l independent Ainctions 

of/** /^ iL --I 

• m 

Denoting F^/l*ii by /.^.^ for m = 1. 2, ..., w-l, we have the 
quantities 

independent of one another; and therefore the system of equations 

far. Ira* 0, 1, .*•• f possess the 2ii*l independent solutions 

df 
/«/i,/t, ...»/in-i. Morci>ver ^* — occurs only in Ait/\ the 

equations are therefore algebmically independent of one another. 

These equations are linear and homogeneous in the partial 
differential coefRcients of/ and they do not involve the dependent 
▼ariaMe / itself: they arc thus 4>f the type to which Mayer's 
method may be applied. The system contains f 4* 1 equations 
and the number of variables occurring is 2a -I- 9 ; ftirther, it is 
known that there are 2ii - 1 (« 2fi + 7 — f — 1) independent 
0olutioos. Hence the system is a complete system. 

Yl— \. 



TheequmiUNi 
iftjr be written 

where 



-A*/-0 






«^M 



the subscript in dg implying that w^ is omitted from the series 
of vsriables » in the detenmuant» and 

being the same for all the equatioua When Uayer^s method is 
applied with the simplest substitutious (§ 85X' the single equation 
which serves to determine an integral system is 



where B<m ig the value of B after these substitutions are made in 
Oy and the coefficients Y are given by the equations 

F.-l7^ + yi£ru+y,ir^-l- 4-y,ir^ 



^(/n •'•»/m-i) 



3«(*ii •••» *») 



Of) 



+yi 






<y» 



But 






and 

Hence we have 



d0 
dxuk 






forM"!* •••» 2n- 1; 



<») 



+y 



a* .<w 



I (^-i-i 



+y« 






so 



r,- 
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80 thfit the single subsidiary Mayer-equation is 

3(«'i» »«tii-ii*m) 

an equation in 2fi variables and having, therefore, 2n — 1 indepen* 

dent solutions. One evident system .of solutions is/ »...,/ _. t 

any system of 2n — 1 independent (unctions of these quantities is 
also a system of solutions. Such a set of independent functions is 

constituted by ^, ...»^, -|^- • "**~^^ *^ ^^ ^^ functions already 

supposed to be known because a normal form of O m is supposed 
known. 

It thus appears that a full integral-system of the subsidiary 
equation is known. 

Then, by Blayer's theorem (§ 41), one system of integrals of 
the system of equations A%f^ is given by forming the equations 

for ^"-It 2, ..., 2a*l, the quantity ^^^k denoting ^a/4>». In 
these equations the variables y are replaced by their values in 
terms of the variables x ; the 2a — 1 equations are solved for the 
2n — 1 quantities h with results of the form 

A|a s An (d?i , • • • , ^sfi4f )> 

where the (unction on the right-hand side becomes w^ by the sub- 
stitutions ^Tuit ■■ Otn^t for it B 0, 1, . . . , 9- These are the principal 
int^^rals of the system of equations ilt/"" ; and the functions 
/it •••ff/»»-i are 2a — 1 independent (unctions of these principal 
intq^rals: 

149. We now pass to the construction of a normal form of n. 
We have 

sabstitution on the right-hand side (or the functions /i, ..M/tii-if 
in terms of the principal integrals A» leads to a result of the (brm 
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where p and the funotione Hi are unkoowD. In this equitioa 
we nukke iiVtii""^W^ ^ M""®* 1* '* ••••9f then A|»«k» eo thai 
we have 

This is merely an identity, no that, if a« denote pb when the quan- 
tities m are replaced hy the quantities A, we have 

and thenoe 

n ■■ -J S 2ri(ai, ••«, As«»i« ttiiit •••» a|ii^)aa{. 
p i-i 

Returning to the modified form of !)» we have 

« 
O'in- 2 4>;(<ri,....Ar^|,4*M,yi,...,yf)ci^(jH,...,^i^M-i»a^.yi»...»y,); 

taking »m^^^ that jTm^j ^i ^^jt we have, as the new form of 

n'»i. S Xi(xi, .... «,!.„ «,», .... Q^^^dxi, and therefore 

S Xi(iXxt •••• A^-it^i •••• •i*+f)4^ 

M 

8iuco this is mei-uly au identity, we have also 

N 

and therefore 

which is a normal forlu of the original expression. 

The value of ^Jp is given by any one of the equations 

-^A"": 2 4><(Ai, ..., A|«-i, Am, yi, .«•» y^) 

-TIP 9i (Ai» •••» Aaii— It •aiii yi» •••» yf) 
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Since the quantities Ai. «.. , A^-i are derivable from ^ and 4> by 
merely algebraical operations, it follows that the above given 
normal form of 11 is determinately derived from the normal form 
of the modified expression fl m. Hence the construction of the 
normal form of even character of a conditioned differential expres- 
sion depends upon the normal form of an unconditioned differential 
expression in accordance with the following theorem, due to Lie:— r 

When a dijfireniial expreision inin-k-q variabhi 

n -i 2 Xidxi 
1-1 

hat a normal form o/etfen diaracter in in /undionM^ the eiAstUu"^ 
IJbftf 

where the quantitiee y are invariable and ib >■ !» •••• q» trane/arm fl 
into an ejtpreseian Am fvith a eimilan normal form. Ifihie normal 
form ^f ti^oe 

n 

*-i 

wkere ^ ami 4> are fnnttione of the variabUe m and qf the quatUi^ 
tiee a and y, then the normal form of SI ie 

m S 4><(Aif ••••^-i» ^tyi»"*9y^)d^i{hi hf^it ^*yif •••» y^X 

fohere m ie determined by any ono of the eqtialione 

JTr » £ 4>< (A, «, y) gj ^i (A, «. y), 

and the 2n — 1 qffantitiea h, being independent functioue of the 
variablee and of a and y, are determined 6y C/b 8n — 1 equatione 

CAtf /tmctJofioi lymM % denoting ^i, ..., ^h, ^i/^m •••• ^m-^t/^n i^ 
tarn. And thsn a retran^ormation, by.ettbetitnting for y in ternte 
of the ffariablee m^ leade to an explicit expreeeion for the normal 
formt/tl • 

Ex.!. TIm ttrts of f 144 shew that the expression 

{xfy'^x^dxi'^ixi^'^x^^idx^'^x^^^'^Xtr/ix^ 

+ (xHf^-f jr,«) <£r^4-(xrt +*t*f) <i^- O 
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• 



bM • Mffnua lorm ol Um g«iei»l type Fdf-^Udg W« havs Um PbA 
[18M] no! aaro^ M w«U M Um ttiiMraHiiuii 

Aud ilMralioro /» y, ji, jr^, jr„ jr| aro iudepeudMit 
BubatituUng 

in O (with jf aud i iuvariaUa), iba now fyrm in 

A uonual furm of O' ia 
wbara 

Uanoa wa talca 



X 



I 



-*« 



From tbaiio wa bava 

fki^f )«S«'"t. 

♦i(A| ) A, x,' 

♦i(A|» ) -Xja-^-l-^rt; 

wbora a, aud a| are iba valueuuf Uj aud u-^ rwi|)ootivttly wbau ji^»Ol 

Now 

^-••{♦i(A| )d*i(iu )+#,(A| )ii^(ht )J 

wbaro m dauotai if#| (A| ). To And m we bava 

MT tbat m^JTi, AUo tbe iXiiuUiii uyf| uiay be dit>p|jed, ou aooount at Iha 
diflereutiaiiou ; aud tberafore a uonual fonu of O ia 

AJJ agui'raiuiit ijoruial forma cau Vie uViUiiiod U^ Um et^jjatiooa of § 14S» 
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Ex. 1 DiBctMi Bimilarly the expression I XidXi^ where 



i-i 



150. The homogeneous linear partial differential equations, 
which have as their system of integrals the quantities /i, ..m/im-i 
occurring in the normal fonn of H, have in 1 148 been given with 
unknown forms occurring explicitly ; but by the properties similar 
to that in | 145 the expressions can be changed so that only 
known forms shall occur. 

The system of equations is 

8 («|, ...yOTiM-ii «m4ik) • 



which may be written 



where 



and 






the subscript in 9« implying that «« is omitted from the so(|Uonco 

• ■ 

In S 145 it was proved that 

and similariy it may be proved that 

^•'M""^«ii/1 ]i — ^^ ^ Arir+if ...,r-lj, 

where on the right-hand side the summation extends to the terms 
for which ra-l, ...tt-l.t 4- 1, ..., 2n-*1» Sn-f fc Hence taking 



if "'Ft 



n 



[IM. 



.(AX 



SGO THB SUliiUIMAKV BQVATIOllll . 

for eaoh of the ({UMitities $, the equatioiw beooiue 

« 

for l;«»0» 1, ...» y^; aiid in this form of the equations nil Um 
coeflidenU of derivaiivea of/ are exprewied in terms of the quan* 
titles X which occur iu O. In particular, that equation of the set 
(A), which corresponds to 1; » 0, may bo written 



•I'-te, 



.K-«. 



replacing y«^« by y« ; it is implicitly the same as the system of 
equations which occur in PfiEiiTs reduction and as the first equation 
in Clebsch's systemf • 

* ThMt •qnaUont, tieepi that for whioh isS, art doI fjnmk ku LU; Mflh of 
tfMm wwUina oolljr ^ pailUl dillenmlubl ooellleieoU, iatUid of In -hi wmIi 
ooeflloUiiU, M if tbo oaao wilh the tiicoMding cquaiiou and with CMooh'o 
•yttein. 

t The rMnaining eqnatioiie io Cleheeh'e •jretem mij bo obtoiaod m foUowi. 
The equatione 

"'^ a<x4. :.. x^.x^)-^ 

for Asl, S,..., y, are natiafled hy /s/| /^, >'|i. •• >«i that ie, thegr are a 

■yHtem uf y ei|uatione ia Sm -t- 9 variables wilh "in eolutiotm iodeiMideat of one 
another ami thejr are therefore a oumiilete igretem. Mow iu lf«/ the ouefl&cieut of 

ex. 

r(Xj, ... , X^|, X»4,|, ... I Xjn, 'jn-fl) 

=(1, ...,•-!, 4- 1» .... 'in. 2a -I- i], 
a PlalliaB uf unkr 'in ; iomI therefore the equation ie 

e-l rx, 

eaeh equatioa oontaining Sa-i- 1 tlertvativee of /. 

The«e equatfons may be proved to be identical with Olebeeh'e ijjeteni of iimilar 
equelione, bj meane of propertiee of determinante. Aa in Clebech'e theory, Iha 
quaatitiee /|« ... I /«|.i are determined by the 9 eqnatiooe 

-PiZ-O, Bg/-0, BJm^ 



U fit 

••I ox« 
whiah fom sbo a oompkle eyetem. 
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161. In onlcr to complete the reduction of a diflforentUI 
ezpreinion which has a nomml form of even chamctcr^ it rcmaina 
to construct * the normal form of an unconditioned differential 
ezprarion in an even number of variablea. 

Let such an exprefision be 

n^r^Xtdxt-^X^^-^: -^X^dx^i 

then the ringle partial differential equation determining the n 
(unctions, which give the differential elements of the normal 
form, and the n — I independent ratios of the coefficients of those 
differential elements, is 



where, m kbove, 

(-l)r*yr'l X,[»+l •-!], 

and «-f 1, ..., «— 1 are the integers 1, 8, ..., tn in cyclical 
succession with t and r omitted and beginning with the integer 
next after il 

Let an integral of this differential equation bo 

I jTiCdT,, .... jr^)«constant«a,; 

and suppose this equation solved so as to give «^ explicitly in the 
form 

When substitution for Xf^ tAkes place in (Im* it becomes a dif* 
fercntial expression in 2n — 1 variables, say ti'm-i, the normal 
form of which contains in^% functiona If we have 

then, replacing Og wherever it occurs by j^i(4^^ ..•> «wX ^^ ^^^^^ 

where 0% is at once obtainable when the normal form of tl't^i u 
known* 

Since the normal form of n'ti».i» which involves 2h - 1 variables^ 
contains only 2ii - 2 functions, we apply a single substitution as in 
1 147 and change it into an unconditioned expression fW-t, from , 
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the nonnalfonu of which thai ot tV^^i can be derived by the 
proceMofJliO* 

The new ezpreieioD fiM-t i^ treated in the Mune manner aa 
was n«i ; and no on in guoceaidon, until we come to an expreeBion 
in two variables aloue» which can be uxprewed in the torn QJig%. 

Let the combination of the three operations which make the 
normal form of Om depend on that of (1^^^, visL» (i) the derivation 
of some bolutiou of the equation subsidiary to il^^ (ii) a substitu* 
tion in fl^ for one variublo by means of that solution, (iii) a 
single Cauchy trausfonaation applied to the expression modified 
by (ii); bo termed a reduction of order 2/i. 

162. Then the method of Lie for the reduction of a PfiiflSan 
expression fl in 2n-hy variables, which has a normal form of 
even character in 2n functions, is generally as follows : — 

The expression fl. is transformed to tl^ by q Cauchy troas- 
forniatiwis; tlt^ is made to depend upon n^-f hy a reduc^m 
of order in; flt^-s upon Sl^^ by a reduction of order 2ii— 2; ami 
so on in successiofi, until an expression fit iff obtaitied. When 
this is integrated into a single term, then definite and explicU 
opei'atwns lead to the normal forms ofil^,(l^,..., fl^, fltn^f 

153. We now pass to the discussion of the supposition which 
in the alternative of that adopted in § 147, viz., that a differential 
expression 

n- 2 Xidxi 

is recognised, by the tests of § 144, to have a normal form of 
uneven chaiucter in 2m -I- 1 functions, say 

The method is the same as that already adopted in §§ 147— 
152. As the analytical details of the proofk of the various resulta 
are very similar to those in the investigation just completed, it 
will be sufficient merely to state these resalts. 

I 

154. It is assumed (§ 145) that 

*2^jr.[ff + l ff-1] 

0-1 
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does not vaiiifih and that the coefficient of JTm^i in this expremon» 
the Pbffian [1« ..., 2ii]» does not vaniiih. 

(i) ' The mibstitutions 

tof km% ... , f, when applied to SI, tranaform it into an exprenion 
nM4>i in 2n4-l variables, the normal fonn of which contains 
2n 4- 1 Amotions. 

(ii) Let a normal form of O m-i-i be 

n 

where the quantities ^ and 4> are fimctions of .the variables 
^if •••» 'm-i-i <^nd of the quantiticR y and a; and solve, the in 
equations . 

• 

<^i(«i, •••» A?Mt ^M-f-if yt» •••! y7)~^i('ii» •••• *»•» ttiii+if yit •••» y^)» 

for the tn quantities A,, A^ fts functions of the variables. After 

their values have been found, replace the j^b by their values in 
terms of the variables x: suppose that the equations are 

for ^ » 1, 2» . . . , 2n. Then a normal form of the original expression 

IB 

m 

•f s 4>i(ai» ...» Atn* •«n+i» tftt •••! yo)^'^(^f •••*^»'iii4i»yfli •••»yf)i 

where ^ is determined by a quadrature 

f..j|VX|rfj:^-i^4>,(A,y,)rf^(*,y)|. 

(iii) Let ^« denote the Pfaffian [«^ 1, ..., t~ 1], where « -f 1» 

..., «— 1 are the integers 1, 2, ..., 2n, 2n-f Jb in cyclical order 

with the omission of « and begin with the integer next after $ in 

the saccession. Then the system of q equations which have 

/%$ •••»/«• f^tt •••» A M their integral system is 
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(iv) To obtain the normal ft>nn of an unoonditioQed oKp ro w ii on 
fliii^i in Sa-t-l variables, the proceit is a aeriea of reductions 
as in S 162. 

Let any integral • 
of the single subddiary equation 

i ^[t + i. .t-ii-o 

be obtained, and be solved for x^^i in the form 

*«M-n""7i(*i» •••» *»•• ^iX 

When substitution is made for a^^i in (Im-i-i by this equation, the 
new expression involves 2n vaiiables and has 2a — 1 functions in its 
uoniml fonn. Applying to this new expression a single Ctuichy 
substitution as above, we obtain an expression D«i.| in 2a ^ 1 
variables with a normal fonn which has 2ii — 1 functions, Le., it is 
unconditioned. This group uf operations enabling us to pas^ 
from tl^^i to Otn*! m^y bo called a reduction of order tn 4- 1. 

(v) A reduction of order 2n -I- 1 is applied to O m^i of (i) and 
leoils to fl'ji|.i ; a reduction of order 2a -: 1 is applied to n'^-i and 
leads to tl'm^\ <^d so on in succession, until we come to ll'i which 
is a peifect differential. Then definite operations lead to the 
normal forms of O'a, n\,..., Om+i and thence, by (ii), to the 
normal form of flm-^-q' 

Ex. Tbore in aii inmiediuie corulliury frum Lie'H method for a Pfaffian 
eipreHHion, iu the form of a |iroc«MH for iutegrating an exact equation.^ 

Let X Xiihi^tO be an exact aquation, mo tliat the differential expranion 

on the left-hand Hide ciui lie put into the fonu 6*/^. Applying the aubciti- 
tutiouH 

x,.-ar-f(j"j-a,)jfr 

for r«i3| , M, the expreHuion taken the form 

Let 

where ^ and # are fimctious of jr^ .i*, and of the quantities a and y. Then 
eolving the equation 

♦ (-^1. -^it yat .VJ=* («ii K yi. ^jfm) 
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for A And eliminating the qnantitien y fWmi the espreesioii, it foHoini el onoe 
fbtmi the geoenU theory that 

whve H It eome ftmotioiiy which oen be de t crmi a eJ el onee Anm any 
one of the eqnatioiM 

end thna an integral of the equation le giren bj 

_ » 
A>Beonetant| 

lo whkb aO failtgnle (f S) are eqnhraleBt 



CHAPTER XI. 
Fbobkhius' Msraoa 



Tbi InvaaUgations of Piobeniiui \^ the fonnukikm and iioltttkm of PfUPs 
inoblem* d«d imtlMr with the general tlieory of the raductkn of Um a- 
liwiiion to a normal lunn than with any iiruueMaea Ibr Iha intcfraiiuo of 
equatioDM which oouur in the rediK'tiou ; and the intereNt liea chieHj in the 
|iurely algehraical aMooiatUiu of the number of tenna in the reduoed fomi 
with the critioal oonditionii— the name in uuuiljer and Ibnn aa NatanPa— 
aatiafied bj the ooefficieuta of the original exprotwiou. 

155. Let the expression 2 Xidxi become S Xidxi by meaiia 
of trauafbriuing relations 

ao that» xixij denote dxildx/, the differential elements are oonneeteil 
by the linear relatiims 






(«- 1 •»). 



Ill the e«|uation 



"iXidxi^lXidx!, 



the system of variations dx (and therefore also the system da/) are 
arbitrary and independent so fiu* as the variations are ooncenied ; 
so that, if tx (with haf in consequence) be other variational we 
have also 

i jr, &r< » 2 AV&t/. 



tf-1 



tf-1 



* The ohiaf part of hl« •xponiuon is oonUinad in hit meinoir **Ueber daa 
P(afl*tehe Problem." CrtUi, I. Iixxil <1877), pp. 330—816; other ampUfieatioaa 
war* given by him in another memoir ** Ueber homogeue toiale Diferentialglei- 
ehimgMi," Cf€lU, %. Uiivi. <187»). pp. 1— 19L 
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Now taking ?ariatioiia of each of these pain of eqnal quantitiea ia 
the finiDS 

1-1 1-1 



1*1 1-1 



we haTO 



1-1 #-1 #-i 1.1 

or, nnce 

because the Tariations are arbitrary, it follows that 

i {iXidxi - dXii^Ti) « £ (iXi'At/ - dx/itfO. 

1-1 1m\ 

and therefore 



that 



S fi<i wi &ri SB S (1(1 dxi &Pi , 



an equation which is a necessary consequence of the original 
variational equations. Thus the expression 

is a bilinear covariant, associated with the original differential 
expression. 



If we tsks a Ihlid variation ajt, different tnm siid Independent of the two 
slresdy tdopted, and proceed aa above ftt)m the eqnailona 

dlaifBxtAXfrmdtat/bXiAJ^''f 

oouUninf them ao as to have a trilinear oovariant, the ooefllclent of 
dxihx^^x^ la 

CX% VTH €Xf 

and therefore la aenx Hence for the Pfottan eipreealon the trilinear 

r 18 
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▲ppuoATioM or 



[ISS. 



oavariMit k •▼auMotnt; and m lor all MiooeMivs multiliiiMr eovavkiite*; 
Aud Iberalbra wa nead onlj oonaidor tha Unaar az|iiaMuoii 

(whloh impliaa alao SXAr) and tha bilinaar aipi«aaioQ 

which ai« aorariantiva Ainotiona of index aenk 

Tha original ajHtam of linear aud bilinear azpraaaiona la aaU to ha agvf- 
Mi/#fil to tha iranafunnad ajatenu 

150. Now if we replace dxi by Ui and &r^ by %» ao thai the ti'a 
and v'a are two acta of variables which are iudependeni of one 
another aud are tranaformcd by the aaoie subatitutiona 






iml 



then the original forma are 






When thcae are subjected to the foregoing linear tranaftHrmafinna, 
they take the aimihir aud equivalent forma 



where 



so aa to make 






iml 






ao that we have a merely algebraical tranaformatioii between 
equivalent ayatoma of two aimultancouH forma. 

If now we take the oonvuno queation and aaauma ihat two 
aimultaneoua forma 



Ltolh 






are equivalent to the two forma 

* For bilinear eipiantoni and aieooiated eofariaata, not innmiilii wllk 
linear Pfalttana, eM Chrietoflvl, CrtlU, i. hi. (ISOtt), pp. 44-70; Upaohita, ik, 
pp. 71-102. 



.1 

I. 

I! 



\ 
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then it is fint ticccf«ary to find all the algebraical tranftformatinnB 
which render this equivalence poRsible. It docB not however 
follow that rnich an algebraical tranRformation leads to a diflcren* 
Ual transformation which will give the equation 

a • n 

£ Xidsi a S Xi'dxi ; 

the algebraical transformation is iiscfiil for our purpose only if the 
inferred diflcrential transformations leave the expressions for the 
elements dx perfect differentials. Such as do this necessarily 
reproduce the bilinear' differential covariant. 

It thus follows that, in order to effect the transformation of a 
Pfaflian expression by this method, there are two parts in the 
investigation. One, purely algebraical, is the derivation of all the 
substitutions which will change a system of two forms 

« 

into an equivalent s}'8tem; the other is an examination of the 
analytical capability of such transformations when they are changed 
into differential substitutions. 

157. When the linear substitutions are made in the bilinear 
form 

n 

so as to transform it to 

'.i 
then the coefficients in the two forms are connected by the rela- 
tions 

and ray determinant* of the m^ order in the coefficients afj is a 
homogeneous linear Ainction of determinants of the fii^ order in 
the coefficients a^. 

. Hie reciprocal of this relation occurs when themverse substi- 
totioos are applied to IT. 

* %nM% Deiermtmmit, pi iS. 
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HeiM)0 tlie determumiito of aay ooa oider in the eoeiBoiente o^' 
and tboae of fcho same order in the ooeffidenla o^ faniah together, 
and therefore the highest order of non-vanishing detenninanta of 
coeflScients ia the aame for the transformed as tat the original 
bilinear expression, that is, the highest order of non«vanishing 
determinants of the coeflBcionta is an invariant for the linear 
substitutiona 

In order to consider the simultaneous transformation of the 
forms 

Sa(^iii«j, IXiUt, S XiPu 
it is convenient to construct a new bilinear* form 

• » N 

where A denotes an arbitrary unchanging magnitude and the new 
variables are subject to the transformations Um^i » u'^^u Vh-m "■ t^M-i* 
Then the order in the coefficients of B of the highest non-vanishing 
determinants is an invariant for the linear substitutions. 

158. Now all those determinants are minors of the complete 
determinant of order n (in the second case of order n -h 1) involving 
all the coefficients; and therefore there are, in the present case, 
two invariantive integers. The first, say m, is the order of the 
highest non-vanishing minor in the skew determinant 



A. 



^ f ^t t <*m 



i Om, flMSi O 



MH 



The second, say vi\ is the order of the highest non- vanishing minor 
in the determinant 

^i * ^it • • I (hn » Xi 

Otii flat, , am» X^ 



•^1, JTj, ••••••, Xn» A 



where A is arbitrary. Now this (under does not depend npon the 
value of the arbitrary quantity and must be the same whatever 
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value be assigned to A. Taking then zero as the value and 
changing the signs of all the tetms in the last line so as to make 
the determinant explicitly skew, we have the second invariantivo 
integer m' as the order of the highest non-vanishing minor in the 
skew determinant 



A.- 









9 ^nt 



jr. 






9 <*iMi» ^n 

. -jr.. 



The integers m and m! must be even. For, among the non- 
vanishing minors of these orders there must be principal minorSi 
which arc skew determinants since A| and At are skew ; let such 
an one. for Ai be 

^» ^Ji 9 ^m 

On, (I«f, • I Ofni 



^U fllMfll 



Then its order must be even; and hence we take m, the invariantivo 
integer associated with Ai, to be 2r. Similarly for m\ the invari- 
antivo integer associated with A,. Now m' cannot be less than 2r; 
and it cannot be greater than 2r -f 2, for all determinants of order 
greater than m -f 2 would then have non-vanishing minors of order 
greater than m which woyild at the same time be minors of A|. 

If all the minors in As of order 2r + 2 vanish, then all those of 
order 2r + 1 vanish ; so that, if m' be not 2r -f 2, it must be 2r, for 
by the hjrpothesis as to A, the minors of At of order 2r cannot all 
vanish. 

There are thus two *cases which arise : — 

m 

(i) the invariantivo integer of A, being 2r, that of A| is 2r + 2 ; 
(ii) the invariantivo integer of Ai being 2r, that of At is 2r. 

If instead of considering the two ipvariantive integers of either 
of the cases, we consider their arithmetic moan, this mean is 
sufficient to determine the two integers. For, if it be an even 
number, the invariantivo integers are equal and so tho second case 
oocurs ; and, if it be an uneven number, the invariantivo integers 
are unequal and so the first case occurs. Hence it is suflMent to 
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only a aingk imvariaki p, |A# arUkiMUc wMom 4(f tk§ 
i$miriaiUiw$ imi§g$r9 nuooiated with A| Mid 4^9 respeoiively ^. 

The inmriatice of ih§ i$Ueger p t# a neceiaarjf iitfermie9 /rom 
ih§ 0quivalenc$ of iwo sytieiM o/fortfis; w$ new proceed to Aew 
thai ii %9 a suficieHi coHdiUon for their equivaleHce, by obUining 
(on the aittuinption of iho invariance) equations of Uunafomiaiion. 

159. Let Ml, Mt, .... Mk be k independent functions of «i» •••»'» 
which by the (at present unknown) transformations become 
'/• '/• •••»'/'• then! the expression 

K^ S Xidxi 4- S sc^^i dzi or, say, S Yidxi 
changes, by those transformations together with 

into 

m: i Xidxi + 2 d^^i d*/ or, say, iuto'sV/cii^'. 

Hence there is an invariantive integer, being the order of the high- 
est non-vanishiug minors of the determinant, which is associated 
with the expression XYdx, 

Now 

r.-O, Y^i^O (t-1 i); 

Yrmx.Xr'^ite^^t^ (r - 1, ..., m); 

iml OXr 

and therefore, when we take the elements of the associated do- 
terminant in the form / ' 

dY.^dY, 



y 



• It ii tHy to Infiur from Matani'i oooditioof (M 99g 100) that, if ji U •fM^ 
tlm« is an sfsa nanibor ji of iodopeodttiit Ainotiaoi in tha oonaal fom of a 
PialUao Dxpniwiun, and that, if ji bo odd, then is an odd ntunlNir ji of anoh 
fiinotiona in the nonnal form. Tiio com b inatiun of this muthod of italMneat oi 
Matani'i oonditions with tha invariaotiva oharaetor of p inforred by Froboniua 
Wada to aooM of Lio'i nwulta (| 143) ralativo to tha iieniiit«naa of eharaotar of a 
nonnal form. 
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IT9 



lor j^ f iB 0, 1, ...» II 4- ir, the determinant is 



*V«» f ^Vt»» «^t» 



AV^Ntl 9 ^VlMlf ^n9 



9r, 

ds, 
Bx,' 

a*. 



-X,. 
dz, 

"ail' 



, -Xn, 0, 0, 



' ar, 
a^ 

a^ft 

• aiw 

. 

. 



a** 

mcm 



0. 0. 



Non-evanescent determinants which are minors of Zk,' are of order 
less than n ; and all such contain some power of o:^ as a factor and 
contain x^ only in that form. Hence, so far as the onler of vanish- 
ing minors is concerned, we rfiay take A^t » 1 ; and the correspond- 
ing form of A/ will be denoted by A,, so that 

AaaA/, when c^al. 

Let the invariantive integer of A, be m (« 2r), .so that the 
invariantive integer of Ai is either 2r or 2r — 2. Then the invari- 
antive integer of A| is in general greater than 2r, so long as the 
functions m are perfectly arbitrary ; but it can be diminished by de- 
termining the quantities m, so that they satisfy the partial differential 
equations which are the conditions for the diminution of the highest 
Older of non-vanishing minors. It cannot, however, be reduced 
below 2r, on account of the hypothesis which has been mailo about 
A,; and therefore we shall suppose that the invariantive integer of 
A, is 2r, the same as that of A,. Thus ^ , . • • , ^i will satisfy a number 
of partial differential equations ; and we proceed to determine the 
greatest possible number of functions z^ which will make the inva- 
riantive integer of the associated determinant A| the same as that 
of At, vis., 2r. 

160. Suppose, then, that k functions $ independent of one 
another have been obtained {k may be sero), sueh that all minon 
in Af of order m -f- 1 vanish but not all those of lower oider, 
so thai fn is the invariantive integer of Ag. If a determinant. 
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•imilar to A, but oooUiniog l;-f 1 functiom m, be ooaatnieted in 
the form 



Oui 



Omi 



Jfu 



9^' 



• "ST 



Omi 






• am* 

• "a».' 



jr.. 



a*. 



a*,' 

0. 0. 
0. 0. 







ark ' 



ac, • "• 



0. 



then, in order that itti inTariautive ioteger may be 2r, the aame m 
that of A,, it ia neceuary and sufficient that j^i ahould aatiafy-the 
linear equationa 



+..|f; 



dx^ 



a*. 



+ 11,^'' -0 



(1) 



for all values of the quaptiticB u which allow the relations 

(r»l. ....a) 





««1 i-lWr 



S XiUi 
1-1 

imlCXi 



-0 0-1,...,*) 



...(*) 



to be satisfied. But, on account of the (act that minors of 4kt or 

At' of oitlor higher than m vanish aiid the consequent noo« 

independence of ec|uations in (2), it follows that all values of the 

quantities u, which albw the relations (2) to bo satisfied, albw also 

the relations 

* 

2 a^a^Ui + J^rH -f 2 ^ ii«+j « (r - 1, ..., a) 



iml 

m 

2 X{Ui 
• 2 a— •*< 

imiCXi 



(i-1, ....*) 



...(2y 



to bo satisfiec}. And now the new quantity Mk^i satisfies the 
system of diflTerential equations (1) for all values of the quantities 
u limited by the relations (2)'. 
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161. Now when wo bear in mind tho invariantivo character 
of tho dotorminants A|, A,, Zk|, and tho relationn of tho linear and 
tho bipartite forms to the PfaflSan and its bilinear covariant and 
when .wo notice that these determinants are eliminants of 

quantities of the form g-— for of quantities of the form pr-)i 

where IT is a bipartite form, we see that the conditions of { lfi6 
can be satisfied as follows. It %8 necewary that merdy alffebraioal 
iran$/brmation$ Matt, when modified into substitutions for the 
original Pfaffian, furnish elements da which, by being complete 
differentials, will lead to inieyral equaiion$ qf 9ub$tiitUi<m for th$ 
Pfaffian ; and this will be effected if, ia the equations (1) and tho 
relations (Sy we actually replace the variables u by differential olo- 
ments cfe, these elements bebg taken to be complete differentials. 



When this modification is made, the result of 1 160 ia that 
I tttisfies the equation 




ibi-f 



^*^- 



(D 



finr all Tariations dr which are consistent with the equations 
1 m/h4^'¥X4^+XK^dx^mO (r-1, ...,fi) 



/ 






o'-i.-.*) 



m 



• The initial hypothesis implied that al^ the functions § were to 
be (unctions of «i, ...» ^n ftlone; and therefore equation (I) takes 
the form 

or Mt^i %8 an integral of the eyeiem of ejitoHane (II). Also it is 
manifest, from the same reason, that jfi, •••, ft, derived finom the 
last h equations of (II), are also integrals ; so thati regarding (II) 
as a qrstem of equations to be integrated, we have the 
as integrals of this system. 
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Tlia ooeSioiento of the differeuttal elumenta on ili« left-haod 
•idet of the ociuaiioiui (II) are Iho v)uriuuai quanitiiot 

dVr BY. 
where Yr and Y^ (for r, f aO, 1, .... a + ir) are any l«o of the 

m-¥k 

ooefficienU of a PfiiflSan expreaaion S Yidxii and iherelbfe iJSs.^ 

{ 81 ) the iiyiiiem ia ooniploio. Moreover, einoe the minon of order m 
in the doicnninani of the left-hand fiidea do not all vanish while af 1 
miDon of order higher than m do vaniuh, there are m equations 
(and not more than m equations) independent of one another; 
and therefore the syMtem is equivalent to an exact aystem of m 
equations. Hence the system (II) has m independent integralsi 

The functions $ are to involve only the variables «i, ••»,'•» 
the system (II) involves not alone these .variables but also 
^•» 'a-i-i* •••» ^m-^kt the integrals of the system must therefore 
include the whole aggregate of variables. The m independent 
integiuls can be replaced by m independent functioiud combina- 
tions of them ; and if we chouse such functional combinations as 
to include the greatest passible number of equations which are 
free from the variables d?«, x^^u •••» ^n-f** we shall have m — J; — 1 
dfuatioiui independent of one another and involving only the 
variables iCi,...,a^ and constants, and i* -f 1 equations independent 
of one another and involving the variables x^, x^^i , . . . , ^Th^a* Now 
each of these leads to an integral of (II),. that is, to a function m 
such that 

in viiiue of the e^iuatious (II) and the system of integrals of 
these equations ; there are therefore m — £ — 1 independent 
integrals of the system (II) which involve only the variables 
A?|, ..., a?M and are therefore of the type of functions x. 

But k such functions z have been svipposed to be obtained, 
the supposition being placed in evidence by the liutt k equations of 
(II); hencd there ai*e (m — i: — 1) — i*, that is, m — 21*— 1 further 
integiuls of the required type. When m is 2r and 1; is r — 1 (so 
that r * 1 integrals are supposed known), the value of m — 21* — 1 
is unity, and therefore one more iutegiul con be found Hence it 
follows that r iiidepefideiU JunctioM Zi, ...» 'r can be found zuck . 

tluU all mitwrz of order greater ilian 2r tn • . I 
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.0 
.0 



5^' 



-^^ o o 



.0 



fOfiifA. 



161. Since all minoni of order higher than 2r vanish, it 
follows thati among othera, all principal minors of order 2r -9- 2 
tittish. If then a, ..., c be any selection of r-9- 1 integers from 
the series 1,2, ..•• it, such a minor \b 



o^ » Xk% 



R^" 'gi; 



*•»• • • Off » ^9% SL* 



1 






.-^. 0. . 



., 

, 



a*r 



'-S' »• «• 



. 



the valoe of which is the BqiMre of 

•^•» » ^t 



9«i 






a*. 
•a«. 



a*r 
'Si- 



iM 



TEAllBffOBlUTIOM Of BXraBWOM 
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and Uiereforo «U tooh minora m may ariae from aeleotions of r-f 1 
integem from the aerioa 1, ...» ii vanish^ that i% all the deter- 
minanta of the (r -I- 1)*^ degree of the ayiitem 



• • • 



9s, d$r 
dx,' dx,' 






• •• 



vaniah. Hence r quantities, say Zu ...» Zr» can be determined 
such that the h equations 

for f » 1» S| •••, II are satisfied: and from these we hare 



A f 



dMi 



S X4*$^ 2 i ^<^d*fi 

r 

» 2 EidMu 
i-i 

because f< is a fullbtion of «i» •.., «» only and the quantitiea de are 
perfect differentials. 

Further! since all principal minoi*s of order less than 8r <(> S do 
nut vanishi we cannot establish a system of relations of the fbim 

involving a number of Ainctions z less than r\ and therefore we 

• 
cannot infer a transformation of £ Xgdx^, which shall involve a 

number of differential elements ds less than r. 

163. Hitherto we have used the single assumption (§ 169) 
that the invariantive integer of A, b 2r; we now must*consider 
the invariantive integer of A|, which may be either 2r or 2r — S. 
The two cases will be taken in turn. 

164. (i) firsts let the invariantive integer of A| be 2r; so 
that the minors of oider 2r in A| do not ail vanish. Now 
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#■1 \dxj dxi 9dR| dxjf 



firom the above ralues obtained for X^; and therefore the minors 
of Ai of order 2r are obtained by multiplying some one determi- 
nant of order ir of the system 



••• 



a*. 

Si,' 



•ar/ Si,' 



9Zr 

'W, 



• •• 



• •• 



by a determinant of order Sr of the sjrstem 

\dZt dZr _9-r, ^d$r, 

I vWf dXi ctCf cXi j 

for f, <»1, S, ...I ft. Since then the products do not all ranish, 
the determinants of order 2r of these systems do not all vanish ; 
and therefore the quantities ^i, ..., fr* ^if •••! ^r ^^ independent 
of one another. 

By the invariance of the two integers, each 2r, associated with 

n 

A| and 4kt, it follows that an expression S JT/dr/, which is derived 

. from the expression S X«c£r« by the (unknown) equations of trans- 
* formaUon, can be expressed in the form ^^*^ 

I- 1 

where the 2r quantities t/, *\.f9r\ Zi\ ...^Z/ we independent of 
one another ; and this result, it may be repeated, is a consequence 
of the simultaneous invariance of the two integers. Now, as 
explained in { 168, these two integers may be replaced by the 
■ingle invariantive integer p, their arithmetic mean, which in the 
present case is equal to 2n 

Since the 2r quantities f and Z are independent of one 
aaother» m are also the 2r quantities / and Z', the simplest 

eqoatioDa of relation which will transform Z Zid$i bto S Z/dti 



Mi^Mi\ ZimZ{, (imMl,%...,r\ 
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Subtlituiing for t » Z. /, E^ their roBpeoiiva values in terms of u 
and of if^ we have equations of reUtion which are Mufioim^ to give 
the equation 

SJr.ib«-i JT/dsb'; 

and these equations have been obtained on the assumption of the 
intfarianitve pertidence of the even integer p ■> 2r, which is thus 
proved to be a eufficient ae well as a necesearjf condition for the 
, e<iuivalenco of the two cxprcHnions. 

165. (ii) Secondly, let the inyariantive integer of A| be 
2r— 2, so that p -> 2r * 1. Then sll the minors of order 2r of A| 
vanish ; so that since thoy are, as before, the products of determi- 
nants of order 2r of the system 



• • • 



8br« QXg oXg oxg 



(s«l,2,...,fi) 



by determinants of the same order of the same system differently 
arranged, all the deterniiuants of order 2r of this system vanish. 
Hence there is one identical functional relation among the quanti- 
ties g and Z; and, since the quantities g are independent of one 
another, at least one of the quantities Z must occur in the relation, 
which may thus bo taken in the form 

^(f|, ..., fri Zi, ..., Z,)^0. 

By the in variance of the two integers, 2r — 2 and 2r associated 
respectively with A| and with A«, it follows that an expression 

S Xgdxg\ which is derived from the cipression S Xgdxg by the 
f-i <-i 

(unknown) equations of transformation, can be expressed in the 
form 

2 Z/dg/. 

where the r quantities ^ are independent of one another, and one 
identical functional relation subsists among the 2r quantities s^ 
and IT, which must involve at least one of the quantities Z". The 
functions X' not* necessarily (nor generally) being the same func- 
tions of the variables gf wa X are of the variables x, this relation is 
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not neoGflMirily of the mme form nn the prcviotin one, and it will in 
general bo clifforent, nay of the form 

♦ (*/• • • • » */i ^/i ••• » ^r) ■■ Oi 
where ^ in different from ^. • 

The difference of the^e functional relations prevents the sptem 
of eqiiationR 

Zi = f/, Zi « 7/ (f - 1, ... , r), 

which wonid tranAform SZ|ifr< into l^Zidz/, from being a conniftt'Cnt 
lyntem*; and therefore the proccfw, which is effective when the 
single invariant p is even, does not necessarily prove effective 

when the single invariant p in odd 

. 

166. In order then to obtain an effective process for the case 
of a single invariantive odd int<'ger, we reduce the case to that of 
an invariantive integer which is the next lower even number: 
this will require that the invariantive integer to be associated with 
At shall be 2r-» 2, the same as before, and that the integer to bo 
associated with A« shall be 2r — 2, less than that which wo had 
before. Hence A| may \^ left unchanged, and A« must be changed. 

Adequate changes will be obtained, if we change the coefficients 
X by such decrements as shall leave the quantities Oi^ unaltered ; 
and so we replace Xi by a new quantity 



Xi^ 



SFi' 



where f is a function of i^i, ..., ««. The determinant A| is not 
altered by this modification; and therefore the invariantive integer 
associated with it is still 2r — 2. We determine the introduced 
function $ so that the integer associated with the modified A«, say 
with Vfl, in the fomi 



* . t 



Ou, 






Oiu» 



9 ^hm» •^•"Sir 



"^"^a^* ••''-^•^S^' * 



lo h$ iMcmtiiiteDl, if # sad f bs tlM 
wiMi JT^al, sad Jr«'«ls SM I IM. 
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S8ff 



nAMarosMATiov or kxfei88iom 
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•hftU be Sr— S, bdng the even integer next lower then thnt 
eMocieted with Ag. 

The effect of thie ehange on the ezpreesion 2 X^de^ ia to 

replace it by 



tf«i 



that it, by 



ii^^'M)'^' 



4ml ' 



end then, when m haa been determined in accordance with the 
preceding condition, the Mingle invariantive integer of the new 
exprewiion m even and equal to t (r - 1), to that by the preceding 
roBult we have 

S Xidxc-- d$^l Ygdji^, 

4m\ <-i 

where the S(r — 1) qu&niitiea y and Y are independent of one 
another ; and thia is the smallest number of quantities which can "^ 
occur on the right-hand side. As in § 162, 



and 






Hence the minors of order tr of A«, which is 

Ou. » flwi Xi 






. -jr.. 



•re obtained by multiplying some one determinant of order 8r of 
thesyatem 

„ 9* d^ ay^, ar, ar_ 

"• 5J^' ar, 9^ ' at, dxt 

„ d* djh dffr-i ar. ar^ 
"'sE' ftr.'*" a^, • ar,"- 'a^ 



• •• 



1, , ,..., 



Y Y 



••• 
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bjr mme one determinAnt of order Sr of the lyBtem 

ds . ar, BYr-t ay, 9y^ 

"a^ • "• ^ "Sir ' "5^ "air 



••• 



• •• 






, .... 



the same m tho other but differently arranged Now since Sr is 
the invariantive integer AASociated with A,, so that the minors of 
order 2r do not all vanish, it follows that the determinants of 
order Sr of the foregoing repeated system do not all vanish ; and 
therefore the functions f, yi, ..., jfr^, K,, ..., F^wi are independent 
of one another, being ftmctions such that 

A r-l 

On account of the persistence of the invariantive integers, Sr— S 
and Sr associated with At and A, respectively, it follows that an 

eipression S X/dxi, which is derived from S XiAti by the (un- 
*-i i-i 

known) equations of transformation, can be expressed in the form 

rfZ+S* r/rfy/. 

where the Sr- 1 quantities /, y/, •.., y^rwi, F/, ..., Fr-i are inde- 
pendent of one another. 

Since the Sr — 1 quantities ^, y, F are independent of one 
another, as are also the Sr — 1 quantities g\ ff^ F» the simplest 

r-l. 

equations of relation which will transform c/f «f S Yi4yi into 

ffa'+xV/rfy/ are 
1-1 

t-i'-.yi-y/. r^^Yi (•«i,s,..„r-i). 

Substituting for t , y, F, /, /, F their respective values in terms 
of m and of ir^, we have equations of relation which are suflBeient 
to give the equation 



1 XiiUi^ 1 X/dit/ 
#■1 i«i 



V4 
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and thaie equaliooi lit?e been obtained on the aatomptba of the 
%n9ar%anH9$ p$ni$Unc$ of ik§ odd integer p » 2r — 1» whieh b thns 
proved to he a eujficient a$ wM a$ a neoeeearj/ eomditicm for the 
equivalence of the two expieflaion& 

Hence the theorem enunciated in { 16&— -that the equivalence 
of the ezpresdona h established by the existence of the invariantive 
integer p — is proved. 

167. On account of the fundamental importance of this 
integer, Frobenius classifies the Pfaffian exprcMslons according to 
the integer associated with them. An expression, which has p for 
Us ineariantive integer, is said to be of the p^ claw, the preceding 
investigation shews that there are p independent functions in the 
reduced form equivalent to the expression, which is 

£ Zidsi or cfi 4- 2 Tidgi, 

1-1 iml 

according as p is even or uneven^. 

16& Though the present method is concerned chiefly with 
the general theory of the transfonnation of P&6San expressions 
into one another, and not primarily with their reduction to a 
normal form and the thence inferred system of integral^ yet 
the normal form enters as an essential part of the investigation by 
leading to the formation of the minimum number of independent 
equations which rendi5r the transformation possible. No novel 
method is given for the solution of the partial di£ferential equa- 
tions which determine the differential elements of the nonnal 
form; the following summary, however, of the derivation of those 
equations may be convenient. 

Let 2r be the highest order of non-vaubhing minors of the 
determinant 



Om » • fl»n » ^n 

■"^i» »— -An, 
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then either Sr or 2r— 2 is the highest order of non-Tanishing 
minors of the deiermiiiaiit 



On 



f »iii 



<^^f t<^ 

The arithmetic mean p of the integers associated with the two 

is an invariant, which determines the class of the 



_ I* 

PfitfRan expression 2 Xidxi ; in one case p is even and equal to 

1-1 . 

2r, in the other p is odd and equal to 2r - 1. 
In the case when p » 2r, the normal form is 



/ 



2 Xidii ; 



the quantities Z are determined from any r independent equations 
oftheset 

X - i ^ ^^ ■ 

1-1 o^ 

and the quantities $ are (ietermined by the r sets of partial 
differential equations, which express the conditions that the 
minors of order 2r + 2 in the determinants 



^11 » » ^m f ^i» 



Om 



I ^im • An, 



a*. 



8', 



JTi -^•, 0,0, 

?fl -?5., 0, 0, 



9t» 



8*» 

•Si. 

. 
. 



9'» 

as;' 



•-^•<'-«' 



. 



•II TMiish ; the auooeniTe quantities $ being obtained by enrigning 
to A ia wiccewion the valuee 1, ..., r. Not more than r quantities 
g tan be thus determined; and the tr .quantities X and s are 
fbnctioBally independent of one another. 
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In the OMe whMi p » 2r -» 1, the nomiAl fMrm it 



the quentitiea F are determined from nnj r — 1 independent 
equntione of the eet 



the quantity .« ia determiDed by the set of pertbl difftreiitial 
equations, which expreaa the couditiona that the minon of order 
Sr in the determinant * 



Ou 



0|» 



. jr.- 



dM 



^ 



-jr.+ 



* «■<• • Jf«~ 



a« 
3«» 






.-x,+ 






all Yani^ ; and the quantitiee y are determined by the r — 1 aeta 
of partial difiSarential equationa, which expreai the «*»nditiftM that 
the minora of order it in the determinant 




all vanish; the sucoesBTe quantities y being obtained by assigning 
to J; in succession the values 1, .... r-1. Not more than r— 1 
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1 



quantities y can be thuH determined; and the 2r— 1 quantities 
f • y, F are functionally independent of one another. 

Em* 1. The following resulUi given bj Frobeoiiui* are enrily obiainable :— > 

(a) If the oUsB of a Pfaffian differentiml expresBion be altered in conae- 
quenoo of multiplication of the expression by a factor, the change is an 
increase or a decrease of one unit ac<x>rding as the class is odd or even. 

(5) If the class of a P&ffian differential expression be altered in conse- 
quence of addition to the expression of a iiorfect difierential, the change is 
a decrease or an increase of one unit aooording as the class is odd or eren. 

(e) Hence deduce the efiect produced on the class of an unconditioned 
PfkAan differential e xpressi on bj (i) multipljing it by a ikotor (ii) i ncr ea si ng 
it by the addition of a perfect differential 

Ex. 1 The coeflioients of the differentia! elements in the ex p res si on 

JTic/xi -f 4* X^^ 

are homogeneous functions of the |i* degree; and JT denotes the homogeneous 
ftmetion 

Shew thal| if X be a constant different iWnn lero^ then the class of the 

original expression is odd; that, if JT be lero and |i not equal to - 1, the 

dass is even; and that, if JT be aeru^ the expression can be a perfect dliff^ 

eotialon1yif^be-l. 

(FrobeniuB.) 

Ex. X Shew, with the notation of the last question^ that. If X Tanishi 
then the dass of the PfkfAan expression is less than is if either n be odd or 
^be-l. 

Shew also that, if X vanish, while |i is not equal to • 1 and the ex* 
pw si on is unconditioned, its class is diminished by one unit, if the expression 
be divided by an arbitrary homogenoaos fhnction of degree |i-f-l. 

(FMienhM.) 

At. < If a fonctions, given by the equations 

independent of one another^ be such as to satisfy the rdations 



then 



u« 



.A 



!• 



d»u •••• 






HI 



^i» 



^i«« 



.A^ 



to a perfect diifeietttial, the a* quantities A belaf IbneUons ef the variables 

# BU^eet only to the faidioated limiUtiona. 

(Irobenlua) 

* Cntte^ t fanxvi. (197t), pp. 1-^lt. 



CHAPTER XII. 
ABonuoT or Dabboux's MrIiod. 

• « 

Thb invMtigaiionii of M. Darboux ou P&ff *• problam u% ooo* 
Uined in a memoir^ publiahed in 1882| though most of it which 
bean direotly on the theory was written in 1876. He deals more 
with tho theory of the forms than with the methods of integration 
of ditforootial equations which occur in the thooiy ; in this respect 
he rcfombles Frubcuiiis. Moreover in his process there is a certain 
similarity to that adopted by Frobeuius^ for the basis is the 
invariantive chaiucter of certain exprcsaious, in particular, of the 
associated bilinear covariant : and thei-efore in point of publioation 
Darboux has been considerably anticipated by Frobj^nius. The 
remainder of the memoir dcaU with the theory of the tangential 
transformation : aud» though the method adopted for it is distinct^ 
the results of the theory were already known from the earlier 
published memoirs of Lie and Mayer. 

Under these ciitsumstauces I shall state mei-ely the results, 
without proof, so as to give an indication of the course of the 
memoir. 

lUll. (i) Ue takes 

Ul iml 

and proves 

which, being independent in value uf the particular set of variables, 
is an invariant for change of variables. 

• ••Bur to probUms dt PfdT." Com^s RtmiMB, i. xdv. (1S8S), n». SSd-aS7 
Darb. BuU,, S- 8«r. t vL (188*i), pp. 14— S6, 49— 6S. 
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(ii) The first step towards the construction of the normal 
form is the choice of new independent variables such that, when 
S4 if expressed in terms of them, there shall be fewer differential 
elementsL For this purpose the subsidiary system of equations 



18 used. It is an invariantive system : and it can be replaced by 
the single equation 

'supposed true whatever be the variations &r. 

(iii) When n is even and the determinant A of the coefficients 
of the quantities dx in the subsidiary system is not zero, then the 
ft — 1 integrals yi, .,i, y^-i of the equations, which are independent 
of I, are taken as new independent variables ; and with them is 
associated an arbitrary function y^ of the original variables, so that 
yi» •••» y» 9ace n independent variables. Then by the invariantive 
property of the subsidiary equations it is easily proved that 

r-l 

where the coefficients Yr* arc independent of y«. 

(iv) When n is odd, so that A .noccAsarily vanishes, then, if 
the first minors do not all vanish, X is taken to be sero in the 
subsidiary system; the ratios of the differential elements are 
determinate, and n — 1 integrals of the consequent equations are 
obtainabla If these integrals be denoted by y,i ..., y,^|, then» 
when they are associated with a new arbitrary and independent* 
function yn, we may take the n quantities as a set of n indepen- 
dent variables. It is proved that 

e^-iN^ + Vr/rfyrt 

where the coefficients F/ are independent of y«. 

Two eaaee ooour. If Y contain y«, it may itself be taken as y^t 
iotlial 

«*-rfy.+*i*r/rfy.. 



▲wnucr or 



[in. 



If Y be indepeodtoi of ^«. theo (||| oan be expmied in llw fcm 



M-l 



e*- 2 rrrfyr. 



r«l 



(¥) Should the Mibeidiary »y»iem, eveo wilh llw KmiUtfaw 
X • 0, Mi be detenniiiate but oonUan only p diitiiici equaiioni, 
then Darboux makee it determinate, as in the preceding ca e Wi by 
the aaaocialion with it of a —p - 1 equations 

rf*i-0, ii*-^,-a 

The argument pruceedii an before ; and the general result of the 
first tranafomuaion is that an expression B^ can always be changed 
into one or other of the three forms 



Urn - 



£ 



dy.+ 2 



^rdUr, 



Yrdjfr. 
YrdUr, 



the Tuublea jfi, ..., jfa_i, y. beiug independent and the ooafiduito 
Fdepending only on the vwublcii y,, .... yit_|. 

(vi) Uenoe an expression M^ can always be brought to one or 
other of the types 



r-l 



£ «r<Ijfr. 



r-1 



where the quantities y. !<» y^ are functions of all the variables in 
%4 and are independent of one another ; and 8p 4* 1 or j^i^ aeoonl- 
ing as the type is the first or the second, is not greater than il 

The former or the latter is the type to which B4 can be 
reduced, according as the subsidiary equations cannot or can be 
satisfied by taking X different from zero. The int^er /> is deter* 
mined as one-half of the number (necessarily even) of independtot 
equations in the subsidiary s^-stcm, and the ip quantities y^ and Mi 



are a set of.integnds of these independent equations. For the 
former type, the quantities y and s are necesssrily independent of 
Xv which has beim made zero fur the associated subsidiary sj'stem ; 
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for the latter type, the ratios of the quantities m are indopetideiit 
ofX. 

(▼ii) Darboui adopts Cauchy's method of integratictP of the 
subsidiary equations ; and he is led to results, which are similar to 
lie's (II 147, l54), relating to the transformation of the eipression 
to an equivalent unconditioned form ; they are as follows. 

* 

(a) if the canonical form of the eipression be 

then the subsidiary system, consisting of 2p independent equations, 
has 2p — 1 integrals independent of X. There must thus be at 
least n— 2p 4- 1 variables, say «^, ...» «», which are not integrals 
of the system. If then the 2p * 1 integrals be taken in the form 
of principal integrals and be denoted by th, •..» iii^if 80 that 
«it •••• tt^-i reduce to «i, ..., «^.| respectively when constant 
values Oy, ..., On mto assigned to «^, •••t^* the equivalent uncon- 
ditioned form is 

r-l 

where Ur is the value of Xr, when «« is replaced by aCt for 
s«l, ..., 2p — 1 and by a, for •» 2p, ..., n. 

(6) If the canonical form of the expression be 

r-l 

then X a in the subsidiary system, and the set of 2p independent 
equations has tp independent integrals. There must thus be at 
least II — 2p variables, say ^^^.t, •••, «», which are not inU^prals of 
the set. If the 2p integrals be taken in the form of principal 
integrals and be denoted by Ui, •••, n^^ so that ih, •.., u^ reduce 
to j;|, ••., «^ respectively when constant values ch^i, ...^^ ttre 
assigned to «^,, ...,«»» the equivalent unconditioned form is 

Bi^dH-^^i Urdu,. 

r-l 

where Ur is the value of Xr^ when m^ k replaoed by «» for 
t«l, ...^^land by o^for t«2p+l» ...i n, and J7 is a ftinetioii 
which vanishes for the last set of substitutions of constants for the 
fi -» ^ vittiables c 
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170l' Tlieie retulU are applied ,1a the aohiUoii of partial 
diffureatial equations of the tint order ({ 186). 

The remainder of the memoir in devoted to an inveetigation of 
the relatione which are the baaia of Clebech't method of integra- 
tion ({ 126) and to the eetabliehment^ of the theory of tangential 
tranHformationa proceeding (aa in the earlier part of the memoir)^ 
from two simultaneoue sets of variationa /It' ia auperfluoua to 
reproduce the investigation here; the results tfgree with those 
earlier established by Lie and independently by Mayer and already 
discussed in Chapter IX. 

Er. Prove thut, with the ordinary uoUtiou uned in connection 
P&iBan difioreutiaUs the two exprenaioiui 



"ui .««i» A 









•ar. 



• 



+ «*lll 



i^al 



'liii 



obtahied by taking, lint, />„ ...» I\»A\t ... A*, aud, aeoondly. />|, ,.., 

Pm''r'f'%Tj! I *i^ iuvariauU fur uhaugo uf the iikiepeudsp t variableiH the 

PfaiBan exprBsaion being aupiMMod uuoouditioned. 

Sbew tbat thcue exiveMUona are the quantitiea denoted by Clofaech by the 
ayniboU (^) and (^) in bin tbouiy of Plaff*a probleui. . 

(Uaifaoui.) 



• Thie part of hie iuv«etigatioa ie foUowed hj JoidaiH Cmn ^Amtf^m. I. itt. 
(ISS7), pp. S»l— S4S. 



CHAPTER XIII. 

StBTEHS or PFAFFIANa 

It win be seen that in the theoiy of BTsteoie of unconditioned PfefHiuw 
berdly any advances have iieen made. In fact^ there are vwj few inveeti- 
gationa which deal with nyntema of aimultaneoua non-exact equationa; and 
eren those which are published diacuaa for the moat part euoh exact integrahi 
aa the ajatema maj poaaeaa. The following are the principal aouruea of 
inlbfiBatlon on the subject :— 

BilBMAirN; ''Ueber n aimultane DifTerentialgleichungen der Form 
1A\ dx^ a O,"* Schlm. ZeiUchrift, i xxx. (1885), pp. S34~844. 

BooLBi ''On aimultaneous differential equationa of the firat order in 
which the mmilicr of the variablea exceeds hj more than 
one the number of the equations,** Phil, TVtrnt., 1862, pp. 
487-^54. 

** On the differential equations of djnamioai" PkiL Tram,^ 
1863, pp. 485-.601. 

Sup|)lementai7 volume of Treatm on Diferential Equa- 
tioM, 186A, |yp. 74 — RO. 

Khuil; ^Zur InTariantenthoorie der Sjsteme von Pfaffbchen Gleichun- 
gen," Leip:. SiUHn^ib.^ (1889), pp. 157— >I76, f&, (1800), |i|>. 
198—807 ; this connects itself with {{ 188, 189 of lie's Theon9 
der TVaMformaiwrngntppen (Leipzig, 1888), which deal with 
the character of the tnmsfbrmations of which such a sjttem 
admits. 

FBOBKHiua; **Ueber das PfaTsche Problem," Cre(^, i Ixxxii. (1877); 
especially pp. 8S7— 889 of the memoir. 

IincRS9KT8KT; ** Integration dea ^uationa anx ddrivto partiellea da 
aeoond ordra d*ane fbootion de deui Tariablea," Onm, Arekf 
t Uv. (1878) ; apedally pp. 890-314 of the memoir. 

TAvmoi; ^^Preliminary note on a geoeraliaation of PfxATs problem," 
UmL Maik. Hoe. Proe^ vol xL (1880), ppi 181— 119 «. 

Voaa; "> Ueber die Differentialgleichungen der Meohanik," MaiL Ann., 
t XXV. (1885); eapedallly pp. 858— 808 ef the memoir. 



* F^ various reasonm I am unable lo aeospl the lesnlli oblaiatd by ProC 
TkUHrinlhli 
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171. The lyftom of ii equaiiona liiDaar in the dUferanlial 
elemento of the variables (and the ooeitemive qfstem of aiMnriated 
partial diflTecential equatioiia linear in* the derivativea of the 
dependent ftinctionX which were diflcuBaed in Chapter II., gobaited 
as a simultaneous exact system on the hypothesis that the 
conditions given in § 26 as the criteria of exactness were satisfied : 
and on this hypothesis there was inferred the existence of an 
equivalent system of n integral equations of the type u^^Cr. 
Each such equation i% in and by itself, an integral of the system 
of differential equations ; that is to say, restricting ourselves to 
the system of n equations, the inferred equation 

is completely satisfied by means of the original differential equa* 
tions, there being no need to use for the purpose of satisfying 
it any of the other integral equations : and such an equation as 

dur^O 

is merely a linear combination of sumo (or all) of the given 
differential equations. 

When the whole system of n integrals is considered simul* 
taneously (each of them being, in and by itself, an integral of the 
system), we obtain n equations 

du^mO ,du^mO; 

each of these is satisfied in virtue of the original equations and is 
a linear combination of those equations. But the n integrals are 
independent so that the n equations du « are independent : thai 
is, the linear combinations of the foregoing equations are inde- 
pendent of one another, and therefore the original equations can 
be derived from the equations da»0 which are an immediate 
consequence of the integral system. Hence the system of n 
inferred integrak and the system of n original differential equa- 
tions are completely equivalent to and coextensive with one 
another; provided that, as already remarked, the conditions of 
Chapter IL — there proved sufficient and necessary — be all satisfied. 

The system is said in that case to be oomplgtdy integrabU. 

• 

But the system of ordinary differential equations will still 
subsist as a simultaneous system, when only some, or even when 
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none, of the conditions of integrability are satisfied. In the former 
case, when some of the specified conditions are satisfied, the 
system of equations may haye some eiact integrals ; that is to say, 
there may be some equations of the form u « c such that 

du-O 

is satisfied solely by means of the system of differential equations 
without reference to any integral relations among the variables. 
The number of these ^xnct integrals must be less than n, otherwise 
the sptem would be completely integrable : and each of them 
(necessarily supposed to be independent) leads, when differentiated, 
to a linear combination of the system of equations, the various 
combinations being independent When such a system possesses 
a number of exact integrals, the number being less than the 
number of equations, it is said to be incompletely integrable. 

a 

It is evident, after the earlier explanation, that the set of 
exact integrals possessed by an incompletely integrable system is 
not an equivalent of the system of differential equations. In (act, 
as each member of the set leads to a linear combination of the 
system of equations, we have a number of independent linear 
combinations of the members of the system less than the number 
of members; and therefore the system of differential equations 
cannot be inferred from the exact integrals. The supply of this 
deficiency from an integral equivalent of the differential equations, 
and the use of the exact integrals for the modification of the ' 
differential system, will be subsequently discussed 

Lastly, it may happen that the given system of equationa 
pos sesses no exact integral, that is, that there is no linear com- 
bination of the equations which can lead to an equation 

dumO. 

In this case the system is said to be wm^niegrablei and, as 
before, a question as to its integral equivalent will arise. 

171 The integration of a completely integrable system has 
already been discussed: we proceed to the discussion of the 
ehaiaoteristics of an incompletely integrable system. Naturally, . 
the first step is the determination of the number and the farm of 
tlii etaet integimlsL 
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We take the qrstem of n equAtioiis, involving m -i- m viriiblei^ 
in the tana ' •' ■ 






(IX 



the ooeffidents A being funotioim of the •vnrUblet m. 

Let ^ pa be en eiaot iiitttgral of the Hystem (I) ; then the 
differential equation 

ia a linear combination of the n equationa f) «■ and ia iatiefied in 
virtue of those equatbna. The form of the oomhination ia obvioue^ 
being 

and so we have, after substituting the full expression for d^ and 
transpoBing the right-hand side, the equation 

which is satisfied in connection with (I). But this equation in- 
volves only the difforuutial c^luiuunts dxi djCm* among which no 

rulutiou is given by (I); and therefore the coefticient of esioh 
eleuiunt munt vaninhi so that wu have the m e(|uationa 






j(a> 



(for s»l, •••» in) satisfied for an exact integral ^ of the given 
system (I); and they muHt be satisfied by every such integral 

Now this system (II) is in form the same as the corresponding 
system (II) of § 38 ; but the present one is not complete (in the 
Jacobian sensed for the conditions for coexistence sjhI the pos- 
session of common solutions are not all satisfied^ as they are for the 
earlier system. Thus the quantities 

(A,.Aj)-(A,A^-AA)* 

do not all vanish in virtue of (II); and so we may have new non- 
vanishing exproHsioiis y«^, all linear and homogeneous in the 
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partial first differential coefficientn of ^ with regard to srm-^u •••• 
m^^. In order that functions ^ of the kind indicated may exists 
the ordinary theory requires that 

V^-0 

for each non-evanescent operator. Hence new differential equa- 
tions are introduced into the nystetn : and we must continue the 
application of the Jacobian conditions in the form 

retaining every non-evanescent and utiRatisfied condition as a new 
equation to be combined with the system already obtained, until 
no new equations are thus formed. The system, thus increased, is 
now a complete system: and the members of the system are 
linearly independent of one another. 

The original system (II) contained m equations: let the 
members, necessary to make it a complete sj'stem^be p in number, 

for fs 1, ..., p : then the function ^ is a solution of the m +p 
simultaneous linear homogeneous partial differential equations of 
the complete system constituted by (II) and (IIIX 

If p 6s less than n, then the complete system of m+p equa- 
tions involving m-f-n variables has, by § 38, n — p functionally 
independent solutions; and therefore the original system (I) of 
differential equations has n-^p exact integrals. 

If p 6s equal to n, then since the equations (II) and (HI) are 
linearly independent and are linearly homogeneous in the m 4- ft 

quantities -^ » they can be satisfied only by having each of the 



V^- 2 B^.^ -0 (Ill) 



of ^ zero ; and therefore ^ itself must be a mere con- 
stant, a result nugatory so fiur as concerns exact integrals. 

Similarly, if p 6s greater than ft, the complete system can be 
satisfied only by lero values of the derivatives of ^, which also lead 
lo a result nugatory so fiur as conceras the possession of exact 
int^rak 

Henoe it appears that the given eyetem (I) poeeeeeee ewad tnte- 
grale anlg if the aeeodaied egeiem (II) of partial dijferential equa* 
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iian$ cam k$ rmnimrtd eompUU iy l4# additUm tf/m&r Am • «Mii 
•jfHofuNM; and if for tkU purpom p n§m mprntionM mMdb$add$d, 
tkm iks number ofewaci uUeffnUs iin^'p 



nx Thus ib» ooodiUona for Um poMaation of n- ji tiAoi intignili an 
Um oooditiona that Um BjuUm (II) of AMOoUi«l iMoiiAl equftlioni ihoiild b« 
renderod oompltU hy the addltioa to than of p darifid oqiiAtioiiii Thi 
axprMs form of thane oonditiona for the nKwt generftl cms oeo he InfBRed 
finom the form of the oonditiona for the following pertiouUr oMa. 

Conaider the aquationa ^ 

du - 1\ c£r|+ Cfdx^-^ ^s<ir,+ ^\djtA 
d9 - l\dx,^ r,c/x,+ V^dr^i- V^dx, I 
dwm W^dx^-k- HViri-l- W^x^-^ ^^4) 

aa a ayatem ; the aiiaociatod |iartial equationa which oorreapond to (II) 



^♦-^,*^'?!f+»''^+'^'Si-<» 



for r«l, 1,1,4. Let 



A</V-^P4-/*<i 



(for i*« L\ r, If); then the oonditiona for the ooeiiatenod ef the four equa- 
tiona and for the |KwaeaMion of common anlutiona are the aix equationa 



A«*-r„JJ+ !'/;*+ HVilt-*^ 



• •• 



• •• 



aome of which muat neither be e?aneacent nor be aatiaAed in Tlitye of Ike 
earlier ayatem. Again, let 

for any aymbol it; let 

for any aymbol #, and ao on : and let the raotaiiguUr array 

^Ut i^iif n^^if S^iit T^i/i T^'Ci 'm^'S I 

^ih i ^iS9 tk ^u* m W^iii m ^a* m If 5» » If? 

for all valuea 1, S, S of i, >, it, I, im, a, />, 9 he formed; there being 
of quantitiea in the array. 

Then in order that the original ayaleu may have ikrm axaoi iatepala 
(it cannot have more than three) independent of one another, it ie neoeaaaij 
and aufficient that all the determiuauta of one w)oiitituent fonned from the 
quantitiea of the* type occurring in the firHt ex|ireaaed column of the abonne 
array vaniah: in other worda that all tiie quantitiea C*^, IT^, If^ Taiiiah. 
Theae we aliall call the oonditiona for three integrala. 
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In order that the original nyiiietn mnj hare onlj two exact integnda it ia 
and BufficieDi^ first, that the oonditiona for three integrala ahall not 
all be satisfied ; second, that all the determinants of P oonstituenta formed 
from the qnantitiei of the tjpes occurring in the first three expressed 
oohmms of the array shall ranish. These we shall call the conditions for 
two integrals; they secure that one new equation shall be added to the 
original system of four partial equations. 

In order that the original S3rstera may have only &ne exact Integrid It is 
necessary and sufficient, first, that the conditions for two integrals shall not 
all be satisfied ; second, that all the determinants of S* oonstitucnts formed 
from all the quantities in the array shall vanish. These we shall call the 
conditions for one integral; they secure that two new equations shall be 
added to the original system of four partial eqtiationa. 

Finally, In order that the original system may have no exact Integral It 
is necessary and sufficient that not all the determinants of S* constituents 
spedfted In the conditions for one integral shall vanish. 

The generalisation to the system (I) is now erident It would \m 
necessaiy to form a rectangular array of n rows; the number of types of 
quantities occurring in the array woidd be 2" - 1 ; the number of quantities 
of any ^ype would depend u|ion m and, after the first type*, also upon n. 
The eooditiooa that the system shoidd have only m - j» ^act Integrala are 
that the determinants of ja^ constituents formed from the quantities of type 
ef the first t^- 1 oolumna should vanish, but not all determinants of a mnaller 
mmber ef oonstitaenta. 

Ar. 1. Ini^ (or otherwise prove) that the simultanl^tms system 

dlr^ajr^Xi-l- Mr|l, 

wlieriliiany ftinctlon of all the seven \-ariables, has no exact IntegraL 
Er. 1 Tlie oonditlons that the two equations 

may liate one eiiot Integral or no exact Integrid are, finti that the quantltlea 
Tioklii Md, Moondy that the determinants of the second older in 

^'^^"^ ^^^S.'^^SL* ^ ^^ ▼•nioH or do not all Taaish. (ftngeL) 

• The Mnher of ^ fitti typt Is )si (M - 1). 
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dlr-(y^-«-lr)iir^-(j|-y)* r 
FoffBum Um Jaeobuui comlitioii we havo, ia Um n oU t kin of Uwkit^TiiMpK 

■ 

■0 UmL reifitiiij Um alflobnioal fador. the JaoobiAD ooDilitioo is 

TIm IkvM cquUioQs ^»0^ A>-"0^ A'^^-O ai« mmQj pfforwl to te a 
plsU sjraftMBS M ^7 iufolvo ftHir indafiemfatit viriililaa^ Umj lMf» 



TIm bhImI wa/ to obUin this integral im tm kXkmw. Vnm Ikt a^iMlkaM 
vahafs 

and UMiiluia 

Biaot ilf and il(«-j«-x«-i^ ara |ierfeci difiaiwiUaK H lollovm thai 
1^ laaooM ftiiMliiMi of «-jKt-jr*-|y* alooe: and tbflrafora «• mj 
ifoljtaka 

aa Iki ooa inUpal laqumL 

Jk ^ IVaal iinilarl/ Um oquatiooa 



• k 



• BooK FkiL 2WMf . IMS, ^ 4M. 
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abo the equations 



dr. 






£!r. ft. The following inTentigation* in of ooroiiderable importanoe in the 
theory of partial differential equations of the second order. 

In the usnal Monge-Boole method of solving the equation 

where iP, S\ 7*, U\ V* are functions of .r, ^f f» />» 7i H is assumed that the 
equation possesses an intermodiAry integral; and it is known f that| to 
secure this possession, two conditions must be satisfied b/ the quantitiea 
ir, S*^ T^ U\ V\ These conditions ma/ be obtained as IbUowa. 

In order to form the intermediary integral ti*/(r), H is neoessaiy to 
obtain two integrals ti-o, r«5 (that is, exact integrals In the sense of the 
preceding paragraphs) of the system -of equations % 

pdx-^ qdtf-^ di^O 
where X| and X| are the roots of the equation 

For the present purpose we hare to assign the conditions that the fbrsgoing 
system of equations should hare two exact integrals. 

Writing ^«-l. r--rT, iS'--cr'iS, ir--crn r--rT and 

assuming that U' does not ranish, the equations are 

dM^'pdX'^qdf 
dp^Tdx-^ft^dy 
dq»ft/ix^ Rdy 

* It it tobetantiallj due to Imtehenetsky, *• Integration des ^uations aux 
dhif 4it9 partieUes du weond oidre d*nne fonetlon.de deux variables,** Onm, 
ArtK, t. Ut. (1879), enpedaUj U 18, 14 being pp. 990—814. He has amplified 
and ex^roded Boole*fl iuTestigation O-^* PP* 451, 459): the relation between them 
will be indicated below. Imechenetek j has however left the eondltioni (p. 809) in 
the lorm of fwo tqmatiom inToiring a dependent variable t without proof, these 
eannot be taken as mmtij two emdMotu applying to quantltiee whieh do not 
involve thai dependent variable. The explieit eonditioos are obtained in this 
investigation. 

t See IWalffe, 1 980: lbs lesoU will tvldeBtly apply In the iMst terms for the 
when U doee not vanieh. 

t IWaNif , n 989—984. 
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wh&n /i| And |i| art iho loola of 

Tb% partiAl differaotU •quAtloni iimwialad with Um tjitini art 

being two equaUoiiii whioh involve five varubloi. Every loliitiQn 
Uie two muni aImo iuiti»fy - 

Now Ikxile (Lo.) iuvoetlgatee the qoontiou eii to Uie ooudiUooe 
the origiiuU Mjretem may be oonipletely intograble, eo aa to have thiee eiaol 
iiitegrala. For thia puriNMOi the new equation obtained — being the JaeoUani 
condition io be aatijified by the flnt two — niuat vaniah identioal^; hence 
l4>B/i|aB 1^1 leading to the condition 

and alao 

whioh are the necoaaary and auffioient oonditiona. If theee be aatiafied, 
then there are throe eiaot intograUi aay uma^ 0mk^ w«c; when p and f 
aru elimiuatod liotwoen thou, wu ha^o a rolation between 'ijr»ai Oi lb ^ whieb 
ia an intogral of the original diltbrvntial equatii»n and oan be genendiaed by 
IiUiM*hunittaky'a nioth(Ml*. 

Hii2i|N)H0, howovori that wu auMuuie that the ayktoui U Incompletely In* 
t<^gnil>lo atMl that it haa two oiaot intograla. Then the new equatlou 
must nut vaniiih: and the proooding oonditiona uiuat therofore not all be 
aatintiod. Aavuniiug that the ruuU of the quadratic in |8 are unequal, and 
taking 

Ami- AT- i*, A*Z.A>».ft 



the new equation ia 



Mi-Mi 



Mi-Mi 



^''♦-(a+^l+^ll)*"**' 



ao that there are nciw three equationa to be aatinfied by ^ Aa there are 
to bo two intcgraU, the ayntcm muat be complete ; and therefore the f^irther 
equationa 



• rrfuiK I m. 
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miMk ba ntisfted in rirtue of the praoeding three. When thee* are formedi 
thtyan 

•0 thai the DeoesMry oonditions are evident]/ derivable tmm a oomparisoii 
with A^^^O akmei and are 

apparent]/ fbur in nnmber. 

Henoe the neoenarj and nutficient oondttious that the differential eqna* 
lion ahonkl po e e ces an intermediary integral are that the oonditione 

Oj.O, O|«0, Os-0^ O|<-0 

ehonld be eatiefied ; and thene are equivalent to two independent conditional 
aa the/ are oonnected b/ the relations 









which relations are not difficult to obtain. 

It has been assumed that the roots of the quadratic in ^ are unequal If 
ihe/ be equal, then it is not difficult to prove that, if the quantitiee 
AS-A'T and AR-^A^S do not both vanish, the simultaneous s/stem has 
not more than one eiact integral; and some conditious are requisite to 
secure the possess i on of one exact integral For instance, if AS^ aT vanish, 
then in order that the system may have one exact Intcgnd we must have 

astheeoiiditioiiof equality of roots; aodi^ and T must be of the forma 



whve ^ is any lymcUon of X, jr, ff. 

Bimilarty it may be shewn that the conditioDs neeeaiiiy that the 
equation 

ibookl have ao intermediary integral (without the subsidiary equations being 
a eomplelily liilegrable system) are 
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wlMTt 

in which i* and i*' deuoU the rouU (MippoMMl lo \i% uiMiual) ol 
Mid A« A'9 A" M« deftnad hy the equatioiM 

Th« iiifH«Do« AH to the •xtoai of the four oonditiooi and tht aiodiA- 
oatiooH in oaM the roote me equal DoeJ hanlljr be staled. 

• 

174. The number of exai^t iutegrab of the given tyelem of 
differential equatioiie, 8iip|>OMod to be incompletely integraUei ie 
the number of Bolutionn of the Bystom of AHHuciated pMriial 
differential equationa rendorod complete, llethoda have already 
been given for the solution of a complete ayatem of such equa- 
tiona ; and they will now therefore be aaaumed known, aay in the 

forma 

tf|BO|, Ut»Ct .\,ti»^»c»^, 

the quantities c being constants. 

These results being known, they can be used to modify 

the system of equations. Euch of them leads to a differential 

equation 

du-0, 

• 

which is a linear combination of the original eiiuations; and, 
as the n*j) quantities a are functionally independent, the 
n-^p linear combinations are alao independent and may there- 
fore be taken aa replacing n-^p of the original eciuations 
appropriately chcMcn from those which occur in the linear com- 
binations. Now let the variables be transformed, so that n ^p of 
the new m + n variables are U|, ... , u^^ ; the etpiations are of the 
same linear character as before. The tirst n — |i of them are 

rfj*i»0, .du^^^Oi 

the remaining p are linear and involve ti,, ..., u,,^ with the other 
m-k-p variables; and the system so modified is cuex tensive with 
the 'I system. 
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Now t«ke the n — p exact integrals in the fonns 

and substitute these in the remaining p equations; we shall 
then have only a system of p equations in m -I- p variables alone 
and constants. Moreover this new system cannot have an exact 
integral; otherwise, a retransformation to the old variables would 
lead to another exact integral of the old sjntem. 

Hence an incompletely integrabh syatem of n equations po$* 
Beeeing n-^p exact integrate can, bg meane of those integrals, be 
replaced by a non-integrable system of p equations ; and whatever 
may be the integral equivalent of the non-integrable system, that 
integral equivalent combined with the set of exact integrals is 
the integral equivalent of the incompletely integrable system 
finom which it was derived. 

175. By this result and by the remaining question of § 171 
we are led to the consideration of the character of the integral 
equivalent of a non-integmbic system of linear equations^ Such a 
system ts an obvious generalisation from the Case of a single 
Pfaffian equation: and it is natural to expect that the integral equi- 
valent of such a system will consist of more than the n equations, 
of which it would be composed were the sj-stem completely in« 
tegrable. As in the case of a single equation, it is desirable to 
have the integral e(]uivalent of the system as general as possible. 
This generality will be maintained by two properties: first* the 
integral ecpiivalcnt must contain the smallest pussiblo number of 
integral oipiations sufficient to lead uniquely to the difTerential 
equations, for thus the variations of the variables will bo least 
restricted ; second, the equations in such a system must be of as 
general a form as possible. Three points are thus raised : 

(i) the determination of the number of equations in the 
iniq^ equivalent of a non-integrable system ; 

(ii) the deduction of somo simple integral equivalent of such 
a system; 

(iii) the generalisation of such ao integral equivalent when it 
has been obtained. 

Fk^eaent analysis however seems able to solve only the first of 
tliese three probleroa 



sit IMTIfiQIUt XQUIVALBIIT Of ▲ [ITS. 

iihM% jf|, jft, ^si #4 *>* AuiotioiiAl^ indep Mideo t i k mm^jt Man lo \m Ma- 
intogniUe: iW integnl oquivtloDt nuuii therafora oonUin nora IbMi l«o 
•quaikNM. Om Mi o# iutegrab U rndfloU/ givan bj 

jfi^ooiMti jfi-ioonst, yi»ooiMt{* 
AuoUiarbj 

Mid tht moMi gmiond bj . 

♦ (Jfiiyi)-0b 

wbara ^ is anj arbilraiy Auiutiou. £Ach of tboaie roU liidi lo Um two gif«i 
diffeiantial oquAtiouSi Mid ouljr to them no fiir m Um givan wialkmi are 
oopoarnad ; tba gaooiairical int«r|MreUtioD in obvioua. 
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17tf. Suppose then we take the aystein of equAtioM (I), 
aaaumittg them to be noa-iutegrable : tboy are 






-(D. 






the ooefficienta A being fuuotioDa of the variablea 

We fint proceed to iiud the ttinaUtMt pomdUe number of 
equations from which there can be cuniitructed an integral | 

equivalent of (I) ; and for this purpose we use a geoeraliaation of 
the method adopted by Nataui for the aiuiilar question in the caae 
of one equation^, viz., the introduction of new variables so chosen 
as to leave in the equations, when transformed, as few differential 
elements as possible. 

* Thii quMtion appaan to hava baan aoltad Aral bj BiamiaBii, **Uabar a 
ainialtaoa DUferaotialglciohungea d«r Korm X X^Ux^aO," ScMAa, Zeittckr^ U 
aai. (1SS5), HI. 2S4«i^(H. 
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Let the new Tariablcs bo «,, !!,» , it,; v^ «bi i ^n 

where 

it is of oonrae ii»nmed that these variables are functionally in- 
dependent Then each of the old Tariables m is expressible in 
tenns of the new, and so we have 

ox SSI 2 X— Otif + Z§ s — QVi» 

Conndering these as arbitraiy variations, we have 

1ml ( 1-1 VVt £m\ 1.1 "^ <n^) 

for all quantities X. When we pass from variations that are 
arbitrary to such as satisfy the differential equations, the right- 
hand side of the new equation must vanish. Since the quantities 
n and V are functionally independent, this can take place owing 
only to one or other of two causes : either a differential element 
must vanish or the coefficient of a differential element must vanish. 
Let then the variables h be those, which have vanishing differen- 
tial elements, and the variables v be those, the differential 
elements of which have vanishing coefficients. 

The second of these conditions gives, for each of the r values 
of i; the equation 



dx. 



dxi 



#-1 CtH i-ll-l 0!f| 

and then, for the arbitrary variations, the new form of the above 
equation is 

f-1 #•! I l-l Wli Jm\ 1.1 ^CUf) 



Since this equation is valid for all quantities X, we have 



^ i-i 8i^ 



(A) 



fbrfal. S, .,.,rmadim\, t, ...,"> and also 



su 
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for ft«l. S» ..., u. Variations oonaisteQt with tlie differantial 
equations make fl| lero: hence we have a equations linear and 
homogeneous in the p differential elementa Solving these so as 
to express n of the elements in terms of the remaining { (where 
|> — a » f ), we have n new equations of the form 



r«l 



r-1 



T.- - du 



!+• 



i U^i.. 



or. 



which are coextensive with (I), the relations between Ihein being 
of the fprm 

IprnTt (B) 



a 



kml 



for the n values of t, which are 1, 2, ..., fi. 

Takbg any one of the n equations in (BX and oomparing 
the variations of the variable on the two 'sides of it^ we have 
m -f n equations ; and these m -f n equations involve 

(i) the a multipliers p^, , pia» pi», ...,piml 
(ii) the p quantities u ; 
(iii) the lif quantities U, 

Elimiiuitiiig the n mulliplicni from the m-k-m ei|uations^ we have 
m equations loft involving the p quantities u and the nq quantities 
U. These m e4|uations survive for each one of the n equations in 
(B); and theroforo we have mn equations left involving the 
quantities u and U, 

Taking the most gcuerul coho by assuming that these mn 
ei|uatioiis are iudepcndeut of one another, we must have 

mn<p'^ny, 

for otherwise conditions would need to be satiufied ; and thereCote 

It thus appears that the least value of p i^ --r~i ^^"^^X which 

a X • 

it limy bo noticed itt greater than a in all the cases at present 



176.] IN INTEGRAL EQUIVALRNT SIS 

tmder consideration : we are taking a Bjstem of equations which is 
not ** ordinaiy **, and therefore m > 1. 

Now, as in the- oorrcAponding case of a single equation, the 
integrals of the system (I) or (I)' are 

«l-C|, Ih-C,, I ««F"«Ft 

and we desire to make the number of e<|uations as small as possible. 
Hence we take the smallest possible Talue of p. 

If then — -=• (m -f i>) be an integer, we take that integer to be 
the value of p. 

If this quantity be a fraction, we take the next greater integer 
to be the value of p. Let 



n (m -f n) ^ X 
n + 1 "^"fi + l' 



where X may be 0, 1, ..., n, according to the value of m; then we 
take the number of quantities m, that is, the number of equations 
in the integral equivalent of the differential system, to be ilT, 

177. To render, in the present form, the integral equivalent 
as general as possible, we shall retain for the quantities u as 
many arbitrary possibilities as may be, for thereby the variations 
of the variables will bo less limited. Hence all the quantities U 
will be determined, being 

n(i^-fi) 

in number; and thereafter tho mn equations will suflBco to deter- 
mine 

m» — fi(i\r — n) 

-i^-X 

of the quantities m. Since tho total number of the quantities t» is 
if, it follows that X of them are left undetermined and so may be 
taken arbitrarily. 

Hence we have tho theorem >- ^ 

7^ most general inteffrat eipnvatent of a nm-intefftrtble nncan* 
diHoned Mjetem of n Pjfqffian equoHfrns tn m 4> a mriablee i$ cam- 
poeed of N equtUiohi of which X are arbiirargt whm^ N %$ 



ai6 



MiniBBB or ABBiraAKT KQUATUMIS 



[in. 



tqucU to ^ ■ , wktH tki* qtuuMtjf i$ an MUfftr, aitd tkm X «t 



$§ro ; and N u th§ %nisg§r iiexi grtaUr than thi$ fuatUii]f» wkm 
it ia not an inUger^ aihd Ami th$ tfalus o/Xu giv$n iy 

H (m -¥ n) ^ \ ^ 

This result ftgraea with the result obtained by Bierouuui (L aX 
who iwes Natani's method with different analytical details; his 
result is as follows : — 1/ 

m + n»l-(H + !) + «» 

tli$n tk0r§ ar$ ti& detertnimUe and tt arhitrary inUgruU^ m being Um 
than n -f 1. In fiu:t 

i)(i/i-fn) . . nm 

shewing the identity of the two forms of result 

An important corollary in connection with the value of X naj 
bo inferred. We have 

and X is less than n 4- 1. 

' The number X must be less than m ; for if 

X«m*l4-M> 
we have 

whence k^ which is an integer, must be sero unlets /4 is aero or 
negative. It therefore follows that the n^nAer of arUirarg inls- 
grale nmet be lese than the enudler of th$ tufo numbere m and n^ L 

178. Evidently m » 1 gives a system of ordinary simultaneoua 
differential equations ; and li » 1 gives the former case of a single 
Pfaffian equation. In the general case, as in the case of a single 

• * Note Ihftt X niual be Ukea to lha( Iha dMiomlnator o^iIm flkaoliaiidl put oa 
Iha right-hand sidt U nh-I: the fraotion '^^'*'''"' moat not bo lodooed lo lowor 

M + 1 

teiuut wh«n tuoh iMluctiuu i* poMiibU;. 
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equation, it may happen that the syntem of differential equations 
may satisfy certain conditions, which will reduce the number of 
equations in the integral sj-stem to bo less than N though not in 
such a way as to leave any such equation exact. 

When the system is incompletely integrable, so as to have 
n— |i exact integrals and to bo replaced by means of these exact 
integrals by a non-integrablo system of p equations in m-f;i 
variables, then the whole number of equations in . the system of 
integrals equivalent to the original differential ct|uations is 

if this quantity be an integer, or, if it be not an integer, the 
number of integrals is the next greater integer. By taking this 
quantity in the form 

we see at onco that, unlenn a iyitem of n differentud equaiion$ of the 
type considered is coniptetely integrtMe, an integral eqtiivafent eon* 
tains more than n equations. 

Thus for Ex. 3 of § 173 we have n »2, m«2. It is there 
proved that ti— pal for the system of equations; hence it is 
replaceable by a single equation (non-integrable) in three variables, 
and the integral of this equation consists of one arbitrary equation 
and one definite equation, partially dependent on the arbitrary 
equation. Hence the integral system of the original system contains 
three equations, viz., one absolutely definite, being exact.: one 
quite arbitrary : one relatively definite, partially dependent on the 
arbitrary equation. 

J!r. We maj spply the general renolt of § 177 to the cms of a system 
of r partial difierentUd equationii of the flrst order involving f IndepMident 

and r dependent variableB, say Xi, , x^, iH), , il^. When the r eqaa> 

tioos are solved for pfi\ , pj^ we have remilUi of the form 

and so we have^ ts a system of shnoltaneous PCURanSi ths r equilkios 

-dkW4-ih^<ld:r|^ •¥ Pt^i^^^t't-^i^t^O 

for {^\f f r. The mnnher of variables is 

r ■ for the quantities i^ 

-f « »9 

^r($^l) IN 
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Mid ihmntom to rf -ft; iMuot Um mimbir of •quAlioiit in iht •qnitAtoBl 
integral ajitMii to 



^i(«+«X 



thai to^ the numbar to r§. Tbeiie oqiMltoiis IutoItv 11m tiriiMw i^ s aimI 
Uid r(«- 1) TMrUbtoa pi wbeo Umm varUUoi p aro ali mii Mi t ad, w» kaT» r 
equAliauft toll Involviiig oulj Uio VMrtobtoa f Mid Jr. These r «|iaaUona 
ooniUtuta the integnl ajrsteu of the original aei of r partial didbfantial 
aquaiiona of Uia ftni order. 

179. In the cam of a aingle unconditioned PfiUBan in an odd 
number 2h -h 1 of variables, it was proved (§ 69) that the integral 
aystem contaiua a single arbitrary integral and a set of « deter- 
minate integrals; and in some of the processes the arbitrary 
integral is used to remove from the equation one of the variables 
both in itHcIf and in its differential element The new equation 
is an unconditioned Pfuflian in an even number of variables and 
so its integral system consists solely of determinate integrals. 

In the case of a set of unconditionod PfitflSans, a similar use 
may be made of arbitrary integrals when it ia known, as by § 177. 
that such integrals occur in the integral system. If there be 
X arbitrary integrals, they can be used to remove from the 
equations X of the variables occurring in themselves and in their 
differential elements. And this is the only way in which such 
integrals can be used in modification of the system of equations : 
they cannot be used to dimiuish the number of equations^ for such 
a result would imply either that an exact integral could be 
framed, a conclusion excluded by our initial hypothesia, or that 
an equation became evanescent owing to relations derived from 
those integral equations when they were differentiated. 

That the latter ia impossible is an immediate inference from 
the result of § 177 (yin.) that the number of arbitrary integrals ia 
leas than the smaller of the two integers m and n -k- 1. Since 
each equation in the original system (I) contains m-f 1 differential 
elements, it cannot be made evanescent by means of a number of 
equations of the form 

which are in number less than either m orn + 1. * 

Hence the X arbitrary equations in the integral system may 
be used to eliminate X of the variables from the set of differential 
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equations; and the tranRformed equivalent system consists 
still of n members and involves m-f n — X variablea Since 
m 4 n * X « ir(ii -f 1), the integral, equivalent to the new system, 
contains nk determinate equations and no arbitrary equations; 
that is, the arbitrary inteffraU can be ueed to transform the eyetem 
of differential equations to a new systems, the integral equivalent of 
which %8 composed entirely of determinate equations. 

If then any given system possess arbitrary integrals, we shall 
suppose that this transformation is effected. 

18Ql . Csre mtiftt tie exerclBod in psrtionlsr cssen. Thus in Ex« 1, § 17S, 
ths value oC ts iji 4 stid in not 8, Altticnigh only two differential dementa 
occur on the right-hiUMl side ; the fact is that dx^ and djtj must be oonsiderpd 
as occurring on each right-hand aide with a aero coefficient. 

Alao^ in conneotinn with such an equation, it is desirabia to assign 
arbitrary Integrals in such a way that they nugr lead to determinate equa- 
tions of a general type and not of a type corresponding to singular solutions 
in ordinary equations. Thus if, as the three arbitrary equations for the 
quoted etanplei we take 

wHh some other, which for the present remarln need not be speeiffed, then 
the llfst equation 

c£rg « i*|dlr| -9- J*! dlrg 

wHI be eatisfied either by a relation 



-a 



f^ d± d^ 
Stj* Sr^* Sri 

'« • *• t "^ ^ 

which is of the type of a singular solution for It oontalns no new arbitrary 

etement; or by 

Xg^oonstanti 

which, with the other two, gives also 

jr|*con8tant| jr|«BConstant| 

aa replacing the two former equationa. And then, In oooneotloo with tha 
latter, we have fWmi the other two ' 

4r«»oonBtant| jTiaiCoostaal 

The total number of these integrals Is thus Ave, being one less than the 
number to be eipected according to § 177; but th«y constitttte a set of veiy 
Umltsd variatlona, and they are independent of x^ and 4*,, so that th«y oaa 
hiidlijr be entitled to rank as more than a speoiai set of Intagrak 
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BOUUdli 

the Mi MiUidi4i7 to 

gmi^fanctUm i4 M^jt «• m ffi ^ ^ 

A IMuiuJ eqiutlon ol Um Moond ordar with two indepMMlMii mtehlca. TIm 
thaorjindioates thai the iutegnd equivalent oooaist« of a Ml of lU tquliooi^ 
thieo of whioh art arbitrary; and thoM aquatious involvo tho Mfm tariablM 
Jffjf$»tjh ft ^» ^ When fh>m the nil equatioot four quantitiM (aaj JS f » r, I) 
ara oliminatod, thera ramaiu two aquationa in i, jr, y alona^ wkkb Iwo oq|aa- 
tiona ara tho integral equivalent of the aquation 



that ia, the uoat general |Mutial difTerontial equation of the aeoond 
two indepeuilant variableH hiui two oquAtioiw for Oh integral equivalent 



in 



Oemuetrically interpreted, thiH renult in that the original diffbrantlal 
equation »»$ reiireaentii name |)ru|wKy of a aurface at pointa wklob lie 
on ita line of contact with another aurface having the aame ourvalure al 
auoh pobita ; and the oharaoter of each of thene aurfacaa allecta thai of the 
other. 

• 

Thera ara generally aix aquationa in the integral equiralaoti for the qrateni 
IKMMieaaea no eiact integral (Ei. 1, § 173). But it niay happen thai, for 
particular forma of ^ one of the arbitrary equationa ia iaolatedi m thai il 
doea not affect the forma of the determinate equationa. Then the raault of 
elimination ia to leave one equation, after ptg^r, i are eliminated from the 
other five, and thia ec|uatiou involvea t, J*, jf ; in ita form it ia affected by tho 
arbitrary choractera c»f two of the aanumed integrala and ao there wUl be 
two arbitrary elementa in it, but it ia entirely inde|)eiident of the ramaining 
arbitrary equation which, when eulatitutiou ia made for /», 9, r, I, oomM to 
be an equation in 1, u*, y and ao ia the equation of a new aurface with an 
entirely arbitrary formal element The integral ayatem really oonaiata of the 
two etiuatiuua; but the aeoond ia an iaolated ^equation and the differential 
equation ia aatiafied by the tint alone. 

Geometrically inter|ireted, thia reault ia that the original differential 
aquation $'»$ repreaeuta aome prupeKy 6t the auHace, determined by the 
one integral, along all cunea, which are ita linea of contact with the 
arbitrary aurface detenuined by the other integral Aa the latter ia by >ta 
arbitrary character independent of the former, the curvM of contact are all 
tliat can be drawn on the funuor aurface; and thua the indicated property 
may be regarded oh a pro|)erty of the whole of that aurface. 

Hence, aocnnling to the fi>rc^>iu^ theory^ the following would be the 
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iqUATIONA OF THK HSCOim ORDIR 



Stl 



■ohiUoB of Um jptMti diffmntiiil equaUmi of tlH» teeoiMl older. Tlio ilah- 
ikliaij oqiMliofM M« 

whtfo ^ to A fymotkNi of the qiuuiUties t, />, q^ s, jr, r, I detonnlMd lij 
the ghren dilfemttol oquatinn. There are three arKitery faitegralii of the 
ijjsleBB* lei thenijbe 




When these are soheUtnted the equations become a wpkan^ the integrals of 
whkh are determinate; when thej are soked, they take the forms 



dx^ 



dM dp dq 



where P^Q X u% Ibnctions of .r, c, p, ^ and iuTolve the ftincUonal forms 
of /|, /|, /|. When tlH*w are integrated, their integrals are of the form 

the elimination of p and q from which and from 

will leave two integralsi being the neoemary number. 

A similar theory will apply to iMrtial differential equations of other 
flfdersi and abio to a system of two (or more) partial differential equations 
of the second order*. We then hare as subsidiary equations 

d» ^pdX'^qdjf-\'^^\ 

dqwrnBdr-^^y-^-Ods] 

a system with three determinate and two arbitrary equations in its integral 
system in generaL 

181. Biernumn (I. o. \ 176) declares thai PfafTs method of 
integration — a process of successive reduction — cannot be used 
for an unamditioned system ; and he shews that Clebsch's second 
method will not apply, by taking (I)' aa the equivalent of (I) and 
proving that a proceas similar to Clebach's doea not lead to 



* Ths easm to whieh the equations are of the eomplele ^^ have hem eon* 
skkrtd ty TA^ Crrfff, t sev., pp. 99—101. 

r. 21 
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equAliont for u that ure the name 9m the eqiuttiona for the latloe 
of the quantitiet U. Thin is uatuiiilly to he expeoted, for there 
are fi*(J;— 1) quantitiee U aiid only m + a-iiir independent 
variablea other than u in the entirely tranefomned eystem, and 
in thid caaen at preeent under eonsideration (a > 1 and ta > 1) it ii 
easy to see that n* (i — I) — 1 ii greater than m-k^n-^nt. 

The following process, as an attempt to effect a reduction, is a 
generalisation of Natani s process for the case of a ungle Pfaffian ; 
it suffices to shew, as is remarked at the end of the investigatiun, 
that the generalisation is not effective for the desired purpose. 

Consider the series of equations (I) and, after the explanations 
of § 179, assume that all the integrals are determinate, so that 
m -f- N is divisible by n + 1 ; let in + i< »/) + 1. 

Then in any transformation of the ec|uations it will he 
necessary to take p + 1 new variables; let these be ii|, ..., ii,, «. 
As desiderata of the new tranftformation, suppose first that each 
of the expressions Oi, n«, .... Dm is indi^pendent of dv; the 
subsidiary equations are 






dv 



dv 



dv 



for t* I, .... II. Then it will follow that any linear oombination 
of the transformed expressions (1 is independent of the differsntial 
element dv. 

Now take such a linear combination 

it does not invot^ dv ; suppose that, if possible, the coefficients X 
(which are variable quantities) are so determined that the new 
expressiou is independent of v alsa This requires that, for 
arbitrary variations of the variables, the equation 

should be satisfied ; and therefon* 



iml OV im\ 



dv 



i«l CV $w\ im\ $m\ OV «•! «.! Q9 
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Now, when in (1) stibstitntioii for the quantities m in terms. of 
Ki, •••, ^» V i^ efiected, the result is an identity; and therefore 
any arbittmry variation of the left-hand ride is eero. Hence for 
each Talne of i 



OV §m\ VV $m\ rV 



0. 



Multiplying this by X<, summing for all the values of-t, and 
remembering that, as S implies an arbitrary variation, 

we have, from a comparison of the parts of the two equations 
which involve the quantities jt; (&*). the relation 

satisfied for arbitrary variations & Now 



and therefore 



where 



••I lr-l\vl> <.-lw«,4.| C» r.i 09/) 



rr^ 



dA^ aj, 



r*j*f 



dxg 



Since this equation is to hold for arbitrary Mti||riations of the 
* variables, the coeflkients of the separate variations must vanish; 
and therefore 

o.»J^^lv(i^^-) 



(«) 



fort'iBl, ••«, N and 

for t a 1| •••• M- There are therefore m 4 n equations. 
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• 

We now have in (1), (2), (8) k toUl of w-f 4m eqnntiQni to 
detennine them-f h quantities m m ftinctione of 9 and the • 
coefficieDtt X. Each of the equations ii linear in the derivatiTes 
of IN -f 2ii quantities with regard to v^ and so it would at first 
appear as if elimination would at once lead to one relation 
between the quantities X and the variables m which would ba 
obtainable without any integration whatever. 

The explanation of this point is that the set of m -f 2a 
oquations is subject to one linear relation, which is easily seen 
to be 

where flV « 0» B,. « 0, 4>c « are respectively the equations (1)» 
the equations (2) and the equations (3). Hence the whole system 
of e(|uatious is equivalent to in + in — 1 independent equations, 
linearly homogeneouH in m -f- 2u quantities to be determined. 

Taking new quantities 0„ .... ^n defined by the equations 

Xr"^Ai» (r» 2, ...,«), 

and assuming the equations to be soluble, their solutions can be 
expressed in the forms 

X\ X% Xm • I *m 

1 ax , 1 axt 1 3x« 

where X^ ..., Xm» Yu •••> K., P|, ...•Pn are ftmctiona of the 
variables w and of the n — 1 variables $ alone. 

The system must first be changed so as to give equations in* 
volving the variables to be detonninod. We have 

and so we obtain the transformed system 

CXx Ofl^ OJPm4.i W| 

CP OV CV oV 



JL| JCm , Yx Xm 



I 
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• t • •• 



dv 



a system of (m 4- n) 4- (a — 1) — 1 cquationa 

First* we find the n— 1 quantitiefl $ us functions of the 
variables m ; their exprcmions will involve an aggregate of n — 1 
arbitrary independent constants. When values thence derived are 
substituted in the first m -f n — 1 equations, the latter come to be 
equations in the m-f-n variables w alone; and as in the cor- 
responding case of a single PfiedBfian equation treated by Matani*s 
process, the m -f- n — 1 integrals of these equations are the new 
variables Hi, •••» m^, which arep(« m -f- n — 1) independent functions 
of ^, •••» ^Wi-fi* 

So fiu- as concerns the remaining variable v, the sole condition 
which applies to it is that it must be a function of the variables m 
independent of iC|, ..., Up. Subject to this oonditioii we may 
chooee it at will and so we may take tfa>i0b» an assumption 
similar to Natani's for the corresponding case ; the value of Xf is 
then determined by a quadrature and the values of Xt» •••! Xn Mre 
thenoa inferred through the values of 0„ •••, tfn. 

Ari L The equations sabsidii^ to the system ^ 

•-1 



••I 



(Mag the conditions for transformation such thai Oaod T are both Ikes 
tnm d9 and that XO-|-|iY is free also fttmi v) art 
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whira Um ImI •qualkn koldt for i«l, ...^ n and 

dr. dVi ar ail 

Th« ^tflm ol fi4>4 •qoUaom wintiita of a Mi of €ii|j ii4>t iadtpiDdUBl 

lEc ti IM Um two «|ualioiMi 

0» -dr|<f a|<ir,<f fl|(ir|»0 

tmoulMllUoiMMi 

TImUi Ukiug X (0«ft>#y) Mt iu Um Uiii Mid far^iiniinmim ^ >^*v vihabiM 
Ml, Mg, n,, V| no that imther r uur dv oooum in Um IrBttdbnuad tuiwwiinii 
for X (O-t-^X W0 ^v» A ratult of thtf Conu 

X (O -I- ^) - C^ic/m, -f r,</ii, -I- Tsdii,, 

in whiob 6'|, L\t ^ t '^'^ functions of Mp n,, Hg alone. Nov Um ndiioed fona 
ol tiM rigki-haud Mid* ii (§§ 120, \U) 

whore jf|, jfi, jfg luw Amctiunii of M|, Hg, iig and UMneCore are inkgimb of tba 
Mibiudiaij ayeUm, ao thai jf|, jf|, jf, and v may be takan aa naw Tariablaa. 
Iloivovar the integraLi of the MuhiiaiUarj ajratani ara auch thal| whan thay ara 
•ubiftitutad into Y, iha naw i»x|MneMiion ia of tha form 

wham tha ooeffioieuta V ara IUnotiou« of jf|, y,, y, and v. Uanoa tha original 
aquaticiua am coaxteuaive with 

Tha Mooud of thwa oan, by meaua of tha linit| be changed lo 

cfjf,+jf4<fy|-^ 
where 

Now aa r ia at our ohoicai nubject to the sole condition that it ia Emotionally 
independent of jf|, jfg, yg, we may take, aa the fourth rariable for the Irana- 
formation, any Amotion of r, y|, yg, yg, which ia not inde|iendent of r; and ao 
we may take y^ an the fourth variable. 

Uenoe the original aquations can be replaced by tha two equatiooa 

4f»-»-y4^yi-oi' 

This result, diffenntly obtained and by diffiuent oonsiderationS| waa ini 
given by Engel*. He also enunciated the following result, whioh ia ptao- 
tioally a rtfeum^ of results which are alternative : 

* •« Zor InvariaaUathaorie der 8y«ume von PUfl*seheo Oleiehangea**, Ia^. 
0^., (J869), pp. 137-176. 
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The •jsUm of equAtiont 

whtBn Uie qtuvntities a and fi art fiinotions of X|, jr,, jTg, X|, omi be trans* 
fcmied to one or other of the paire of equationa 

The integration of the trannformor! equationa in the third of theee 
caaea, the one treated abore, haa abeedjr been diacuned in the Eiampla 
b f 175. 

182. Suppose now that the subsidiary equations are inte-' 
grated to determine in the first place the quantities $t which will 
be effected by equations of the form 

'■ [ w 

When the values of $ hence derived are substituted in the first 
m 4- n — 1 equations, so that they come to be equations in the 
variables x only, their integrals take the form 

[ (5); 

and then, when X haa been determined, wo have the equation 

v,(n,-i-tf,n,4- -i-tf„nj-x,n 

expressible in the form 

X,fi- Uidth-^ U^du^-^ -I- Updup, 

where the coefficients U are functions of the variable^ u alone. 

The right-hand side implicitly contains the constants a^ , . . . , a^^u 
which are left undetermined by the subsidiary equationa Hence 
when another set of constants is taken, a different set of quantities 
will occur and therefore a new combination of the equations (I) 
will arise ; and it is evident that n different sets of oonstante wUI 
lead to fi independent combinations of the equations (I) and so 
will lead to a system of fi equatitas equivalent to (I). 

In general, however, a new set of oonstante in (4) will lead to 
different expressions for the quantities $ ; and 80 when these are 
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ttubstiUiied in ibo nubidduury <x|uaiioDa thoy will vary in CHrm, and 
Iherefoni the qiiantitiM « will ohnnge. Henoe in general the 
new system of equations will not contain throughout the same 
variables. 

ISS. But now HUppoiie thst a,, ...i a,.| am * given not of oonsUatSi 
and 1st thsui lis subj^otod to iiittuitflriuusl vsrUUoiul inortiusiilii fl|, ••• » i^.f 
Theu there will bs imw iuulti|iUshft ^g-h/tt ••• i ^-^Ai whsrs ths inibiits«inisl 
quMiUUen / ara dslsrminei by ths m- 1 squatiouii 

lur i«l, •••! M- 1 ; and thsro will bs nsw variables Ui\ ...i m^' givsn by 






rr 



(/ tUa qU tk$ quatUiim ^i /or ihs p valu/a of r and lAtf a- 1 9aimm s/ i^ 

coA 6i txprumd a$ fiMdioHS of ii|, ••• , n^ uhJ IA« cvntiUHit a (naif wyaofcrf 
<M a dtUrmiHoU 9ist\ iA4H u/ u a fupuiioH of tk^ p ^maniUi^k M|, ••• , m^; and 
the ouaditiuQii that iuu«t bs aatittfied to eQiiure ths jmti&qition ii this 
hjr|iothsMii ars ths ouuditiouii that the m^H variables s can bs ^'■"'■^^^^^ 

Ikvui the IN -t- N equatiouii involving Mh ••• t ^n ^ • 

It in eaejr to prove that, if A^^ ... , J.^. bs thd sspreMOona for JLYi ••• • JTat 
I'll ••• , \\ whsu in the latter the valuee of ths quautitise B in terue of ths 
variubkM x and ths ounwtanti a are aMibniituted, then ths conditiona nsoeeeaiy 
and eufficient to jiuiUfy the foregoing hjimthe^ui are that ths squatioua 

1 dJ, 1 d^. i d^«^p 

«I| da Jg oa <dai^, ca 

ehall be Hatiniied for all ths valiuw u. Tlieno ruquirs that ths conatants a 
ahall enter into ^l^ Jj, ... ^a^A only by ocviirreuce in a (actor ""mnym to 
alL In that C4toe the dillereutial eijuation iwitmficd by ii|, ... , h,, vii. that 
which itf aiMOciatsd with the eubeidiary oquationa of § 161 in the fotn 
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is an aquation which, on removal of the factor common to ths A\ is inde- 
psndsnt of ths conatants a. Hence all ths fimctionM ^, which ars iUs aoln- 
tiona, ars independent of ths o'a ; and ao a'-i m and the tranafomisd lystsn 
will contain throughout the aanis variablsM. 

TLs ayatem will therefore take ths Ibna 

r|Wcfa|+ ^TpWii^-O^ 

r|»cfa|+ -h CV«<la,-0 



4',Kfa|-h ...... + CVW<fa,-0 j 



/ 
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where all the coeffieiente C ure funotione of the viurUibles «. Now, einoe 

in+n-il^(ii-l-lX 
we hare 

;>-«+n-l-(it-l)(iH-l)+fi, 

that ifli the new ejptem haa n arbitraiy integrals and {k^l)n determinate 

integralfi. The former maj be .taken to be W|«conMtant, , WnS constant; 

and the new system is changed to one in which, with m - 1 variables only, 
there are n equations— that is, substantially the same case as that already 
treated. 

The cases in which the conditiona juat specified are actually 
satisfied are those which arise only for very special forms of the 
coefficients in the original system and therefore only for a very 
limited number of cases ; and hence it is to be inferred that a 
system of simultaneous unconditioned Pfaffians cannot be inte* 
grated by what is the natural generalisation of Natani's method 

The partial differential e(|uations, next in order of simplicity 
and of interest after partial differential equations of the first order 
in a single dependent variable, are simultaneous partial differential 
equations of the first order involving two dependent variables. 
The subsidiary systems, aKscxriated with these, do not satisfy the 
conditions indicated"; and therefore the equations cannot be inte- 
grated by the foregoing methdd. 

184. Orassmann^ has shewn that the integration of a partial 
differential equation of any order can be effected after the integra- 
tion of the equation Xdx'^O, where Xdx is now extensive and not 
merely numerical as in Chapter V : and this will apply to the 
integration of a system of unconditioned Pfaffians which include, 
as a special case, the equations Hubsidiary to a partial differential 
equation of order higher than the first But beyond proving the 
relation 

Jidx « Utdut -f (/f(2ic«-f ... 9 

where if| » constant, if, » constant, , . . are the integral system of tl^o 
set of equations and the coefficients IT are no longer numerical, ho 
has made no actual contribution to the solution, probably because 
the earlier methods used for Piaff*s problem are no longer applicable. 

185. And so the solution of the problem of obtaining the 
integral equivalent of a simultaneous system of unoonditioned 

• An9Jkhmn§$l4kf9 (editioa of leM), | Ml. 
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Pfinffians does not appear poadble by toy methods al pfeient 
known which are effective for the oaae of a iingle PAJBan. It ia. 
in iact. one of the most general problems of the integral oaleolus ; 
the discovery of its solution lies in the ftiture. 

186. Such then ui the present position of the second of the 
three problems stated in § 175. The third of those problems» via., 
the generalisation of a given solution, is (except for a few par-, 
ticular cases such as the example of § 176) still unsolved; and it 
appears from the following simple illustration that the generalisa- 
tion must renuun unsolved until the second of the problems there 
indicated is solved. 

Tbs numbttf of eqiMtious iu the iutttgral njrstem equivslent to a pair of 
uuootMlitioued PfiifHauii in six vsrtsbleii ibi by § ITSi fbiir; let thsm be 

a«>ouuiitaut| 6«oouMt^t| ««>oouiiUut, /«ootMitsot| 
•o tbsti SB iberei ilia raduced equivalent eel of differeuUsl equations is 



d/'^CJa-^Ddbj 



• • 



where J, il| C, /) srs lUnctiiiua of <i, 6, i^ / aud of ths two other new inda- 
|ieadeut vsriaUee, say x aud y, ueceHuarjr ftr the expreHsion of the original 
six. Theu*^in order to genendine the |Muiicular Met of aolutionii it is nsoes- 
eary to obtain ths equatioos which make it tionnibto to imuhi from ths above 
|iairto 

iU^Bdp-^Sdqy * 

whore p^ q^ r/e are liinotious €i a^h^t^ y, x, y and P, ^ ii, ^9 are derivable 
by mere eubetitution when theue Amotionn are known. 

That the eqimtioiui may be ooextenMve, we uiuet hsve for eome values of 
^ r, /» 9* the rolations 



identically satisfied for proper valuee ^ f%q%r^h ^%Q%^ ^* ^^<Msh of thess 
relations gives six aquatiooa Eliminating ^ 9^ Ptii from ths first set of 
six, ws have 

c(4f;y.ar-*d(x,y,e)'^^d(i,y./) "I 

$(/^?^^)^^g(f»y>')^,/)f(^y»^Lof' 
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and tiiiiikrl J from the Moond wt of six we have 

altogethflr a wt of four Himultaneodii partial differsntial equattona of the flrat 
order determitiing four dependent Tariablea*. 

Unlem the de|)endent rariablee in thone equationii oan be partially 
separated, the ajutem remainn merely in ita mnat general ftnrro; and the 
aolution of the nyttem then depends on that of a aystem of aimultaneoiia 
IMrtial differential equations in sereral dqiendent Tariables and therefore on 
that of a ayatem of aimnltaneous Pfaffians, a proUem which hitherto haa 
defied eolation. The natural method of attempting the partial aeparation 
of the dependent rariablea is the generalisation of Mayei^a method (f 1S4) in 
the theory of tangential tiansformationa; we take 

•o that tiw «qaatiotM beoome 

<f/i da ^ da 

* The lolation of n timultaoeons partial differential equations of the ffrst order 
in s dependmt and two independent Tsrisbles has been effected hf Hamburger in 
his memoir **Zor Theoric der Integration eines Systems von fi nkkt Hnearen 
pertielten Differentislgleiehnnpcn erster Ordnung mit iwei unsbhingigen und 
« abhiingigen Yerinderiiehen ^ CrtlU, t. xdii. (1881), pp. 188—914. But his 
method applies only to uaeonditioned equations when the number of Inde- 
pendent Tariablee is two. When the number si of independent variablee Is 
greater than two and the a simultaneous equations inrolve a dependent variables, 
then eertain oonditions must be satisiled In order that his method may applyi and 
it may be proved that the number of thesf oonditions, faidspendsst of one anothsr, 
U(a-l)(si-.l). 

Othsr Intestigatlons (e.g. KowalefskI, Cr^lU, t. Isxs. (1875), pp. l--8t) rsbte 
ehlefly to the proof of the txistsnee of solutions of snehqrstimi by obtafadag them 
la the form of eo n ?si gi B|fssrlss; but no p roessi of Integration Is ghen eiespt Is 
the Item of ssriss eontalttlag arbitiaiy taltfal vahMS of the tarlablso. 
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wbioh Are all Uia equAtioiM obUiiubU, Ante Ama X Mid |k On oMijing out 
hk uelliod it *|i|iMn (I do not roproduoe Um work) thAi iho rMultii^ 
oquAtioiyi for P| tfi fb 9 *^ iM)i of the ima vaquirad; Mid w tlio oor- 
rMpouding |MuiUl M|Muration is not povtible. 

Houoo wo luako iho ioforeiico in iho toil— that tlie goporoUiotioo of * 
givoii particulAr oot of oolutiauM ia uot at imnoot powiiblo, aa it dopeuda 
upou Uio iMwabilitjr of noluiiuu of Um nououd |iit>blaiii, for wliioh thort ia at 
lirenoot no afieotive mothud. 
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InJtptndctit loliitloBii of a eonplf t« tjfh 
Icm of linmr and homofcracoof rArtUU 
diiferrntUil eqaAtioB«» namber of, 69. 
btuet eqamtumi, Tiewa of, befor* PCdTi 

mcnotr, 60. 
faflaitefiiDAl h o moctPfo o t tmuforoM- 
ti0B,946; 

cqnatioDt cliftncterl*tie of, 947. 
Ulkl ybIiu^ of YBruble1^ »cd bj 
Jacobi, 62, 16.1, 163 loot*); 

intiodaction of, Icadi to prineiptl 
inUcraU, 116. 
^aU%fi9 MtociAted with dctormiiuuito 
is tnBifonDfttkm of bilinetf qiMntiet 
mn iBTBrUnliTe. 277 ; 

arithmetie memn of tbo two, 276. 
lalivnJ.ui tiMcU of friiteai of tfqafttioot: 
wbat is iDMiit'bj, 800, 801 ; 
BiQ«t tati»fj partim^ differeatlal 

cinfttioiif, 8U2; 
eonditaoDB foreiisUiice, 804, 806; 
md to modifj ■jftnn, 811. 
bleRnl cquiTmlent* ■iainafli ansbtf 
•f tqmtioDi in : 

of nnsle eqvatioo, 145^ 146 ; 
of iTMcni of o«|aftlioiM, 819—817. 
laleRial cqnirBicnt, of PftfllAa rsprM- 
ilea dedocrd from nomuU form, 116, 

ms 

of irre4oeibl« difleicDtial rcktloo, 

250 (note): 
of imierml partial Affcmtial 

a<|aatioB of a600B4 oidcr, 880, 

821. 
iBftapala of aobtfaiiarj tjtAtwa aaoa lo 
dimiiiiith Iliaf7«t«m: 

wb^a one it kiKWB, 178; 

when two arc fcoovB, 178; wHh 

altrraatrve iofrr«soM, 177 ; 
whra omt than t«o arc fcBovB« 

17». 

of PfafliaB a^aatioB, cSwl of« 



rhcB 
rhcB 



178 1 
, 176. 
iKior of cimila eiact 




ot4; 
tof tvo b a aolat&oB, 4, 16; 
bj Ifaitar aaoa t ioa a, 
14—17: 
by I>a lfof«aa'i fmtial ofsallo*, 



byCoOal'i 




iBtarmHianr intrirral, cmuliCioBa tbal 
partial dinrrratial rqoalion of Mcoai 
order pof Rm an, 8fr7~810. 
blerpretatioB, nom^rlrsl, of OraM- 

masB*! forma, 124, 126, 188. 
iBtcrroptcd prodnel*, 123; 

enoditionii in form oif, for nbtcBM 
of intrirralf fpwer tbaa gvBcral 
mioimam, 128—127; 
iBtcrpreUtioB of, 124—127. 
iBfariaotive tntrfrra in trao«formatioB 
•f bilinear qnantira, 277; 

aritbmctie mean of two, a aisfW 

pafllrirat intariant. 276; 
pemiffteoce of, rafllcienl to en- 
•ore cqaiTalenra of t«o ctprca* 
piofip, 2MS, 2110. 
larariantiTe perpiiitenea of ebaraetar of 

Dormal form, 210—251. 
IncdnciMr dilfrrcntial relation. Integral 
aqnlTalant of, 260 (note). 

iMobl'aadditionptoPfora tlieor7.61,62; 
faitrodtfction of initial talBet of 

variaMrfl, 62; 
timplifl'^tioB of Pfaffa rednolleB, 

117-120; 
almpliflration of PfaflTfl •olntlon 

of differential eqaatloB, 168— 

167; 
tbeorvm rtUtive to fonr-lerBcd 

eipreMion, 68, 118, 226. 
Jordan, on maltlpli^, 40; 

on tanr^ntial tranplnrmatlona, 

296. 

Latranre'a eiamplea of ejliadrleal taa- 

g»ntial tran«fcrmation. 242. 
Lfllvndrian traniformati'^n la a taafrB- 

lial tranpfcrmatioo, 242. 
Lemnwa of trantfcprmation In Obaeh'a 

theorj, 210. 
lic'a BMtbod of tieatm^Bl of PfaTa 
problem. Chap, b, a^ taMa of rtoBtenta; 
abptrart and ehara#.t^ of, 66, 67 1 
eonnertion berewitli of tiarbon'a 
method, 66. 
lic'a thaoTMB for fon^Hiona In laaipiBtlal 
traBpformation, 287 ; 

modi6#d and cfmplfiad bj Majar, 
217. 
lia'a eorotlartM hnm tanrenlial 

fermatioBf. ^^^-^^f^^, 
dcneabia nfaBi CIcWcb a 
244. 
IdBaar traBtforBMlioBa, faBtrodnaid 
iWt m eBt of Pfara p rob l i m , 974; 
apali»4 lo bJllBaar farm gHa tBr# 

MlfBnaSlffB HiagOTf *77a 
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ICigrir't utlhod, ol ■olviag ooaptoti 
■ytUiii of liMtr h(MDOgMMoui|MrtUl 

of oUiining »l MMl OM latagnl, 
70--7(i. 
ICi^jw'f MUUifluiituI of oiiiaalioiia of 
Uagential traosforouaioii, 388, S88 ; 
will nol Apply to Bjitoma of 

PfottlAiM, 881: 
uodifloation aod ■inipliflo*Uoa of 
Li«*ft theorem, S87. 
Memoirt oo •ystams of PCailUiit, 81l9. 
Minimnm, ooniUtioos that the ntuabar 
of MuatioiM in the integral •qoivn- 
lent be Ium than the general: 

in Uratsmann'a ejmbolical form, 

138—127; 
pbtained bj Natani, 100, 108; 
byClebMh, 1107; 
by Lie 355. 
Iltnimum nuriber of integraU, general i 
for eingie equation, Oil, 118, 114, 

U5, UO; 
for non-iuU)grable eyetAim,- 813^- 
810. 
lludiOoatiun of inooinplutoly inttvgrable 
eyatoiu by u«e of ite exact integrate, 
811. 
Mougu*e vluw of inuxaot e(|uatlone, 80. 
Monomtal miuatiuii of Ura««iuaun: 

if uiuuuritiali includue a eingle 

Imrtial dilTureutial o(|uation of 
U«i arit ordur. 133; 
if eit«)n«ive, inoluJoe a eyitem of 
Bimultan«K>u« e<iuatione in ee- 
Ytiral dopendeut variablee, IStil; 
relation of, to integrals of Pfafllan, 

128; 
Iraniformation of, 187, 141. 
MoltlpUeri of eyetem of exact cquationi^ 

quotient of two i« a eolation, with 
other properties, 41, 48; 

partial differential equations satit- 
iied by, 43. 

Natani*s method of integration, of exact 
equation, 37; 

comparud with £uler*s, 80; 
compared with du llois • Bey- 

inoud'ii, 83 ; 
of HyMteitt of eiaot equations, 60; 
duvcluiicd by Mayor, 6U~-03. 
Natani's uiuifiiMi of trfatmuut of Pfaff's 
pruUeiu, Chap, vi, soe table of con* 
tents; 

ab»traot and character of, 65, 00; 
application uf, tu solutlou of sin> 
gle partial difforcutial equa- 
tion, 107, lOd; 
to solution of system of partial 

did^-rontial equations, 190; 
generalised to system of PCaffiani 



10 deltmiM Bwmbir, Sit i 

iMppUcahU lo deltmiM »!•• 
Iinas,838. 
MonBAl form i 

involving ovta awabtr of Ahm* 
lions, 1»4 ; 

CUibsch*B generalisalioA of, 190 1 

involving odd nomber of Aim* 
tions,331; 

Clebsoh's generalisation oi^ S8t ; 

reduction of expreesioa to a, kjjf 
Lie, 340; 

relations between elemenlaof equi- 
valent, 353; 

of oqndf tioned expreesioo dednoed 
from that of transformed on* 
conditioned expcession, 359— 
300; 

invariantive persistence of cha- 
racter of, 349: 

conditions whion detormipe cha- 
racter of, 358; 

construction of (see Qradoal con* 
struotion) ; 

ttualtertHl in character when Can- 
ohy substitution is applied, 350, 
30VI; 

ohaructor of. to be inferred Afom 
results of Natani and Pro* 
bvuius, 378 (note) ; 

used by Frobtfuius to make ex* 
prussioiis equivalent, 305, 309; 

oquatiuus of Frubunius which de- 
termine, 391, 393. 
Moa-integrable systems, 801 ; 

three fundamental problems ro* 
Utingto, 811; 

minimum number of oqoations la 
integral equivalent of^ 813— 
810; 

number of arbitrary integrala ia 
equivalent of, 810; 

arbitrary integrals used lo mo- 
dify, 819. 
Mmnber of independent solutiona of a 
complete system of linear and homo- 
geneous partial differential eqnationa. 

Number of ot|uations in most general 
integral etiuivalent of non-integrabU 
system, 813-810; . 

application of result to simul- 
taneous partial equations in se* 
voral deiiendent variables, 817, 
8211. 
Number of exact integrals of iooom* 
pletcly iutvgiuble system, 804. 

Odd invariautive integer In Frobenioa' 

theory, 2b7. 
Odd number of variables, onoonditionei 

expression involving, treated 1^ Na- 

tani's nethod, 157—105; 
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hj Clebflch*! method, 319 ; 
by Lie*8 method, 268. 
Odd redaction. Ill; 

am AlwAjre b^ applied to ei- 
pretsion tntolTing odd namber 
of Tariablce, 111 ; 
not.imique, 111. 
OtenUtiomd tninsfoniiAtioni^ 880. 

pMrtial differentiil eqaations, wyXem of, 

ooextensive with svitem of eitct (iqnA- 

y Uoni, 67. 69. 71. ^ 

* / Fartiftl differential eqiution of flrtt 

^.y Older, a single : 

^ *.n« ipeciftl oaee of Pfafllui eqaition, 

129; . 
onW one integration necesiaiy in 

)}itAni*s method, 164 ; 
integration of, b^ Pfaff, 181—183; 
PfaflTi integration improred by 

Jaoobi, 183—187; 
by Natani, 187, 18H. 
' Partial differential eqnatipns, eolntioo 
* of eimaltaneoui nystem of, by Natani, ' 
190; 

application to eolation of. Chap. 
Til, eee table of eontenti, 288. 
Partial differential eqnation of leoond 
order: 

eondiiinns for intermediary in* 

tegral of, 807; 
nainra of integral eqaiTalent of 
general. 820. 
Pertietenoe of character of normal form, 

249. 
Pfaff*s Problem, why so called, 81. 
Pfaff*e method of redaction, Chap. W, 
tee table of contents: 

general theory, 81, 00 ; 
additions to, by Oaass and JaeobI, 
81, 82. 
PCdTe theorem as to transformation of 
an aipression : 
stated, 89; 

completion of proof of, 112; 
applied to dednce a later theorem • 

of Jacobi*s, 83. 116; 
simplified by Jacobi, 117—120. 
Pfaff*s solution of partial differential 
equation of first order. 181 ; 
simplified by Jacobt, 188. 
Principal integrals, of system of eqna* 
tions, 118. 161 1 

of subsidiary system used for 
transformation by literal tran- 
scription, 120, 162, 168, 167, 
170, 171. 

Baeiproeatkm a partlonlar ease of taa* 
geatial transformation, 280, 282. 

Bedooed form, Integral eqoiTalenl da- 
ffh•dfhm^ 116, 117; A 

•qnffalenee of, to aaotliar f e dae ay 



form, 196. 219, 249;. 
containing even namber of Inde* 
pendent fiinetions, 208, 266 ; 
gtreralisation of, 194; 

containing odd namber of Inde- 
pendent functions, 219, 268 ; 
generahsation of, 220; 
normal form of, 222 ; 
Bedaetion of expression by Pfafl*i me* 
thod, sabsidiary eqaatloni for, 89— 
94; 

three cases of, 96, 100, 108; . 
procedure in, when namber of va- 
riables is odd, 106— 111 : 
completed by Gauss for all cases, 
112—114. 
Bedaetion, even, 106; 
odd, 111; 

neither nniqne, 106, 111; 
simplified by use of principal In- 
tegrals, 117- 120. 
Bedaetion of two equations In four va- 
riables to canonical form, 826—827. 

Seeond Method, aebseh*s, 209—218 ; 
applies only to equation in even 
number of variables, if uncon- 
ditioned, 210 ; 
or if Pfafllan determinant aloni* 
vanishes, 214. 
Second order, partial differential equa- 
tion of: 

eonditions that It may possess 
intermediary integral, 807— 
810 ; 
nature of integral equivalent of, 
820. 821. 
Simplification of PfaiTs reduction, by 
Jaoobi. 117— 120; 

of process when some coefficients 
vanish, 163. 
Simultaneous partial differential eqna-^ 
tions of first order, 
in a single dependent variable; 

solution of; by NaUnI, 190^198; 
conditions of coexistence, 191 and 
note; 
In several dependent variables: 

included in extensive monomial 

eqnation, 122; 
number of Integral eqnatlofis 
equivalent to, 817| 829. 
Simultaneous variations: 
used by Dinet, 148; 
used by NatonI, 148, 149, 167, 

174, 178; 
used by Frobenlus, 278; 
used by Darboux, 296. 
Single exact equation. Chap. I, see table 

of contents. 
Single integration of lubsldlaiT system 
l'} BufliBient fo| partlAdfllerei^l ^na- 
^ tiov of nnl order, fto4f ^ 
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MaUoo of pariUl diiaranUal aqMlkNii 
noU oo tkUtocj of, 18S (note); 
PfalTftiiMUiodor, 181— 188 1 
improY«d by Jaoobi, 188— 187 1 
oonnoetod wilh *M4Uiii*t ^winX 

rMolt, 187 1 
MAUni'tt mathod of, 188—190. 
fiolaUon of ■y»teiii of eqiutiora: 

by NAUni*ft method, 190—188; 
in Clcbacb't method, 816} • 
by llAjrer, 78—78. 
BnbeidiAiy oquatious for oonditioned 
oipieMion an exact eyetem, 54^170; 
lnt«gretion ol, 170—179. 
BuUiiduury equitioot for Plafl's redac- 
tion, formation of, 89 — ^94. 
Bubeidiery equations, when number of 
YAiiables ie even: 

alternative caees, 94, 296 ; 
idlution of, in moet general oaee, 

96; 
Cavloj'e aymbolical form of, 100; 
■tiU valid, if. determinant alone 

vanish, 101; 
principal integral! of, 118. 
Bttbitidiary eqaationi, when number of 
YariablcH is odd: 

in general inoonaistent, 110; 
Jaoobi*a condition for eontittenqy 

of, 107 ; 
effect of iati»faction of, 109; 
verified by NaUni'i reeulte, 164; 
foniiod by Natani. 167—169; 
solution of, 160, 164; 
princi|Mil integralu of, used to 
transform expression, 161, 160. 
littbiidiary equation for transformation 
of Urasiunann's monomial form, 188— 
180| 

solution of, 180—186; 
interpreted numericallT, 188; 
integration of solved equation, 
186, 137 (note). 
Bnbeidiary equations oonstrueted by use 

of simultaneous variations, 148. 
Bobeidiary itystcm, modified by one of 
iU integraU, 178—176; 

by two of its integrals, 176, 177; 
by two integrals of original equa- 
tion, 178; 
by more than two integrals, 179. 
Bummary of methods of treatment of 
Pfafl's problem. Chap, iii, see table of 
contents. 
B>iiibolical solution by Cayl^ of subsi- 



diaiy syilaa, 100. 
Bystem of oiaol oqiitinm^ Obf^ li^ ••• 

tablo of contents. 
Byatem of Pfattaaa, Gbap. Biq, iM lihto 
of contents; 

memoirs idatinf to, 89t| 
lepreeentcd by a slaglc sstSBsivs 
monomial equation, 188, 888. 
Bystem of eouations : 

completely integrablc, 800; 
inoompleuly integrablc^ 801 1 
non-iutegrablc, 801 1 
what is meant bj 
.of, 800^ 801. 

Tsngential transfonnations. Chap. ix» 
sec table of contents; 898; 
note on history of, 880; 
• applied by Lie to PCafl's probleiB, 

858. 
Tanncr'e symbolical forms similar In 

Grassmann*s, 148. 
T^imsfonnation of expression when 
number of vsriables is c?cn : 

three cases of, 99, 100-109; 108 
• —105; 
completed, 118. 
Transformation of expression when nom* 
her of variables is' odd: 

two cases of, 107—109, 110-Ul i 
completed, 114. 
Tranaformation of cxpcesslon to mono- 
mial form, 188. 
Transformation, gradual, of wnomial 

form, 187—141. 
Transforuiation of expression, by priael- 
pal intcgraU, 118, 168, 167 ; 

by Cauchy substitutions when il 
is conditioned, 868, 868. 
Transformations, tangential (ess tan- 
gential transformations). 

Uniqueness, want of, in rsduciioas srsn 

or odd. 105, 111. 
Unsohed problems, connected with non- 

integrablc systems of equations, 880. 

Vanishing eoefficienta, effect of^ in sim- 
plifying construction of nonnal form, 
158. 

Vanishing Pfaffian determinant, effect 
of, on transformation of expression, 
108, 105. 

Variable, extensive, 181. 
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